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FOREWORD TO THE 
THIRD (Russian) EDITION 


This book contains 320 unconventional problems in algebra, arithme¬ 
tic, elementary number theory, and trigonometry. Most of these 
problems first appeared in competitive examinations sponsored by the 
School Mathematical Society of the Moscow State University and in 
the Mathematical Olympiads held in Moscow. The book is designed 
for students having a mathematical background at the high school 
level; r very many of the problems are within reach of seventh and 
eighth grade students of outstanding ability. Solutions are given 
for all the problems. The solutions for the more difficult problems 
are especially detailed. 

The third (Russian) edition differs from the second chiefly in the 
elimination of errors detected in the second edition. Therefore, the 
preface to the second edition is retained. 

t The level of academic attainment referred to as “high school level’' is the 
American ninth to twelfth grades. The USSR equivalent is seventh to tenth 
grades. This means that this material is introduced about two years earlier 
in the Russian schools. Since Russian children begin their first grade studies 
about a year later than do American children, the actual age disparity is not 
as much as two years [Editor], 


PREFACE TO THE 
SECOND (Russian) EDITION 


The present volume, which constitutes the first part of a collection, 
contains 320 problems involving principally algebra and arithmetic, 
although several of the problems are of a type meant only to encourage 
the development of logical thought (see, for example, problems 1-8). 

The problems are grouped into twelve separate sections. The last 
four sections (Complex Numbers, Some Problems from Number Theory, 
Inequalities, Numerical Sequences and Series) contain important theo¬ 
retical material, and they may well serve as study topics for school 
mathematical societies or for the Society on Elementary Mathematics 
at the pedagogical institutes. In this respect the supplementary refer¬ 
ences given in various sections will also prove useful. All the other 
sections [especially Alterations of Digits in Integers and Solutions 
of Equations in Integers (Diophantine equations)] should yield material 
profitable for use in mathematics clubs and societies. 

Of the twelve sections, only four (Miscellaneous Problems in Algebra, 
Polynomial Algebra, Complex Numbers, Inequalities) concern algebra; 
the remaining sections deal with arithmetic and number theory. A 
special effort has been made to play down problems (particularly those 
in algebra) involving detailed manipulative matter. This was done 
to avoid duplicating material in the excellent Problem Book in Algebra , 


Olympiad Problems 


IX 


viii 

by V. A. Kretchmar (Government Technical Publishing House, Moscow 
1950). On the other hand, an effort has been made to render much 
of the book attainable to eighth grade, and even seventh grade, 
students. 

More than three years have passed since the appearance of the first 
edition of this book. During this period the original authors received 
a great many written and oral communications with respect to it, 
and these have been seriously considered in the reworking of the 
material and in deciding which features were worth retaining and 
emphasizing and which aspects were weak. As a result, the book 
has undergone considerable revision. About sixty problems that were 
in the first edition have been omitted—some appeared to be too diffi¬ 
cult, or were insufficiently interesting, and others did not fit into 
the new structure of the book. Approximately 120 new problems have 
been added. The placing of each problem into a suitable section 
has been restudied; the sections have been repositioned; all the solu¬ 
tions have been reworked (several were replaced by simplified or 
better solutions); and alternative solutions have been provided for 
some of the problems. Hints have been given for every problem, 
and those problems which to the authors appear of greater difficulty 
have been starred(*). Sections 3, 5, 6, 9, and 10 have undergone such 
significant changes that they may be considered as having been com¬ 
pletely rewritten. Sections 1, 2, 4, 7, and 11 have been revised radi¬ 
cally, and only Sections 8 and 12 have had relatively minor alterations. 

The first edition of the book was prepared by I. M. Yaglom in 
collaboration with G. M. Adelson-Vel’sky (who contributed the section 
on alteration of digits in integers and also a number of problems to 
other sections, particularly to the section on Diophantine equations). 
An important contribution was made to the first edition by E. E. 
Balash (who contributed the section on numerical sequences and series) 
and Y. I. Khorgin (who made the principal contribution to the section 
on inequalities). Solutions for other problems were written by various 
directors of the School Mathematical Society of the Moscow State 
University. About 20 problems were taken from manuscripts of the 
late D. O. Shklarsky. 

The rewriting of the book for the second edition was done by I. 
M. Yaglom, who made extensive use of the material of the first 
edition. 

In conclusion, the author wishes to thank A. M. Yaglom, whose 
advice was of invaluable assistance while the book was being written 
and who initiated the rewriting of the section on complex numbers. 


Preface to the Second Edition 

The author is also indebted to the editor, A. Z. Rivkin, whose inde¬ 
fatigable labors on the first and second editions made possible many 
improvements, and to all the readers who made valuable suggestions, 
especially I. V. Volkova, L. I. Golovina, R. S. Guter, G. Lozanovsky, 
I. A. Laurya, Y. B. Rutitsky, A. S. Sokolin, and I. Y. Tanatar. 

I. M. Yaglom 



EDITOR’S FOREWORD TO THE 
ENGLISH EDITION 


One of the important facets of science education in the USSR has 
been their series of mathematical competitive examinations held for 
students of high ability in the secondary schools. Those contests, 
which are being emulated increasingly in our own educational system, 
culminate each year in the Soviet Union in their Mathematical 
Olympiads held at Moscow University, preliminary qualifying and 
elimination examinations having been held nationwide throughout the 
academic year. 

This book, compiled over a twenty-year period, is a collection of 
the most interesting and instructive problems posed at these compe¬ 
titions and in other examination centers of the USSR, plus additional 
problems and material developed for use by the School Mathematics 
Study Societies. Perhaps the greatest compliment which can be paid 
to the problems created for this purpose by leading Soviet mathema¬ 
ticians (or taken and adapted from the literature) has been the extent 
to which the problems have been used in our own contests and ex¬ 
aminations. 

Soviet students and teachers have had available in published form 
the problems, and their solutions, given in such examinations, but 
this material has not generally been available in the United States. 


xi 


11 Olympiad Problem 

A few of these problems have been translated and published in such 
American journals as The American Mathematical Monthly of The 
Mathematical Association of America, and problems of similar scope 
appear as regular features of Several American journals. Except for 
some compilations from these sources, little exists by way of problems 
which deal with real and active mathematics instead of the fringe 
and recreational aspects of the science or with conventional textbook 
exercises. 

This translation and revision of the Third Revised and Augmented 
Edition of the Olympiad Problem Book should therefore fill a very 
definite need in American schools and colleges. It contains 320 
problems—a few of them merely recreational and thought-provoking, 
but most of them seriously engaged with solid and important 
mathematical theory, albeit the preparational background is assumed 
to be elementary. The problems are from algebra, arithmetic, 
trigonometry, and number theory, and all of them emphasize the 
creative aspects of these subjects. The material coordinates beauti¬ 
fully with the new concepts which are being emphasized in American 
schools, since the “unconventional” designation attributed to the 
problems by the original authors means that they stress originality 
of thought rather than mere manipulative ability and introduce the 
necessity for finding new methods of attack. 

In this respect I am reminded of the observation made by some 
forgotten character in some forgotten novel who opined that the 
ultimate test of an educative effort lay not nearly so much in what 
sort of questions the students could finally answer as in what sort 
of questions they could finally be asked! 

Complete solutions to all problems are given; in many cases, 
alternate solutions are detailed from different points of view. 
Although most of the problems presuppose only high school mathe¬ 
matics, they are not in any sense easy: some are of uncommon 
difficulty and will challenge the ingenuity of any research mathe¬ 
matician. On the other hand, many of the problems will yield readily 
to a normally bright high school student willing to use his head. 
Where more advanced concepts are employed, the concepts are dis¬ 
cussed in the section preceding the problems, which gives the volume 
the aspect of a textbook as well as a problem book. The solutions 
to more advanced problems are given in considerable detail. 

Hence this book can be put to use in a variety of ways for students 
of ability in high schools and colleges. In particular, it lends itself 
exceptionally well to use in the various Institutes for high school 


Editor's Foreword to the English Edition xiii 

mathematics teachers. It is certainly required reading for teachers 
dealing with the gifted student and advanced placement classes. It 
will furnish them with an invaluable fund for supplementary teaching 
material, for self-study, and for acquiring depth in elementary 
mathematics. 

Except for the elimination of the few misprints and errors found 
in the original, and some recasting of a few proofs which did not 
appear to jell when translated literally, the translation is a faithful 
one: it was felt that the volume would lose something by too much 
tampering. (For this reason the original foreword and preface have 
also been retained). Thus the temptation to radically alter or simplify 
any understandable solution was resisted (as, for example, in the 
sections on number theory and inequalities, where congruence 
arithmetic would certainly have supplied some neater and more direct 
proofs). Some notations which differ in minor respects from the 
standard American notations have been retained (as, for example, 
Cl instead of Cl). These will cause no difficulty. 

All references made in the text to books not available in English 
translation have been retained; no one can know when translations 
of some of those volumes will appear. Whenever an English trans¬ 
lation was known to exist, the translated edition is referred to. 

The translation was made from the Third (Russian) Edition of 
Selected Problems and Theorems of Elementary Mathematics , which 
is the title under which the original volume appeared in the Soviet 
Union. Mr. John Maykovich, instructor at the University of Santa 
Clara, was the translator, and he was assisted by Mrs. Alvin (Myra) 
White, who translated fifty pages. The writing out, revising, editing, 
annotating, and checking against the original Russian were by my 
own hand. 

Thanks are due the following persons for their assistance in reading 
portions of the translation, pointing out errors, and making valuable 
suggestions: Professor George Polya of Stanford University/ Professor 
Abraham Hillman of the University of Santa Clara, and Professor 
Robert Rosenbaum of Wesleyan University. 

I shall be very grateful to readers who are kind enough to point 
out errors, misprints, misleading statements of problems, and in¬ 
correct or obscure proofs found in this edition. 

January 1962 Irving Sussman 

T I would also like to call attention to Professor Polya’s new book Mathe¬ 
matical Discovery (Wiley) which contains elementary problems and valuable 
textual discussion of approaches to, and techniques of, problem solving. 
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FROM THE AUTHORS 


The three volumes that make up the present collection of problems 
are the commencement of a series of books based on material 
gathered by the School Mathematics Society of the Moscow State 
University over a twenty-year period. The text consists of problems 
and theorems, most of which have been presented during meetings 
of the various sections of the School Mathematical Society of the 
M.S.U. as well as in the Mathematical Olympiads held in Moscow. 
(The numbers of the problems given in the Olympiads are listed on 
p. 5). 

These volumes are directed to students, teachers, and directors of 
school mathematical societies and societies on elementary mathematics 
of the pedagogical institutes. The first volume (Part I) contains 
problems in arithmetic, algebra, and number theory. The second 
volume is devoted to problems in plane geometry, and the third to 
problems in solid geometry. 

In contrast to the majority of problem books intended for high 
school students, these books are designed not only to reinforce the 
student's formal knowledge, but also to acquaint him with methods 
and ideas new to him and to develop his predilection for, and ability 
in, original thinking. Here, there are few problems whose solutions 
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From the Authors 


require mere formal mastery of school mathematics. Also, there are 
few problems intended for the superficially “clever” or adroit student 
—that is, problems involving artificial methods for solving equations 
or systems of equations of higher degree. On the other hand, these 
books do contain many problems demanding originality and non- 
standardized formulations. 

In the selection of problems, emphasis has been given to those 
aspects of elementary mathematics which are pertinent to contempo¬ 
rary mathematical developments and new directions. Several groups 
of problems are worked out in detail in the section on answers and 
hints, especially when individual problems involve more mature 
mathematics (for instance, elementary number theory and inequali¬ 
ties). Some of the problems have been taken from classics of the 
mathematical literature and from articles published in recent mathe¬ 
matical journals. 

In view of the unconventional nature of the problems, they may 
prove difficult for students accustomed to conventional high school 
exercises. Nevertheless, the School Mathematical Society of the 
M.S.U. and the directors of the Moscow Mathematical Olympiads 
believe that such problems are not beyond the persevering student. 

It is recommended that the suggestions for using this book be read 
before the problems are undertaken. 

Parts I and II of this work were compiled by I. M. Yaglom, and Part 
III was done principally by N. N. Chentzov. In addition to the listed 
authors, many directors of the School Mathematical Society of the 
M.S.U. contributed; their names are listed in the Preface to each 
volume. Some forty problems were taken from the manuscripts of 
D. O. Shklarsky, who worked with the School Mathematical Society 
from 1936 to 1941, and who was killed in action on the military front 
in 1942. In view of the very great influence which D. O. Shklarsky 
exerted through his work with the Society, and in particular upon 
the contents of this volume, it is appropriate to place his name first 
in authorship of it. 

The authors will be grateful to readers who send them new, and 
possibly better, solutions to the problems or new problems suitable 
for inclusion in such a book as this. 


SUGGESTIONS FOR USING THIS BOOK 


This book contains (1) statements of problems, (2) solutions, (3) 
answers and hints for solving the problems. For more effective use 
of the book, the answers and hints appear at the end. 

The starred problems are more difficult, in the opinion of the 
authors, than the others; the few double-starred problems are the 
most difficult. (Naturally, there will be differences of opinion as to 
which problems are more difficult than others.) 

For most of the problems the authors recommend that the reader first 
attempt a solution without recourse to the hints. If this attempt is 
unsuccesful, the hint can be referred to, which should aid in arriving 
at a solution. If, then, the reader cannot solve a problem, he can (of 
course) read the solution; but if he appears to be successful in find¬ 
ing a solution, he should compare his answer with that given in the 
answers and hints section. If his answer disagrees with that given, 
he should try to determine his possible mistake and correct it. If 
the answers agree, he should compare his solution with that given 
in the solutions section. If several solutions are given in the answers 
section, the reader will profit by comparing the various solutions. 

These suggestions are perhaps not as pertinent to the starred prob¬ 
lems as they are to the others. For the starred problems it might 
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Suggestions for Using this Book 

prove advisable for the reader to read the hint before attempting the 

thp b h em / h F ° r the , d0 “ ble - starred Problems it is recommended that 
the hints be consulted first. These problems may profitably be con¬ 
sidered as theoretical developments and their solutions read as textual 

s^HerpH ?°’ • T ° f the doub >e-starred problems might be con¬ 
sidered as a topic for a special report, or paper, to be given before 
a mathematics club. Before attempting one of the more difficult 

problems' Sh ° U ' d S ° lve 3nd analyze the sim P ler neighboring 

Some solutions involve techniques not ordinarily found in the high 

* With 630,1 such prob,em this information “ ^ 

The problems are, in general, independent of each other- only 
rare y oes the solution of one problem involve the results of another 
Some exception is made in the final four sections, where the prob- 
lems are more closely allied. 


NUMERICAL REFERENCE TO THE 

PROBLEMS GIVEN IN THE 

MOSCOW MATHEMATICAL OLYMPIADS 


The olympiad mathematical competition for seventh to tenth grade 
students consists of two examinations. The first (Type I question) 
is for elimination purposes; the second (Type II question) is for the 
finalists. 


Olympiads 

Type I 

Type II 


For 7th-8th Grade Students 

VI (1940) 

48 

110(a) 

VII (1941) 

75 

68, 208 

VIII (1945) 

64(a), 110(b), 152(a) 

78(b), 83 

IX (1946) 

76, 198 

30, 125 

X (1947) 

71(a), 201(a) 

5, 91(a), 140 

XI (1948) 

122 

— 

XII (1949) 

39 

9, 11, 92(b), 117(a) 

XIII (1950) 

— 

141(a) 

XIV (1951) 

7(b) 1 

203 

XV (1952) 

8, 54 2 

75 


For 9th-10th Grade Students 

I (1935) 

— 

134(d), 176 

II (1936) 

— 

56 

V (1939) 

168 

43, 165, 217 

VI (1940) 

80, 113 

81, 144, 269(b) 

VII (1941) 

75, 172, 177(a), 214 

209 

VIII (1945) 

33, 64(b), 173 

195 

IX (1946) 

20, 131, 192(a) 

95, 126 

X (1947) 

71(b), 197, 200 

10, 91(c) 

XI (1948) 

190(a) 

124(a) 

XII (1949) 

169 

9, 11, 88, 117(b) 

XIII (1950) 

82, 171 

90(b) 

XIV (1951) 

7(b) 

98 

XV (1952) 

193 3 

194 3 


1 For sixty teams. 

2 Problems given to eighth to ninth grade students. 

3 Problems given only to tenth grade students. 
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Problems (1-6) 
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INTRODUCTORY PROBLEMS 


1. Every living person has shaken hands with a certain number 
of other persons. Prove that a count of the number of people who 
have shaken hands an odd number of times must yield an even 
number. 

2. In chess, is it possible for the knight to go (by allowable moves) 
from the lower left-hand corner of the board to the upper right-hand 
corner and in the process to light exactly once on each square? 



Figure 1 

3. (a) N rings having different outer diameters are slipped onto 
an upright peg, the largest ring on the bottom, to form a pyramid 
(Figure 1). We wish to transfer all the rings, one at a time, to a 
6 


second peg, but we have a third (auxiliary) peg at our disposal. 
During the transfers it is not permitted to place a larger ring on a 
smaller one. What is the smallest number, k , of moves necessary 
to complete the transfer to peg number 2?t 

(b)* A brain-teaser called the game of Chinese Rings is con¬ 
structed as follows: n rings of the same size are each connected to 
a plate by a series of wires, all of which are the same length (see 
Figure 2). A thin, doubled rod is slipped through the rings in such 
a way that all the wires are inside the U-opening of the rod. (The 
wires are free to slide in holes in the plate, as shown.) The problem 
consists of removing all the rings from the rod. What is the least 
number of moves necessary to do this? 



Figure 2 

4. (a) We are given 80 coins of the same denomination; we know 
that one of them is counterfeit and that it is lighter than the others. 
Locate the counterfeit coin by using four weighings on a pan balance. 

(b) It is known that there is one counterfeit coin in a collec¬ 
tion of n similar coins. What is the least number of weight trials 
necessary to identify the counterfeit? 

5. Twenty metal blocks are of the same size and external ap¬ 
pearance; some are aluminum, and the rest are duraluminum, which 
is heavier. Using at most eleven weighings on a pan balance, how 
can we determine how many blocks are aluminum? 

6. (a)* Among twelve similar coins there is one counterfeit. It 
is not known whether the counterfeit coin is lighter or heavier than 
a genuine one (all genuine coins weigh the same). Using three 
weighings on a pan balance, how can the counterfeit be identified 
and in the process determined to be lighter or heavier than a genuine 
coin? 

t This is sometimes referred to as the Tower of Hanoi problem [Editor]. 




Introductory Problems 

(b)** There is one counterfeit coin among 1000 similar coins. 
It is not known whether the counterfeit coin is lighter or heavier 
than a genuine one. What is the least number of weighings, on a 
pan balance, necessary to locate the counterfeit and to determine 
whether it is light or heavy? 

Remark . Using the conditions of problem (a) it is possible to locate, in three 
weighings, one counterfeit out of thirteen coins, but we cannnot determine 
whether it is light or heavy. For fourteen coins, four weighings are necessary. 

It would be interesting to determine the least number of weighings necessary 
to locate one counterfeit out of 1000 coins if we are relieved of the necessity 
of determining whether it is light or heavy. 

7. (a) A traveler having no money, but owning a gold chain 
having seven links, is accepted at an inn on the condition that he 
pay one link per day for his stay. If the traveler is to pay daily, 
but may take change in the form of links previously paid, and if he 
remains seven days, what is the least number of links that must be 
cut out of the chain? (A ote: A link may be taken from any part 
of the chain.) 

(b) A chain consists of 2000 links. What is the least number 
of links that must be disengaged from the chain in order that any 
specified number of links, from 1 to 2000, may be gathered together 
from the parts of the chain thus formed? 

8. Two-hundred students are positioned in 10 rows, each containing 
20 students. From each of the 20 columns thus formed the shortest 
student is selected, and the tallest of these 20 (short) students is 
tagged A. These students now return to their initial places. Next 
the tallest student in each row is selected, and from these 10 (tall) 
students the shortest is tagged B. Which of the two tagged students 
is the taller (if they are different people)? 

9. Given thirteen gears, each weighing an integral number of 
grams. It is known that any twelve of them may be placed on a 
pan balance, six on each pan, in such a way that the scale will be 
in equilibrium. Prove that all the gears must be of equal weight. 

10. Refer to the following number triangle. 

1 

1 1 1 

1 2 3 2 1 

1 3 6 7 6 3 1 


Problems (7-13) 9 

Each number is the sum of three numbers of the previous row: the 
number immediately above it and the numbers immediately to the 
right and left of that one. If no number appears in one or more of 
these locations, the number zero is used. Prove that every row, 
beginning with the third row, contains at least one even number. 

11. Twelve squares are laid out in a circular pattern [as on the 
circumference of a circle]. Four different colored chips, red, yellow, 
green, blue, are placed on four consecutive squares. A chip may be 
moved in either a clockwise or a counterclockwise direction over four 
other squares to a fifth square, provided that the fifth square is not 
occupied by a chip. After a certain number of moves the same four 
squares will again be occupied by chips. How many permutations 
(rearrangements) of the four chips are possible as a result of this 
process? 

12. An island is inhabited by five men and a pet monkey. One 
afternoon the men gathered a large pile of coconuts, which they 
proposed to divide equally among themselves the next morning. 
During the night one of the men awoke and decided to help himself 
to his share of the nuts. In dividing them into five equal parts he 
found that there was one nut left over. This one he gave to the 
monkey. He then hid his one-fifth share, leaving the rest in a single 
pile. Later during the night another man awoke with the same idea 
in mind. He went to the pile, divided it into five equal parts, and 
found that there was one coconut left over. This he gave to the 
monkey, and then he hid his one-fifth share, restoring the rest to 
one pile. During the same night each of the other three men arose, 
one at a time, and in ignorance of what had happened previously, 
went to the pile, and followed the same procedure. Each time one 
coconut was left over, and it was given to the monkey. The next 
morning all five men went to the diminished nut pile and divided it 
into five equal parts, finding that one nut remained over. What is 
the least number of coconuts the original pile could have contained? 

13. Two brothers sold a herd of sheep which they owned. For 
each sheep they received as many rubles as the number of sheep 
originally in the herd. The money was then divided in the follow¬ 
ing manner. First, the older brother took ten rubles, then the 
younger brother took ten rubles, after which the older brother took 
another ten rubles, and so on. At the end of the division the younger 
brother, whose turn it was, found that there were fewer than ten 
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Introductory Problems 


rubles left, so he took what remained. To make the division just, 
the older brother gave the younger his penknife. How much was 
the penknife worth? 

14.* (a) On which of the two days of the week, Saturday or Sun¬ 
day, does New Year's Day fall more often? 

(b) On which day of the week does the thirtieth of the 
month most often fall? 



ALTERATIONS OF DIGITS IN INTEGERS 


15. Which integers have the following property? If the final digit 
is deleted, the integer is divisible by the new number. 

16. (a) Find all integers with initial digit 6 which have the fol¬ 
lowing property, that if this initial digit is deleted, the resulting 
number is reduced to its original value. 

(b) Prove that there does not exist any integer with the pro¬ 
perty that if its first digit is deleted, the resulting number is the 
original number. 

17. * An integer is reduced to J its value when a certain one of 
its digits is deleted, and the resulting number is again divisible by 9. 

(a) Prove that division of this resulting integer by 9 results 
in deleting an additional digit. 

(b) Find all integers satisfying the conditions of the problem. 

18. (a) Find all integers having the property that when the third 
digit is deleted the resulting number divides the original one. 

(b)* Find all integers with the property that when the second 
digit is deleted the resulting number divides the original one. 

19. (a) Find the smallest integer whose first digit is 1 and which 

11 
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has the property that if this digit is transferred to the end of the 
number the number is tripled. Find all such integers. 

(b) With what digits is it possible to begin a (nonzero) integer 
such that the integer will be tripled upon the transfer of the initial 
digit to the end? Find all such integers. 

20. Prove that there does not exist a natural number which, upon 
transfer of its initial digit to the end, is increased five, six, or eight 
times. 

21. Prove that there does not exist an integer which is doubled 
when the initial digit is transferred to the end. 

22. (a) Prove that there does not exist an integer which becomes 
either seven times or nine times as great when the initial digit is 
transferred to the end. 

(b) Prove that no integer becomes four times as great when its 
initial digit is transferred to the end. 

23. Find the least integer whose first digit is seven and which is 
reduced to * its original value when its first digit is tranferred to 
the end. Find all such integers. 

24. (a) We say one integer is the “inversion” of another if it 
consists of the same digits written in reverse order. Prove that there 
exists no natural number whose inversion is two, three, five, seven, 
or eight times that number. 

(b) Find all integers whose inversions are four or nine times 
the original number. 

25. (a) Find a six-digit number which is multiplied by a factor 
of 6 if the final three digits are removed and placed (without changing 
their order) at the beginning. 

(b) Prove that there cannot exist an eight-digit number which 
is increased by a factor of 6 when the final four digits are removed 
and placed (without changing their order) at the beginning. 

26. Find a six-digit number whose product by 2, 3, 4, 5, or 6 con¬ 
tains the same digits as did the original number (in different order, 
of course). 
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THE DIVISIBILITY OF INTEGERS 


27. Prove that for every integer n: 

(a) n* — n is divisible by 3; 

(b) n $ — n is divisible by 5; 

(c) n 1 — n is divisible by 7; 

(d) n 11 — n is divisible by 11; 

(e) w 13 — n is divisible by 13. 

Mote : Observe that n 9 - n is not necessarily divisible by 9 (for example, 
2 s — 2 = 510 is not divisible by 9). 

Problems (a-e) are special cases of a general theorem; see problem 240. 

28. Prove the following; 

(a) 3 671 - 2 e * is divisible by 35, for every positive integer n\ 

(b) - 5 n % -h 4 n is divisible by 120, for every integer n\ 

(c) * for all integers m and w, mw(w 60 - ft 60 ) is divisible by the 
number 56,786,730. 

29. Prove that n 2 -h 3 n -b 5 is never divisible by 121 for any posi- 

t For a discussion of the general concepts involved in the solution of the 
majority of the problems in this section, see the book by B. B. Dynkin and V. 
A. Uspensky, Mathematical Conversations, Issue 6, Section 2, “Problems in 
Number Theory," Library of the USSR Mathematical Society. 
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The Divisibility of Integers 



tive integer n. 

30. Prove that the expression 

w 5 + 3 m'n — 5m 3 n 2 — 15 m 2 n 3 + 4 mn A + 12 n b 

cannot have the value 33, regardless of what integers are substituted 
for m and n. 

31. What remainders can result when the 100th power of an integer 
is divided by 125? 

32. Prove that if an integer n is relatively prime to 10, the 101st 
power of n ends with the same three digits as does n. (For example, 
1233 101 ends with the digits 233, and 37 101 ends with the digits 037.) 

33. Find a three-digit number all of whose integral powers end 
with the same three digits as does the original number. 

34. Let N be an even number not divisible by 10. What digit 
will be in the tens place of the number iV 20 , and what digit will be 
in the hundreds place of iV 200 ? 

35. Prove that the sum 

1* + 2* + 3* +-■•+«* , 

where n is an arbitrary integer and k is odd, is divisible by 1 + 2 + 
3 + • • • + n. 

36. Give a criterion that a number be divisible by 11. 

37. The number 123456789(10)(11)(12)(13)(14) is written in the base 
15—that is, the number is equal (in the base 10) to 

14 + (13)*15 + (12)-15 2 + (11)*15 3 + • • ■ + 2-15 12 + 15 13 . 

What is the remainder upon dividing the number by 7? 

38. Prove that 1, 3, and 9 are the only numbers K having the 
property that if K divides a number N, it also divides every number 
obtained by permuting the digits of N. (For K= 1, the condition 
given is trivial; for K = 3, or 9, the condition follows from the well- 
known fact that a number is divisible by 3, or 9, if and only if the 
sum of its digits is divisible by 3, or 9.) 

39. Prove that 27,195® — 10,887® + 10,152® is exactly divisible by 
26,460. 

40. Prove that ll 10 — 1 is divisible by 100. 



Problems (30-49) 
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41. Prove that 2222“ 55 + 5555 2222 is divisible by 7. 

42. Prove thas a number consisting of 3* identical digits is di¬ 
visible by 3\ (For example, the number 222 is divisible by 3, the 
number 777,777,777, is divisible by 9, and so on). 

43. Find the remainder upon dividing the following number by 7; 

10 10 + 10 (1 ° 2) + *** + 10 (1 ° l0) . 

44. (a) Find the final digit of the numbers 9 (99) and 2 (34) . 

(b) Find the final two digits of the numbers 2 999 and 3 999 . 

(c) * Find the final two digits of the number 14 (uM) . 

45. (a) What is the final digit of the number 

(...(((7 7 m-** 7 ) 

(where the 7th power is taken 1000 times)? What are the final two 
digits? 

(b) What is the final digit of the number 



which contains 1001 sevens, as does the number given in problem 
(a), but with the exponents used differently? What are the final two 
digits of this number? 

46. * Determine the final five digits of the number 

( G 1 * 9 ’) \ 

n = r° y - J , 

which contains 1001 nines, positioned as shown. 

47. * Find the last 1000 digits of the number 

N = 1 + 50 + 50 2 + 50 3 + ■ • • + 50 999 . 

48. How many zeros terminate the number which is the product 
of all the integers from 1 to 100, inclusive? 

Here we may use the following well-known notation: 

1-2-3-4- • (n - 1 )*» = n\ 

(called factorial n). The problem can then be stated more succinctly. How 
many zeros are at the end of 100!? 

49. (a) Prove that the product of n consecutive integers is divisi- 
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ble by n \. 

(b) Prove that + then the fraction 

n\ 

a\b\' ■ -k\ 

is an integer. 

(c) Prove that («!)! is divisible by 

(d) * Prove that the product of the n integers of an arithmetic 
progression of n terms, where the common difference is relatively 
prime to n !, is divisible by nl. 

Note: Problem 49 (d) is a generalization of 49 (a). 

50. Is the number, CJSoo, of combinations of 1000 elements, taken 
500 at a time, divisible by 7? r 

51. (a) Find all numbers n between 1 and 100 having the property 
that (n — 1)! is not divisible by n. 

(b) Find all numbers n between 1 and 100 having the property 
that (n — 1)! is not divisible by n 2 . 

52. * Find all integers n which are divisible by all integers not 
exceeding \/ n . 

53. (a) Prove that the sum of the squares of five consecutive 
integers cannot be the square of any integer. 

(b) Prove that the sum of even powers of three consecutive 
numbers cannot be an even power of any integer. 

(c) Prove that the sum of the same even power of nine con¬ 
secutive integers, the first of which exceeds 1, cannot be any integral 
power of any integer. 

54. (a) Let A and B be two distinct seven-digit numbers, each 
of which contains all the digits from 1 to 7. Prove that A is not 
divisible by B. 

(b) Using all the digits from 1 to 9, make up three, three- 
digit numbers which are related in the ratio 1:2:3. 

55. Which integers can have squares that end with four identical 
digits? 

56. Prove that if two adjacent sides of a rectangle and its diagonal 
can be expressed in integers, then the area of the rectangle is divi- 

t More “standard” notations for this are C(I000, 500) or Cjjjj 0 or (’JJjj). How¬ 
ever, retention of the notation used in the original will cause no difficulty \ Editor ). 


Problems (50-60) 
sible by 12. 
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57. Prove that if all the coefficients of the quadratic equation 

ax 2 + bx + c = 0 

are odd integers, then the roots of the equation cannot be rational. 

58. Prove that if the sum of the fractions 

_L + _JL_ + —1 — 

n n + 1 n + 2 

(where n is a positive integer) is put in decimal form, it forms a 
nonterminating decimal of deferred periodicity.* 

59. Prove that the following numbers (where m and n are natural 
numbers) cannot be integers: 


(a) 

(b) 

(c) 



60.** (a) Prove that if p is a prime number greater than 3, then 
the numerator of the (reduced) fraction 

is divisible by p l . For example, 

1 1 1 _ 25 

1 + T + T + 4 ~ 12 ’ 

the numerator of which is 5 2 . . , 

(b) Prove that if p is a prime number exceeding 3, then the 

numerator of the (reduced) fraction which is the sum 


1+ ^ + ^ + 

is divisible by p. For example, 


(/>-l) 2 


t Deferred periodicity means that the periodic portion is preceded by one or 
more nonrepeating digits. The criterion is whether the denominator of the 
(reduced) fraction has a common factor with 10 [Editor). 
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1+ ± + _L + i = 

2 2 3 s 4 1 144 

has a numerator which is divisible by 5. 

61. Prove that the expression 

a 3 + 2a 
a 4 + 3a 2 H- 1 1 

where a is any positive integer, is a fraction in lowest terms. 

62. * Let a u a 2 , ■ • *, a n be n distinct integers. Show that the product 

of all the fractions of form where n ^ k > /, is an integer. 

63. Prove that all numbers made up as follows, 

10001, 100010001, 1000100010001, 

(three zeros between the ones), are composite numbers. 

64. (a) Divide a lz9 — 6 128 by 

(.a + b)(a z + b z )(a 4 + b 4 )(a* + b 9 )(a lQ + 6 16 )(fl 32 + b iZ )(a Qi + 6 64 ) . 

(b) Divide « 2 * +1 — b zk+1 by 

(a + b){a z + b 2 )(a 4 + b 4 )(a a +#*)■• + b zk f l )(a zk + 6 2 *) . 

65. Prove that any two numbers of the following sequence are 
relatively prime: 

2 + 1 , 2 2 + 1 , 2 4 + 1 , 2 9 + 1 , 2 16 + 1 , 


■, 2 ** + 1 , 


Remark : The result obtained here proves that there is an infinite number 
of primes (see also problems 159 and 253). 


66. Prove that if one of the numbers 2* — 1 and 2* + 1 is prime, 
where n > 2, then the other number is composite. 

67. (a) Prove that if p and 8p — 1 are both prime, then 8p + 1 
is composite. 

(b) Prove that if p and 8 p z + 1 are both prime, then 8p 2 — 1 
is also prime. 

68. Prove that the square of every prime number greater than 3 
yields a remainder of 1 when divided by 12. 

69. Prove that if three prime numbers, all greater than 3, form 
an arithmetic progression, then the common difference of the progres¬ 
sion is divisible by 6. 


70. * (a) Ten primes, each less than 3000, form an arithmetic pro¬ 
gression. Find these prime numbers. 

(b) Prove that there do not exist eleven primes, all less than 
20,000, which can form an arithmetic progression. 

71. (a) Prove that, given five consecutive positive integers, it is 
always possible to find one which is relatively prime to all the rest. 

(b) Prove that among sixteen consecutive integers it is always 
possible to find one which is relatively prime to all the rest. 



Problems (72-88) 
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SOME PROBLEMS FROM ARITHMETIC 


72. The integer A consists of 666 threes, and the integer B has 
666 sixes. What digits appear in the product A Ei 

73. What quotient and what remainder are obtained when the 
number consisting of 1001 sevens is divided by the number 1001? 

74. Find the least square which commences with six twos. 

75. Prove that if the number a is given by the decimal 0.999 

where there are at least 100 nines, then also has 100 nines at 
the beginning. 

76. Adjoin to the digits 523... three more digits such that the 
resulting six-digit number is divisible by 7, 8, and 9. 

77. Find a four-digit number which, on division by 131, yields 
a remainder of 112, and on division by 132 yields a remainder of 98. 

78. (a) Prove that the sum of all the w-digit integers (n > 2) is 
equal to 

49499---95500-“0 . 

(n - 3) nines (n - 2) zeros 

(For example, the sum of all three-digit numbers is equal to 494 550 
20 ’ ' 


and the sum of all six-digit numbers is 494,999,550,000.) 

(b) Find the sum of all the four-digit even numbers which 
can be written using 0,1, 2, 3, 4, 5 (and where digits can be repeated 
in a number). 

79. How many of each of the ten digits are needed in order to 
write out all the integers from 1 to 100,000,000 inclusive? 

80. All the integers beginning with 1 are written successively 
(that is, 1234567891011121314-• ■). What digit occupies the 206,788th 
position? 

81. Does the number 0.1234567891011121314-••, which is obtained 
by writing successively all the integers, represent a rational number 
(that is, is it a periodic decimal)? 

82. We are given 27 weights which weigh, respectively, l 2 , 2 2 , 3 2 , 
* • ■, 27 2 units. Group these weights into three sets of equal weight. 

83. A regular polygon is cut from a piece of cardboard. A pin 
is put through the center to serve as an axis about which the polygon 
can revolve. Find the least number of sides which the polygon can 
have in order that revolution through an angle of 25£ degrees will 
put it into coincidence with its original position. 

84. Using all the digits from 1 to 9, make up three, three-digit 
numbers such that their product will be: 

(a) least; (b) greatest. 

85. The sum of a certain number of consecutive positive integers 
is 1000. Find these integers. 

86. (a) Prove that any number which is not a power of 2 can be 
represented as the sum of at least two consecutive positive integers, 
but that such a representation is impossible for powers of 2. 

(b) Prove that any composite odd number can be represented 
as a sum of some number of consecutive odd numbers, but that no 
prime number can be represented in this form. Which even numbers 
can be represented as the sum of consecutive odd numbers? 

(c) Prove that every power of a natural number n (n > 1) can 
be represented as the sum of n positive odd numbers. 

87. Prove that the product of four consecutive integers is one less 
than a perfect square. 

88. Given 4 n positive integers such that if any four distinct integers 
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are taken, it is possible to form a proportion from them. Prove that 
at least n of the given numbers are identical. 

89.* Take four arbitrary natural numbers, A, B,C, and D. Prove 
t at if we use them to find the four numbers A u B u C lf and A, 
which are equal, respectively, to the differences between A and B, 
B and C, C and D , D and A (taking the positive difference each 
time), and then we repeat this process with A u B u C l and A to ob¬ 
tain four other numbers A 2> B 2 , C 2 , and A, and so on, we eventually 
must obtain four zeros. 

For example, if we begin with the numbers 32, 1, 110, 7, we obtain the fol¬ 
lowing pattern: 


32, 

1, 

110, 

7, 

31, 

109, 

103, 

25, 

78, 

6 , 

78, 

6, 

72, 

72, 

72, 

72, 

0 , 

0 , 

0 , 

0 . 


90. * (a) Rearrange the integers from 1 to 100 in such an order 
that no eleven of them appear in the rearrangement (adjacently or 
otherwise) in either ascending or descending order. 

(b) Prove that no matter what rearrangement is made with 
the integers from 1 to 101 it will always be possible to choose eleven 
of them which appear (adjacently or otherwise) in the arrangement 
in either an ascending or a descending order. 

91. (a) From the first 200 natural numbers, 101 of them are 
arbitrarily chosen. Prove that among the numbers chosen there exists 
a pair of numbers such that one of them is divisible by the other. 

(b) From the first 200 natural numbers select a set of 100 
numbers such that no one of them is divisible by any other. 

(c) Prove that if one of 100 numbers taken from the first 200 
natural numbers is less than 16, then one of those 100 numbers is 
divisible by another. 

92. (a) Prove that, given any 52 integers, there exist two of them 
whose sum, or else whose difference, is divisible by 100. 

(b) Prove that out of any 100 integers, none divisible by 100, 
it is always possible to find two or more integers whose sum is 
divisible by 100. 

93. * A chess master who has eleven weeks to prepare for a 
tournament decides to play at least one game every day, but in order 
not to tire himself he agrees to play not more than twelve games 
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during any one week. Prove that there exists a succession of days 
during which the master will have played exactly twenty games. 

94. Let N be an arbitrary natural number. Prove that there ex¬ 
ists a multiple of N which contains only the digits 0 and 1. Moreover, 
if N is relatively prime to 10 (that is, is not divisible by 2 or 5), 
then some multiple of N consists entirely of ones. (If N is not 
relatively prime to 10, then, of course, there exists no number of form 
11 ••• 1 which is divisible by N.) 

95. * Given the sequence of numbers 

0,1,1,2, 3, 5, 8,13,21,34,55,89, 

where each number, beginning with the third, is the sum of the two 
preceding numbers (this is called a Fibonacci sequence). Does there 
exist, among the first 100,000,001 numbers of this sequence, a num¬ 
ber terminating with four zeros? 

96. * Let a be an arbitrary irrational number. Clearly, no matter 

which integer n is chosen, the fraction taken from the sequence 
0 12 3 

— = 0, — , — , — , ■•*, and which is closest to a, differs from a 
n n n n 

by no more than half of 1/w. Prove that there exist n* s such that 
the fraction closest to a differs from a by not more than 0.001 

97. Let m and n be two relatively prime natural numbers. Prove 
that if the m + n — 2 fractions 


m + n 

2 (m + n) 

3 (m + n) 

(m — 

1 )(m + n) 

m 9 

m 

m 9 

9 

m 

m + n 

2 (m + n) 

3 (m + n) 

(n - 

1 )(m + n) 

n 9 

n 

9 

n 

> 

n 


are points on the real-number axis, then precisely one of these 
fractions lies inside each one of the intervals (1, 2), (2,3), (3, 4), 

(m + n — 2, m + n — 1) (see Figure 3, in which m = 3, n — 4). 



0 1 2 3 4 5 6 7 

Figure 3 


98.* Let a u a 2t a it ' • - t a n be n natural numbers, each less than 
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1000, but where the least common multiple of any two of the numbers 
exceeds 1000. Prove that the sum of the reciprocals of these numbers 
is less than 2. 

99. * The fraction qjp , where p ^ 5 is an odd prime, is expanded 
as a (periodic) decimal fraction. Prove that if the number of digits 
appearing in the period of the decimal is even, then the arithmetic 
mean of these digits is 9/2 (that is, coincides with the arithmetic 
mean of the digits 0,1,2, ***,9 (this shows that the “greater” and 
the “lesser” digits of the period appear “equally often”). If the number 
of digits in the period is odd, then the arithmetic mean of these 
digits is different from 9/2. 

100. * Prove that if the numbers of the following sequence are 
written as decimals, 


O t CL r i CL% On 

p ’ />* ’ ’ " * ’ p* ’ ’ * ' ’ 

(where p is a prime different from 2 or 5, and where a u a 2 , 
are all relatively prime to />), then some (perhaps only one) of the 
first few decimal fractions may contain the same number of digits 
in their periods, but the subsequent decimal fractions of the sequence 
will all have p times as many digits in their periods as has the 
preceding term. 

For example: -J = 0.3; | = 0.4, 1? = 0.370; f-f = 0.987654320; Hf 
has 27 digits in its period; has 81 digits in its period; and so on. 

Remark : By “the greatest integer in we shall mean the greatest integer 
not exceeding x (that is, to the left of x on the number axis if x is not a whole 
number). This concept will be designated by the use of brackets, that is, by 
writing fa?]. For example: [2.5] = 2, [2] = 2, [ — 2.5] = —3. 


101. Prove the following properties of the greatest integer in a 
number. 


( 1 ) [*+>]*[*] + [>]. 

(2) * where n is an integer. 


(3) [x] + 


r , n , 

, r . n - n 

* + — + ■ 

* + \ x + - 

L n J 

L n J 


102.* Prove that if p and q are relatively prime natural numbers, 
then 
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103. (a) Prove that 

+ *• + *• + + tn = [“l\| + [f] + [t] + + W\' 

where is the number of divisors of the natural number n. [Note: 

1 and n are always counted as divisors,] 

(b) Prove that 

s, + s 2 + 5 3 + • ■ • + s. = [y] + 2 [y] + 3 [t] + '" + w [ * 

where s„ is the sum of the divisors of the integer n. 

104. Does there exist a natural number n such that the fractional 
part of the number (2 + l/ 2 )*, that is, the difference 

(2 + l/lT)* — [(2 + V / ~2 )“] , 

exceeds 0.999999? 

105. * (a) Prove that for any natural number n, the integer 
[(2 + l/T) n ] is odd. 

(b) Find the highest power of 2 which divides the integer 
[(1 + l/T)") ■ 

106. Prove that if p is an odd prime, it divides the difference 

[(2 + VT )*] - 2' +1 . 

107. * Prove that if p is a prime number, the difference 



is divisible by p. (Cl is the number of combinations of n elements 
taken p at a time, where « is a natural number not less than p.) 


For example, 


11-10-9-8-7 
1-2*3-4-5 


= 462 ; 



which is divisible by 5. 
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borne Problems in Arithmetic 

.h posi,ive " umbers “ Md * “• --v 

[a], [2a], [3a], • • •; [/?], [2/9], [3/9], ... 

every natural number appears exactly once, then a and 0 are ir- 
rauonal numbers such that 1/a f 1//9 = 1. Conversely, if « and 8 
are irrational numbers with the property that 1/a + 110-1 then 
every natural number /V appears precisely" once inTht sequence 

M. [2a], [3a], ■ ■ ■; [/9], [ 20 ], [ 30 ], .... 

We shall designate by (a) the whole number nearest a. If a lies exactly be 

109.* Prove that in the equality 


n=x+k + * + 

2 + 4 + 8 + 




Saced^v'thT arbitl ” ary " aturaI number) every fraction may be 
replaced by the nearest whole number: 






EQUATIONS HAVING INTEGER SOLUTIONS 


110. (a) Find a four-digit number which is an exact square, and 
such that its first two digits are the same and also its last two digits 
are the same. 

(b) When a certain two-digit number is added to the two- 
digit number having the same digits in reverse order, the sum is a 
perfect square. Find all such two-digit numbers. 

111. Find a four-digit number equal to the square of the sum of 
the two two-digit numbers formed by taking the first two digits and 
the last two digits of the original number, 

112. Find all four-digit numbers which are perfect squares and 
are written: 

(a) with four even integers; 

(b) with four odd integers. 

113. (a) Find all three-digit numbers equal to the sum of the 
factorials of their digits. 

(b) Find all integers equal to the sum of the squares of their 

digits. 

114. Find all integers equal to: 

(a) the square of the sum of the digits of the number; 
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Equations Having Integer Solutions 


(b) the sum of the digits of the cube of the number. 

115. Solve, in whole numbers, the following equations 

(a) 1! + 21 + 3! + *.. + xl = v 2 . 

(b) 1! -h 2! + 3! + ■ * * + xl — y* , 

116. In how many ways can 2” be expressed as the sum of four 
squares of natural numbers? 

117. (a) Prove that the only solution in integers of the equation 

+ y 2 + 2 2 = 2xyz 

is x = y = z = 0 . 

(b) Find integers x,y, z, v such that 
x 2 + y 2 + Z 2 -f- V 2 = 2xyzv . 

118 w u F ° r What integral values of k *s the following equation 
possible (where x,y,z are natural numbers)? 

x 2 + y 2 + z 2 = kxyz. 

(b) Find (up to numbers less than 1000) all possible triples 
of integers the sum of whose squares is divisible by their product. 

119.** Find (within the first thousand) all possible pairs of rela¬ 
tively prime numbers such that the square of one of the integers 
when increased by 125 is divisible by the other. 

12 °.* Find four natural numbers such that the square of each of 
them, when added to the sum of the remaining numbers, again 
yields a perfect square. 

i21. Find all integer pairs having the property that the sum of 
the two integers is equal to their product. 

* 22 ' ™ e u sum of the reciprocals of three natural numbers is equal 
to one. What are the numbers? 

123. (a) Solve, in integers (positive and negative), 

-L + -U-L 

X y 14 

(b)* Solve, in integers, 

X y Z 

(write a formula which gives all solutions.) 


Problems (115-130) 
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124. (a) Find all distinct pairs of natural numbers which satisfy 
the equation 

x* = y* . 

(b) Find all positive rational number pairs, not equal, which 
satisfy the equation 

x 9 = y* 

(write a formula which gives all solutions). 

125. Two seventh-grade students were allowed to enter a chess 
tournament otherwise composed of eighth-grade students. Each con¬ 
testant played once against each other contestant. The two seventh 
graders together amassed a total of 8 points, and each eighth grader 
scored the same number of points as his classmates. (In the tourna¬ 
ment, a contestant received 1 point for a win and £ point for a tie.) 
How many eighth graders participated? 

126. Ninth- and tenth-grade students participated in a tournament. 
Each contestant played each other contestant once. There were ten 
times as many tenth-grade students, but they were able to win only 
four-and-a-half times as many points as ninth graders. How many 
ninth-grade students participated, and how many points did they 
collect? 

127. * An integral triangle is defined as a triangle whose sides are 
measurable in whole numbers. Find all integral triangles whose 
perimeter equals their area. 

128. * What sides are possible in: 

(a) a right-angled integral triangle; 

(b) an integral triangle containing a 60° angle; 

(c) an integral triangle containing a 120° angle? 

(Write a formula giving all solutions.) 

Remark: It can be shown that an integral triangle cannot have a rational 
angle (that is, an angle whose degree measure is a rational number) other than 
one of 90°, 60°, or 120°. 

129. * Find the lengths of the sides of the smallest integral tri¬ 
angle for which: 

(a) one of the angles is twice another; 

(b) one of the angles is five times another; 

(c) one angle is six times another. 

130. ** Prove that if the legs of right-angle triangle are expressible 
as the squares of integers, the hypotenuse cannot be an integer. 
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EVALUATING SUMS AND PRODUCTS 


131. Prove that 

(n + 1 )(n + 2 )(n + 3)- - ■ (2 n - 1)2 n = 2"-l-3-5-•-(2 n - 3)(2 n - 1) . 

132. Calculate the following sums. 


(a) \-2 + 1T + 1T + + (^T>T : 

(b) —— + —L_ + —1 _+ ... + 1 _ 

1 - 2-3 ^ 2 - 3-4 + 3 - 4-5 + (» - 2 )(» - 1 )» ’ 


1 - 2 - 3-4 2 - 3 - 4-5 3 - 4 - 5-6 


133. Prove that 


+ ••• + 


_1_ 

(n — 3)(« — 2 )(n — 1 )n * 


(a) 1-2+ 2-3+ 3-4+ - - - + n(n + 1) = ”(» + 1X» + 2) , 

3 

(b) 1*2-3 + 2*3*4 + 3*4*5 + • ■ • + n(n + 1 ){n +2) 

_ n{n + 1 ){n + 2 )(n + 3) 

4 
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Problems ( 131-139) 
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(c) 1*2*3 ■*•/> + 2 *3* *•£(/> + 1) + *•* + n(n + 1) 

. / . . n(n + l)(w + 2)* * ■(« + p) 

+ ■•■+(»+/>- l) =-—r—1- 

P + 1 

for any p. 


134. Calculate the following sums. 


(a) P + 2* + 3* + ■ ■ ■ + n z ; 

(b) l 3 + 2 3 + 3 3 + * ■ • + w 3 ; 

(c) P + 2 4 + 3 4 + - • • + n A ; 

(d) l 3 + 3 3 + 5 3 + • • ■ + (2 n - 3) 3 . 


135. Prove the identity 

a + b( 1 + a) + c( 1 + A)(l + b) + d( 1 + a)( 1 + 6X1 + c) 

+ • * • + /(I + <z)(l + b) m • *(1 + k) 

= (l+flXl + »Xi+f)-(i+/)-i. 

Investigate the case in which a — b = c = =/. 


136. Calculate the following. 

(a) 1*1! +2*2! +3*3! + + n-nl ; 

(b) Cn+i + Cn + 2 + Ci + a + * * * + Cn±k . 


137. Prove that 


log 2 iV + log 3 AT + log, AT + + log.ooiV log,„o iN ’ 

where 100! is the product 1 *2*3* ■ *100. 

138. Given n positive numbers a u a ly ■■*,c n . Find the sum of all 
the fractions 

_1_ 

ak^ak^ + Ok i )(ak l + Ok 2 + a* 3 )* * + * * * + flt n ) 

where the set k u k 2 ,"-,k n of indices runs through all possible 
permutations of 1,2, *•*,« (of which there are »!). 

139. Simplify the following expressions. 



(b) cos a cos 2a cos 4a * • * cos 2 n a . 
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Evaluating Sums and Products 

140. How many digits are there in the integer 2 l0 ° after it has 
been “multiplied out”? r K nas 


141. (a) Prove that 

-L <_< i_ A JL 

15 101/2 < 2 ' 4 ‘ 6 

(b) Prove that 


99 1 

100 < 10 


_3_ _5_ 
2 ' 4 ' 6 


100 12 ' 


prfZt, ThC rCSUlt ° f Pr ° blem (b) " CVidently 3 refinement of that of 


142. Prove that 


2 100 9100 

101/T < c ‘°° < Jo 


fifty it fL”eT ber °' con,bina,ions ° f elements taken 

nnmber)r iCh “ ' arger ' + 10 °" ° r 101 ' (where » « - Mural 

144. Which is larger, 100 300 or 300! ? 

145. Prove that, for any natural number n, the following is true: 


2 < 1 + 


146. Which is larger, (1.000001) 1 000 000 or 2? 

147. Which is larger, 1000 1000 or 1001 999 ? 

148. Prove that for any integer n > 6 




149.* Prove that if m > n (where m, n are natural numbers): 


(a) (1 + 


> 1 + 


For example, 


2—, and (1 + -i-) = — = 2 — > 2— 

4 V 3 ) 27 Z 27 > * 


Problems ( 140-150) 
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27__o3_ 
8 8 ’ 


and 



(» £ 2 ) . 

_ 256_ _ 13_ _3_ 

" 81 “ J 81 < J 8 ' 


From problem (a) it follows that in the sequence of numbers (1 + 1/2) 2 , 
(1 + 1/3) 3 , ••■,(! + l/tt) n , ■*■, each is greater than that preceding. Since, on 
the other hand, no member of the sequence exceeds 3 (see problem 145), it 
follows that if n -+ «>, the magnitude of (1 + 1 /n) n approaches some definite 
limit (which is evidently a number between 2 and 3). This limiting number is 
designated by e. It is equal, approximately, to 2.718281828459045* . 

Analogously, problem 149 (b) shows that in the sequence (1 + 1/2) 3 , (1 + 1/3) 4 , 
(1 -I- 1/4) 5 , •■■,(! + l/n) n+1 , ■ * * every number is less than that preceding. Since 
every number of the sequence exceeds 1, the magnitude (1 + 1 jn) n+1 , where n 
increases without bound, tends toward some limiting number. The numbers 
of the second sequence then become successively closer and closer to the 
numbers of the first [that is, the ratios (1 + l/ti) 7J+1 : (1 + l/n) n = 1 + l/n become 
closer and closer to 1]. Hence, the limiting number must, in the second case, 
also be equal to e. This number, e, plays a very important role in higher 
mathematics, and is encountered in a wide variety of problems (see, for ex¬ 
ample, problems 156 and 159). 


150. Prove that, for any integer w, the following inequality holds, 



n 

< nl < n 



n 


where e = 2.71828- ■ • is the limit of (1 -b 1 ln) n as n — > oo. 

This result is an extension of the result of problem 148. It follows, in par¬ 
ticular, that for any two numbers, ai and « 2 , such that a\ < e < ai (for ex¬ 
ample, for ai = 2.7 and az = 2.8; for oi = 2.71 and cli = 2.72; for ai = 2.718 and 
az = 2.719, and so on) for all integers n which are “large enough" (greater 
than some integer N, where the magnitude of N depends on what «i we con¬ 
sider), the following inequality holds: 



)“>*!> 



Thus, the number e is that limitig number which separates the numbers a for 
which ( n/ay 1 exceeds, or “dominates," n\ from those numbers a for which the 
(nja) n are “dominated” by nl. (The existence of such a limiting number 
follows from problem 148.) 

Actually, {njaz) n < nl for every n exceeding 6 [if az > e, and if n > 6, in 
view of problem 150, nl > ( n/e ) B ]. Further, from the results of problems 145 
and 149, it follows that, for n ^ 3, the following inequalities hold: 
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Evaluating Sums and Products 


n > e > [ 1 + 


_l_\ n _ (n + 1)" 
n) n n 


> (n + l)" , 
n / — n+i y -— 

r n > K« + l; 

consequently, for n ^ 3, Vn diminishes as n increases. It is readily seen 
that if n becomes very large, v / n approaches as close to unity as we wish. 
It follows, for example, that log X ^V 10* — kj 10*, for sufficiently large k , can 
be made as small as we wish. Let us now select an N such that the inequality 
SI? < e/at holds. Then for n > N the approximation S n. < e/at is still 
more improved, and from problem 150 it follows that 


The inequality of problem 150 admits a great deal of precision. It is possible 
to show that for sufficiently large n the number n\ is approximated by 
Cv / n ( n/e) n , where C is a constant equal to v / 2n : 


n\ « v 2Tm(^— J 

[more precisely, it is possible to prove that if n increases without bound, ratio 

n\ 

y / 2un{n/e) n 

tends to unity. (See the book by A. M. Yaglom and E. M. Yaglom, Non¬ 
elementary Problems Treated by Elementary Means , Library of the Mathe¬ 
matical Society, Volume 5)], 

151. Prove that 

. 1 -w** 1 < P + 2 fc + 3 fc + - • • + n k 


/ 1 \* +1 1 

< ( 1 + t) 7+t“ , “ 


(n and k are arbitrary integers). 

Remark : A particular consequence of problem 151 is the following: 
.. 1* + 2* + 3* + * * ■ + 1 


(See also problem 316.) 


152. Prove that for all integers n > 1: 

t The approximation given for nl is usually referred to as Stirling's formula 
\ Editor]. 


Problems ( 151-156) 
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(a) \ < T+T + « + 2 + 
< b) + + 


< T ’ 


+ — t—r < 2 ■ 

3« + 1 


153.* (a) Calculate the whole part of the number 


1 1 , 1 , i 

l + VT + Vt + VT 

(b) Calculate the sum 

_1_ 1 . 1 - + ... + 

V 10,000 + 1 / 10,001 ^ V 7 10,002 

to within a tolerance (allowable error) of 1/50. 

154.’" Find the whole part of the number 


V 1,000,000 


V 1 , 000,000 


1 ^ 1 J_ + ... + 1 - 

Yt + Iff v 1.000,000 ■ 

155. (a) Determine the sum 

10 2 + IP + 12 2 1000 2 

to a tolerance of 0.006. 

(b) Determine the sum 

1 , _L + J_ + ... +—L_ 

1 oT + 11 ! + 12! 1000! 

to a tolerance of 0.000000015. 

156. Prove that the sum 

1 + i + i + T + " , + « 

is greater than any previously selected number N, if » is taken 
sufficiently great. 

Remark-. The calculation of this sum can be made very precise. It is pos- 
sible to show that the sum 

111 1 

i + T + T + T + + "n" ’ 

for larcre n is very close to the value of log» (this logarithm taken to the 
base e = 2.718- • •). In every case, it can be shown that for any n the difference 
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Evaluating Sums and Products 


ll 1 

1 + V + + ' ’ * + — -l°gn 

£ o 71 

does not exceed unity (see the reference following problem 150 to the book by 
A. M. Yaglom and E. M. Yaglom). 

157. Prove that if in the summation 


1 + i + i + i + ... + ± 

2 3 4 n 

we throw out every term which contains the digit 9 in its denomi¬ 
nator, then the sum of the remaining terms, for any w, will be less 
than 80. 

158. (a) Prove that, for any n, the following holds: 

1 + ~r 4- -jr 4- ~77T 4- + • * • H-r~ < 2 . 

4 9 16 25 n 


(b) Prove that for all n 

1 + T + i + T5 


<‘f 


It is evident that the inequality of problem (b) is a refinement of problem 
(a). An even more precise bound in given by problem 233. That problem 
shows that the sum 




+ "• 


is less than tc 2 /6 = 1.6449340668-** (but for any number less than for in¬ 

stance for N = 1.64 or for N = 1.644934, it is possible to find an n such that 
the sum 


, 1 1 

1 + T + T + 




will exceed N). 


159.* Consider the sum 


1 + T + T + 'i + T + 




in which the denominators run through the prime numbers from 2 
to some prime number p, Prove that this sum becomes greater than 
any preassigned number N, provided the prime p is taken sufficiently 
great. 

Remark : The summation of the series in this problem can be found with 
great accuracy. For large p t the sum 


Problems ( 157-159) 
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* + T + T + T + T + 


differs relatively little from log log P (where the logarithms are taken to the 
base e = 2.718-••). and the differences 


, , _L , J_ + i- + — +•••+— - log log p 
1 + T + 3 + 5 + 7 P 


—r-•rrVoM.t » 

in..,*., «hU problem of 

for ..ample, to ay U». .1. P™~ lip. 9, 

natural numbers than either square s<3Ua res as well as the sum of 

inasmuch as the sum of the reoprocalso all the juares. a 

all those reciprocals of whole numbers not contains* the ^ ’ o{ a „ 

(by If and by 80, respectively), whereas the sum of reop 
the primes becomes arbitrarily great. 
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MISCELLANEOUS PROBLEMS 
FROM ALGEBRA 


160. If a + b + c = 0, what does the following expression equal? 

+ a ~ b \( a b c \ 

U + » + — X»^7 + — *Y=j)- 

161. Prove that if a + b + c = 0, then 

a 3 + b 3 + c 3 = 3 abc . 

162. Factor the following: 

(a) a 3 + b 3 + c 3 - 3 abc ; 

(b) (a + b + c) 3 - a 3 - b 3 - c 3 . 

163. Rationalize the denominator: 

_ 1 _ 

V a + %/~b + <§/ c 

164. Prove that 

(a + b + c) 333 - a 333 — b 333 — c 333 


is divisible by 


38 


(a + b + c) 3 - a 3 - b 3 - c 3 . 


Problems (160-169) 
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165. Factor the following expression: 

a 10 + a 3 + 1 . 

166. Prove that the polynomial 


*9999 + *8888 + *7777 + . . . + *2222 _|_ *1111 + 1 


is divisible by 


X 3 + X 8 + x 1 + ■ • • + X 2 + X + 1 . 


167. Using the result of problem 162 (a), find the general formula 
for the solution of the cubic equation 

x 3 + px + q = 0 . 

Remark'. This result enables us to solve any equation of the third degree. 
Let 

x 3 + Ax 2 + Bx + C = 0 

be any cubic equation (the coefficient of a: 3 is taken as 1, since in any other 
case we can divide through by the coefficient of x 3 ). We make the substitution 


x = y + c , 


and we obtain 


y 3 + 3 cy 2 + 3c 2 y + c 3 + A(y z -f 2 cy + c 2 ) + B(y + c) + C = 0 , 
r 

y 3 + (3 c + A)y 2 + (3c 2 + 2 Ac + B)y + (c 3 + Ac 2 + Be + C) = 0 . 
From this, if we set c = —A/3 (that is, x = y — A/3), we arrive at 


3A 2 2A 2 

9 9 


?)* + (- 


A 3 A 3 AB 
27 + 9 3 


+ c) = 0 , 


which has the same forms as that of the given problem: 

y 3 4- py -h q = 0 , 


A 2 , _ , 2A 3 AB _ 

P=- t + B and 9 = 


168. Solve the equation 

V 7 a — \/a + x = x . 

169. * Find the real roots of the equation 


* 3 + 2 «* + 1 F- = -«+yV + *-_k- (o<a<j). 
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Miscellaneous Problems from Algebra 


170. (a) Find the real roots of the equation 

+ 2 Vx -I- 2 ^ x + • ■ ■ + 21 / * + 21 /SJ 

X ^ -- ' 

{« radicals} 

(all roots are considered positive). 

(b) Solve the equation 


(In the expression on the left the fraction designation is repeated n 
times.) 

171. Find the real roots of the equation 

1/x + 3 - 4\/x - 1 + V / x + 8-6v / F^T= 1 . 

(All square roots are to be taken as positive.) 

172. Solve the equation 

Ix + 1| — Ix| + 31 x — 11 — 21x — 21 = x + 2 . 

173. A system of two second-degree equations 


f x 2 — y a = 0 , 

1(X - a ) 2 + y* = 1 

has, in general, four solutions. For what values of a is the number 
of solutions of this system decreased to three or to two? 

174. (a) Solve the system of equations 


For what values of a does this system fail to have solutions, and 
for what values of a are there infinitely many solutions? 

(b) Answer the above question for the system 

lax + y = a % , 
lx + ay = 1 . 




Problems ( 160-179 ) 
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(c) Answer the above question for the system 

ax -(- y -f z = 1 , 
x -b ay -b z = a , 
x + z + az = a 2 . 

175. Find the conditions which must be satisfied by the numbers 
a u ot 2y a 3 , of* such that the following system of six equations in four 
unknowns has a solution: 

Xi + X Z = CtiGtz y 
Xi + *3 = Ot itfa , 

Xi + X, = Ot^Ct* , 
x 2 + X 3 = ot 2 Ct 3 , 

Xz + x, = etzOt* y 

x z + x, = etzCt* . 

Find the values of the unknowns jc,, x 2y jc 3 , jc 4 . 

176. How many real solutions has the following system? 

x +y = 2, 

X y - z 2 = 1 . 

177. (a) How many roots has the following equation? 



(b) How many roots has the following equation? 
sin x = log x . 

(Note: log x = logi 0 x .) 

178. * Prove that if x { and x 2 are roots of the equation x 2 — 6x + 
1=0, then Xi + x 2 is, for any natural number n y an integer not 
divisible by 5. 

179. Is it possible for the expression 

(a I + a 2 + * ■ ■ + #999 + fliooo) 2 = <^1 + #2 + * ‘ * + #999 “h ^1000 

+ 2 a^a2 + 2 a^a^ + * • * + 2^999^1000 

(where some of the numbers a u a 2y < 2999 , a lQQQ are positive and the 

test are negative) to contain the same number of positive and nega¬ 
tive terms in a&j? 

Investigate the analogous problem for the expression 


(a 1 -f- a 2 + • • * + #9999 <2io.ooo) z . 
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Miscellaneous Problems from Algebra 


180. Prove that any integral power of the number VT - 1 can 
be expressed in the_form VW - , where N is an integer 

(for example: (l / 2 - 1)* = 3 - = VT-VT, and (VT - 

- I) 8 = 5l/ 2 - 7 = 1/50 - V4§. 

■ T / r0Ve that the ™ mber ",999 + lll.llli/T” cannot be written 
m the form (A + BV 3 ) 2 , where A and B are integers. 

182. Prove that V 2 cannot be represented in the form p + qV~ 
where p, q, r are rational numbers. 

183. (a) Which of the following two expressions is greater? 

_ 2.00000000004 _ 

(1.00000000004) 2 + 2.00000000004 ’ 

_ 2.000000000Q2 _ 

(1.00000000002) 2 + 2.00000000002 ' 

(b) Let a > b > 0. Which of the following is greater? 

1 -h a ~r a 2 + • • • a" -1 

1 + a + a 2 +■■■ + a* ’ 

1 + b + f> 2 + ••• + 1 

1 + b + b* + • • • + 6" ’ 

184. Given « numbers a„ a 2 , ■ • ■, a,. Find the number * such that 
the sum 

(x — fli ) 2 + (x — <z 2 ) 2 + ■ ' * + (x — an) 2 
has the least possible value. 

185. (a) Given four distinct numbers a, < a 2 < a 3 < a ,. Put these 
numbers in such an order, a,,, a, 2 , a iv a, 4 (i u i 2 ,u,u being some rear¬ 
rangement of 1,2, 3, 4) that the sum 

® = (a;, - a, 2 ) 2 + (a,- 2 - a, 3 ) 2 + ( fll . s - a u y + (a, t - a,-,) 2 
has the least possible value. 

(b)* Given « real distinct numbers a„a 2 , a,. Put these 

numbers in such an order A ti ,A, 2 , • • •, a, n that the sum 

0 - (a ; , - Ai 2 ) 2 + (a,., - A is ) 2 + • • • + (a in _ t - a in Y + (a in - 0i( ) 2 
has the least possible value. 

186. (a) Prove that, regardless of what numbers a„ « 2 , ..., 0n , bu 
Oiy ‘"yb n are taken, the following relation always holds: 


Problems ( 180-192) 
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l/ a 2 + b\ + l/ a\ + b\ + • • • + i/ a\ + b\ 

^ l/(fli + cii + ■ • • + a n ) 2 + (bi H- bz H- • • • + b n ) 2 . 

Under what conditions does the equality hold? 

(b) A pyramid is called a right pyramid if, when a circle is 
inscribed in its base, the altitude of the pyramid falls on the center 
of the circle. Prove that a right pyramid has less lateral surface 
area than any other pyramid of the same altitude and base area and 
having the same perimeter. 

Remark', The inequality of problem (a) is a special case of what is called 
the Inequality of Minkowski (see problem 308). 

187. * Prove that for any real numbers a lt a 2 , ••• ,a n the following 
inequality holds: 

Va\ + (1 - a 2 ) 2 + Va\ + (1 - a 3 ) 2 

+ ■■• + Val-i + (1 - a „) 2 + Vgi + (1 - a ,)* ^ - ■ 

For what values of the numbers is the left member equal to the 
right member? 

188. Prove that if the numbers x x and x 2 do not exceed 1 in ab¬ 
solute value, then 

V\ + vi-xi * 2/1 - • 

For what numbers x t and x 2 does the equality hold? 

189. Which is greater, cos (sin x) or sin (cos x)? 


190. Prove, without using logarithm tables, that: 

(a) —i— + > 2 ; 

l0g 2 K logs K 

(b) ~~ + — l — >2. 
log 2 n log, 2 


191. Prove that if cc and 0 are acute angles, with et < [ 9, then 

(a) a — sin a < 0 — sin 0 ; 

(b) tan a — a < tan 0 — 0 . 


192.* Prove that if a and 0 are acute angles and a < 0, then 
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tan a tan 0 

- < — 7T~~ - 

a 0 

193. Find the relationship between arcsin [cos (arcsin x)] and 
arccos [sin (arccos jr)]. 

194. Prove that for arbitrary coefficients a %u a 30 , • • •, a u a u the sum 
cos 32* + a 3l cos 31* + a 30 cos 30* + • • ■ + « 2 cos 2x + a l cos * 

cannot take on only positive values for all x. 

195. Let some of the numbers a it a u be +1 and the rest 

be —1. Prove that 


2 sin (a 


! a i a%a 3 j , aia 2 "-a n 

2 ^ 4 ^ + 2- 1 


— a\ 2 -f- a 2 \j 2 -b a {\/2 + ■ ■ ■ + a n ~\/ 2 


For example, let a l = a 2 


a ji — 1. 


2 sin [ 1 


1 + 1 


45° = 2 cos 


= V2 + V2 + ■■• +v 2 . 
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THE ALGEBRA OF POLYNOMIALS 


196. Find the sum of the coefficients of the polynomial obtained 
after expanding and collecting the terms of the product 

(1 - 3x + 3jt 2 ) 743 (l + 3* - 3jt 2 ) 744 . 

197. Which of the expressions, 

(1 + * 2 - jt 3 ) 1000 or (1 - Jt 2 + r 3 ) 1000 , 

will have the larger coefficient for x 20 after expansion and collecting 
of terms? 

198. Prove that in the product 

(1 X + Jt 2 — Jt 3 + • ■ ■ — JC 99 + Jt 100 )(l + X + X 1 + * • ■ + Jt 99 + Jt 100 ) , 

after multiplying and collecting terms, there does not appear a term 
in x of odd degree. 

199. Find the coefficient of Jt 50 in the following polynomials; 

(a) (1 + Jt) 1000 + Jt(l + Jt) 999 + * 2 (1 + *) 998 + • ■ ■ + Jt 1000 ; 

(b) (1 + x) + 2(1 + *) 2 + 3(1 + Jt) 3 + * • • + 1000(1 + Jt) 1000 . 

200. * Find the coefficient of jt 2 upon the expansion and collecting 
of terms in the expression 
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((((* - 2) 2 - 2) ! - 2) ! -2) 2 . 

s -^---/ 

n times 

201. Find the remainders upon dividing the polynomial x + x* + 

* 9 + X 27 + X 81 + * 243 

(a) by jc — 1 ; 

(b) by x 2 — 1 . 

202. An unknown polynomial yields a remainder of 2 upon division 
by * — 1, and a remainder of 1 upon division by x — 2. What re¬ 
mainder is obtained if this polynomial is divided by (x — l)(x — 2)? 

203. If the polynomial x 1951 — 1 is divided by x* + x* + 2x 2 + x + 1, 
a quotient and remainder are obtained. Find the coefficient of x li in 
the quotient. 

204. Find an equation with integral coefficients whose roots include 
the numbers 

(a) i/T + i/T , 

(b) i/T + |/T. 

205. Prove that if a and £ are the roots of the equation 

* 2 + px + 1 = 0 , 

and if y and 8 are the roots of the equation 

x* + qx + 1=0, 

then 

O - r)(j9 - y)(* + 8)(0 + 5) = ^- ^, 

206. Let ct and £ be the roots of the equation 

x z + px + q = 0 , 
and r and 8 be the roots of the equation 

x* + Px + Q = 0 . 

Express the product 

(* ~ r)03 - r){* - *)(0 - 8) 

in terms of the coefficients of the given equations. 

207. Given the two polynomials 

x* + ax + 1 = 0, 
x 2 + x + a = 0 . 


Problems ( 201-214) 
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Determine all values of the coefficient a for which these equations 
have at least one common root. 

208. Find an integer a such that (x — a)(x — 10) -F 1 can be written 
as a product (x + b)(x + c) of two factors with integers b and c. 

209. Find (nonzero) distinct integers a, b, and c such that the fol¬ 
lowing fourth-degree polynomial with integral coefficients, can be 
written as the product of two other polynomials with integral coef¬ 
ficients: 

x(x — a)(x — b)(x — c) + 1 

210. For what integers where these are all distinct, 

are the following polynomials with integral coefficients expressible 
as the product of two polynomials with integral coefficients? 

(a) (x - a t )(x - a%){x — a*) - • -(x - a n ) - 1 ; 

(b) (x - ai\x - a 2 )(x - a t )-- •(* - a n ) + 1 . 

211. * Prove that if the integers a u a ly are all distinct, then 

the polynomial 

(x - a v )\x - a 2 ) 2 -- -(x - a n ) 2 + 1 

cannot be written as a product of two other polynomials with integral 
coefficients. 

212. Prove that if the polynomial 

P(x) = a 0 x n + aiX n ~ x + ■ • ■ + a n -iX + a n , 

with integral coefficients, takes on the value 7 for four integral values 
of x, then it cannot have the value 14 for any integral value of x. 

213. Prove that if the polynomial 

aa 7 + aiX 6 + a z x 5 + a 3 x 4 + a t x 3 -f a b x 2 + a Q x + a 7 , 

of seventh degree, with integral coefficients, has for seven integral 
values of x the value -f 1 or —1, then it cannot be factored as the 
product of two polynomials with integral coefficients. 

214. Prove that if the polynomial 

P(x) = aa n + a v x n ~ l + ■ • ■ + a n - { x + a n , 

with integral coefficients, has odd values for x = 0 and x = 1, then 
the equation P(x) = 0 cannot have integral roots. 



48 


49 


The Algebra of Polynomials 

215. * Prove that if the polynomial 

P(x) = a 0 x n + a x x n ~ l + • • - + a n -ix + a n , 

with integral coefficients, is equal in absolute value to 1 for two 
integers x — p and x = q (p > q)> and if the equation P(x) = 0 has 
rational roots a , then p — q is equal to 1 or 2, and a = — . 

216. * Prove that neither of the following polynomials can be writ¬ 
ten as a product of two polynomials with integral coefficients: 

(a) * 2222 + 2 jc 2220 + 4jc 2218 + 6x 2216 + 8* 2214 

+ • • ■ + 2218jc 4 + 2220x 2 + 2222 ; 

(b) jc 250 + * 249 + * 248 + ■ • ■ + Jt 2 + x + 1 . 

217. Prove that if the product of two polynomials with integral 
coefficients is a polynomial with even coefficients, not all of which 
are divisible by 4, then in one of the polynomials all coefficients 
must be even, and in the other not all coefficients will be even. 

218. Prove that all the rational roots of the polynomial 

P{x) ~ x n + a x x n ~ l + a 2 x n ~ 2 + • • • + a n -\X + a n , 
with integral coefficients and with leading coefficient 1, are integers. 

219. * Prove that there does not exist a polynomial 

P(x) = a 0 x n + a x x n ~ l + * • ■ + a n -vx + a„ 

such that P(0), P(l), P( 2), ■ • • are all prime numbers. 

Remark'. The proposition stated in this problem was first proven by the 
mathematician L. Euler. Also credited to him are polynomials whose values 
for many consecutive integers are prime numbers. For example, for the poly¬ 
nomial P(x) = x 2 — 79x + 1601, the 80 numbers P(0) = 1, P{1) = 1523, P(2), 
P(3), P(79) are all primes. 


Problems C 215-221) 

having the same property [in view of problem 49 (a)] and having 
integral coefficients. 

221. (a) Prove that if the wth degree polynomial P{x) has integral 

values for * = 0,1, 2, ■ • «, then it has integral values for all integral 

values of x. 

(b) Prove that if a polynomial P(x) of degree n has integral 
values for n + 1 successive integers x, then it is integral valued for 

all integers x. . 

(c) Prove that if the polynomial P(x) of degree n has integral 

values for * = 0,1,4,9,16. ■ • n\ then it has integral values for all 
integers x which are perfect squares (but this does not necessarily 

follow for all integers x). ... 

Give an example of a polynomial which assumes integral values 
for all integers a: which are perfect squares, but which for some 
other value of jc yields a rational (not whole) number. 


220. Prove that if the polynomial 

P(x) = + A x X n ~ l + AzX n ~ 2 + * * • + An-i + An 

assumes integral values for all integral values for x, then it is pos¬ 
sible to represent it as a sum of polynomials 

Po(x) = 1, PM = *, PM = t) . t ..., P n (x) 

— *(* — IX* — 2)’ • -(x — n + 1) 

1-2*3-- * w 
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COMPLEX NUMBERS 


In many of the problems in this section the following formulas are 
useful. 

(1) The formula for the product of complex numbers in trigonometric form: 

(cos a + i sin a)(cos /3 + i sin ft) = cos (a + 0) + i sin (a + &) . 

(2) De Moivre’s formula: 

(cos a + i sin a) n = cos na + i sin na 

(where n is a natural number), which is an n-fold application of the previous 
formula. 

(3) The formula for the roots of complex numbers: 

n,- : — : - a+ 360°-A . . a + 360° -A 

v cos a + % sin a = cos-h % sin- 

n n 

(A = 0, 1,2, 1) , 

which is an extended form of De Moivre’s theorem. 

In particular, a large role is played in the following problems by the formula 
for the wth rooths of unity, that is, the roots of the nth-degree equation 

x n - 1 = 0 , 

which are given by the following formulas: 

n/ - n / -_-r-— ' 360° ■ A . . 360° * A 

v 1 = v cos 0 + i sin 0 = cos-b % sin- 

n n 

(A = 0, 1,2, *..,n - 1) , 
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The following observation will often be useful in solving the problems of 
this section. Let the equation of degree n, 

x n + aix n ~ l + aix n ~ 2 + * • - + a n -ix + a» = 0 , 
have the n roots xi, x 2 , ■ - •, x n -u x n . Then the left member of the equation is 
divisible by (x — xi)(x — x 2 )’ ■ *(x — x n )\ that is, 

x n + aiX ll ~ l + ■ • * + a n -ix + a n = (x - Xi)(x - xz) - * *(x - x n -i)(x - Xn) . 

If we multiply out the second member of this equation and equate coefficients 
of like powers of x from both members, we obtain the following formulas giving 
relationships between the coefficients on the left and the roots of the equation 
(Vieta's formulas). 

ai = —(Xt + X 2 + * * • + Xn-i + afn) , 
ai = X1X2 + * 1*3 + * * ■ + Xn — 1 *71 , 
as = —(XiXzXz + * • * + Xn-lXn-lXn) , 


an -1 = ( — \) n ~ l (XiX 2 - ■ -Xn-I + X 1 X 2 ■ ■ • Xn-ZXn + ■ * * + *2*3' ■ * *n) , 
a ri - (-l) n *i*2*3* “X n • 

222. (a) Prove that 

cos 5a = cos 5 a — 10 cos 3 a sin 2 a + 5 cos a sin 4 a , 
sin 5 a = sin 5 a — 10 sin 3 a cos 2 a + 5 sin a cos 4 a . 

(b) Prove that for integers n 

cos na = cos” a — Cl cos 71 " 2 a sin 2 a + Cl cos" 4 a sin 4 a 

— Cl cos” 6 a sin 6 

sin na = C\ cos” -1 a sin a — Cl cos n_3 a sin 3 a 

+ Cl cos” -5 a sin 5 a — • • ■ , 
where the terms designated by • • ■, which are readily identified from 
the given terms, are continued while they preserve the sense of the 
binomial coefficients. 

Remark : Problem (b) is, of course, a generalization of problem (a). 

223. Express tan 6a in terms of tan a . 

224. Prove that if x + — = 2 cos a , then 

x 

x n H-= 2 cos na . 

x n 

225. Prove that 
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and that 


cos <p + cos (<p + a) + cos (<p + la) + • • • + cos (<p + net) 


(n + l)ar 

sin -——-— cos 


. not\ 
f,+ —) 


226. Find the value of 


and of 


227. Evaluate 


cos 2 et + cos 2 2ot + ■ • ■ + cos 2 not , 


sin 2 et + sin 2 let + • • • -f sin 2 net , 


cos et + Cn cos la + C£ cos 3# + • • * + Cl 1 cos na + cos (n + 1)# 


sin a; + Ci sin 2 # + Cl sin 3# + • ■ ■ + Cl 1 sin na + sin (n + 1)# . 

228. Prove that if m , «, and /> are arbitrary integers, then 

. mn .nn , . 2mir . Inn , . 3mn . 3«/7 
sin —-— sin-h sin-sin-b sin-sin- 

p p P P P P 

, . (p—l)mn . (/> — l)w/r"| 

+ ■ • ■ + sin —---sin —--- 

P P J 

'~\ y if m + n is divisible by 2 p and m — n is not divisible by 2 p\ 

= i if m — n is divisible by 2p and m + « is not divisible by 2p\ 

0 , if m + n and m — n are both divisible by 2 p, or if neither 
' is divisible by 2 p. 

229. Prove that 


In , 4// 

cos -—— + cos -- 

2n + 1 In + 1 


In + 1 


2 n + 1 


230. Construct an equation whose roots are the numbers: 

f N • 2 n . 2 2n . 2 3 n . 2 nn 

(a) sin 2 --- , sin 2 --- , sin 2 --- , ■ ■ •, sin 2 --— ; 

In + 1 2n + 1 2n + 1 2» + 1 ' 


/u\ *.2 h *.2 2/7 , 3 n 

(b) cot 2 -—— ,cot 2 -—— ,cot 2 -—— , 
2n + 1 In + 1 In + 1 


In + 1 


Problems ( 226-233) 
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where the summation on the left is the limit to which 1 + 1/2 2 + * * • + 1/n 2 
tends as n -> oo. 

234. (a) On a circle which circumscribes an n-sided polygon 
AiA Z ' • -A n , a point M is taken. Prove that the sum of the squares 
of the distances from this point to all the vertices of the polygon is 
a number independent of the position of the point M on the circle, 
and that this sum is equal to 2 nR 2 , where R is the radius of the 
circle. 

(b) Prove that the sum of the squares of the distances from 
an arbitrary point M , taken in the plane of a regular «-sided polygon 
AiAi—'An to all the vertices of the polygon, depends only upon the 
distance / of the point M from the center O of the polygon, and is 
equal to n(R z + / 2 ), where R is the radius of the circle circumscribing 
the regular w-sided polygon. 

(c) Prove that statement (b) remains correct even when point 
M does not lie in the plane of the w-sided polygon A V A 2 * ■ - A n . 

235. Let M be a point on the circle circumscribing a regular n- 
sided polygon AiA z -■ -A n - Prove the following. 

(a) If n is even, then the sum of the squares of the distances 
from M to the vertices indicated by even-numbered subscripts (for 
example, A 2 , A *, and so on) is equal to the sum of the squared dis¬ 
tances to the vertices having odd subscripts. 

(b) If n is odd, then the sum of the distances from the point 
M to the vertices of the polygon which are even-numbered is equal 
to the sum of the distances to those which are odd-numbered. 

236. The radius of a circle which circumscribes a regular w-sided 
polygon AiAf-An is equal to R. Prove the following. 

(a) The sum of the squares of all the sides and all the 
diagonals is equal to n z R z . 

(b) The sum of all the sides and all the diagonals of the 

polygon is equal to n cot -£-R. 

2 n 

(c) The product of all the sides and all the diagonals of the 
polygon is equal to n n/z R in{n ~ l)Vz . 

237 * Find the sum of the 50th powers of all the sides and all 
the diagonals of the regular 100-sided polygon inscribed in a circle 
of radius R . 


Problems (234-239) 55 

it is not possible to find angles differing from 60°, 90°, and 120°, 
and commensurable with a right angle. 

239.* (a) Prove that for any odd integer p > 1 the angle arc 
cos — cannot contain a rational number of degrees. 

P . 

(b) Prove that an angle arc tan where p and q are dis¬ 
tinct positive integers, cannot contain a rational number of degrees. 


238.* Prove that in a triangle whose sides have integral length 


Problems (240-245) 


57 


10 

SOME PROBLEMS OF 
NUMBER THEORY 


These problems are concerned with that division of mathematics treating 
properties of integers, Elementary Number Theory. Many of the problems in 
other sections of this book also deal with number theory—particularly Sections 
3, 4, and 5. Several of the following theorems, stated here as problems, play 
an important role in number theory (see, for example, problems 240, 241, 245- 
247, 249, 253). Clearly, these problems do not pretend to explore with any 
completeness the rich variety of methods and ideas that have permeated this 
discipline, which is at once one of the most fruitful and one of the most dif¬ 
ficult of all mathematical endeavors. A good systematic account of some parts 
of number theory is given in the book by B. B. Dynkin and V. A. Uspensky, 
Mathematical Conversations, Issue 6, Library of the USSR Mathematical Society. 
There the reader will find alternate solutions to some of the problems of this 
section. An excellent condensed treatment is the article by A. Y. Khinchin, 
“Elementary Number Theory," appearing in the Encyclopedia of Elementary 
Mathematics, Government Technical Publishing House, Moscow, 1951, which 
contains, as an appendix, an extensive bibliography covering the topics touched 
on in the article. 

240. Fermat's Theorem. Prove that if p is a prime number, then 
the difference a p — a is, for any integer a, divisible by p. 

Remark : Problems 27 (a)-(d) are special cases of this theorem. 

241. Euler's Theorem. Let N be any natural number and let r 
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be the number of integers in the sequence 1,2,3, 1 which 

are relatively prime to N. Prove that if a is any integer which is 
relatively prime to N, then a r — 1 is divisible by N. 

Remark : If the number N is prime, then all the integers of the sequence 
are, of course, relatively prime to N\ that is, r = N — 1. In this case, Euler s 
theorem assumes the form a^ -1 — 1 is divisible by N, if N is prime. It is 
clear that Fermat’s theorem (problem 240) can be considered a special case of 
Euler's theorem. 

If N = p", where p is a prime number, then of the first N — 1 = p n — 1 
positive integers, those not relatively prime to N= p n will be p, 2p, 3p, ■**, 
A 1 — p - ( p n ~ l - l)p, Therefore, we have r = ( p n - 1) - (p ” _1 — 1) = p” — p n ~ l , 
and Euler's theorem provides the following corollary: The difference 
ati n- P n-i _ ^ where p is prime and a is not divisible by p, is divisible by p n . 

If N = p^pf 2 - • -Pfc fc , where pi, p 2 , ■ • •, p* are distinct primes, then the number 
r of prime numbers less than N and relatively prime to N is given by the 
formula 



(See, for example, the article by A. Y. Khinchin, referred to above.) If N = p n 
is a power of the prime p, this formula yields 



which is the result obtained previously. 

242. * According to Euler's theorem, the difference 2 k — 1, where 
k = 5 n - 5 71 ” 1 , is divisible by 5" (see problem 241, and the remark 
following it). Prove that there exists no k less than 5* — 5 n_1 such 
that 2 fc — 1 is divisible by 5”. 

243. Let us write, in order, the consecutive powers of the number 
2: 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, ■ ■ Note that in 
this sequence the final digits periodically repeat with a period of 4: 

2,4, 8, 6, 2, 4, 8, 6,2,4, 8, 6, ■ ■ • . 

Prove that, if we begin at a suitable point of the sequence, the last 
ten digits of the numbers of the sequence will also repeat periodically. 
Find the length of the period and the number of integers in the 
sequence for which this observed periodicity occurs. 

244. * Prove that there exists some power of 2 whose final 1000 
digits are all ones and twos. 

245. Wilson's Theorem . Prove that: if the integer p is prime, 
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then the number (/> — 1)! -H 1 is divisible by p\ if p is composite, 
then (p — 1)! + 1 is not divisible by p . 

246. * Let p be a prime number which yields the remainder 1 upon 
division by 4. Prove that there exists an integer x such that x z + 1 
is divisible by p. 

247. ** Prove the following. 

(a) If each of the two integers A and B can be represented 
as the sum of two squares, then their product A*B can also be re¬ 
presented in this manner. 

(b) All prime numbers of form 4n + 1 can be written as 
the sum of two squares, and no number of form 4n + 3 can be so 
expressed. 

(c) A composite number N can be written as the sum of 
two squares if and only if all its prime factors of form 4n + 3 oc¬ 
cur an even number of times. 

For example, the numbers 10,000 = 2 4 -5 4 and 2430 = 2 2 -3 z *5-13 can 
be represented as the sum of the squares of two integers (in the first 
number there are no factors of form 4 n + 3, and in the second 
number there is one such factor, 3, which occurs twice); the number 
2002 = 2*7*11 -13 cannot be represented as the sum of two squares 
(the factors 7 and 11, of form 4 n + 3, appear once). 

248. Prove that, for any prime p , it is possible to find integers x 
and y such that x 2 + y z + 1 is divisible by p. 

249. ** Prove the following. 

(a) If each of two numbers A and B can be written as the 
sum of the squares of four integers, then their product A B can 
also be represented in this manner, 

(b) Every natural number can be written as the sum of not 
more than four squares. 

example, 35 = 25 + 9 + 1 = 5 2 + 3* + l 2 ; 60 = 49 + 9 + 1 + 1 = 7 2 + 
3 3 + l 2 + l 2 ; 1000 = 900 + 100 = 30 2 + 10 2 , and so on. 

250. Prove that no number of the form 4*(8& — 1), where n and k 
are integers, that is, no number belonging to the geometric progres¬ 
sions 


7. 

28, 

112, 

448, 

15, 

60, 

240, 

960, 

23, 

92, 

368, 

1472, 

31, 

124, 

496, 

1984, 


Problems (246-252) 

can be a square or the sum of two squares or three squares of 
integers. 

Remark : It has been shown that every integer which cannot be written in 
form 4 ^(Sk — 1) is representable as the sum of three or fewer squares. How¬ 
ever, the proof is very complicated. 

251. ** Prove that every positive integer can be written as the 
sum of not more than 53 fourth powers of integers. 

Remark : Experimental trials indicate that integers of moderate size are 
representable as the sum of far fewer fourth powers than 53, To the present 
time, no integer has been produced which cannot be given as the sum of 19, 
or fewer, fourth powers. (Of the numbers less than 100, only one—the number 
79—requires as many as 19 fourth powers; that is four terms of 2* and 15 units). 
It has been conjectured that 19 fourth powers suffice for every integer, but no 
proof of this has as yet appeared. The best result in this direction has been 
the proof that every natural number can be written as the sum of not more 
than 21 fourth powers. This is a substantial improvement over the proposition 
given as problem 251, but the proof of it involves considerable higher mathe¬ 
matics. 

In problem 239 (b) it was stated that every integer can be written as the 
sum of not more than four squares. It has also been shown that every integer 
can be written as the sum of not more than nine cubes. 

All these propositions are embraced by the following remarkable theorem: 
For every positive integer k there exists a positive integer N ( depending , of 
course, on k) stick that every mteger may be written as the sum of not more 
than N /cth powers of positive integers. This theorem has been provided with 
several different proofs, but only recently has a proof been given which does 
not require considerable higher mathematics. In 1942 the Soviet mathematician 
U. V. Linnik gave the elementary proof. This proof is presented in the popular 
little book by A. Y. Khinchin, Three Pearls of Number Theory , Government 
Technical Publishing House, Moscow, 1949. r Although Linnik’s proof is ele¬ 
mentary, it is not easy reading. Khinchin himself remarks that almost any¬ 
body can understand it with “only two or three weeks work with pencil and 
paper.’’ 

252. ** Prove that every positive rational number (in particular, 
every positive integer) can be written as the sum of three cubes of 
positive rational numbers. 

Remark: Not all positive rational numbers can be represented as the sum 
of two cubes of positive rational numbers. Consider, for example, the number 
1. The equation 

r An English translation has been published by Graylock Press, Rochester. 
N. Y., 1952, 64 pp., S2.00 [Editor\. 
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can be written 

(nqy - (mqY + (npY , 

where m,n f p, and q are integers. But it is known that no solution in integers 
exists for the equation 

£ 3 + y z — z 3 

(a proof of this may be found in most standard texts on number theory). 

253. Prove that there exists an infinite number of prime numbers. 

254. (a) Prove that among the numbers of the arithmetic pro¬ 
gressions 3, 7, 11, 15, 19, 23, ■ • ■ and 5,11, 17, 23, 29, 35, • ■ ■ there are an 
infinite number of primes. 

(b) * Prove that there are an infinite number of primes in 
the arithmetic progression 

5,9, 13, 17,21,25, 

(c) * Prove that there are an infinite number of primes in 
the arithmetic progression 

11,21,31,41,51,61, 

Remark: The following more general theorem holds: If the first term of 
an infinite arithmetic progression of integers is relatively prime to the com¬ 
mon difference , the progression contains an in finite number of primes. How¬ 
ever, the proof of this theorem is quite complicated. (It is interesting that an 
elementary, albeit very difficult, proof of this classical theorem of number 
theory was published for the first time only in 1952 by the Danish mathema¬ 
tician Selberg. Prior to this the only known proofs involved higher mathematics). 
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SOME DISTINCTIVE INEQUALITIES 


This section presents several problems relating to inequalities stemming from 
two important inequalities which play a major role in mathematical analysis 
and in geometry. These are the theorem relating arithmetic and geometric 
means (problem 268), and the so-called Cauchy-Buniakowski inequality (problem 
289). Many problems on inequalities, not related to these two but of importance 
in other applications, appear in other sections of this book (see, in particular, 
Sections 6 and 7). 

A great many interesting inequalities may be found in the Problem Book in 
Algebra , by V. A. Kretchmer, Government Technical Publishing House, Moscow, 
1950, where an entire chapter is devoted to inequalities. That book offers 
alternative proofs of several of the inequalities presented here. There is also 
much interesting material in the books by P. P. Korovkin, Inequalities (Govern¬ 
ment Technical Publishing House, Moscow, 1951), by G. L. Nevyashy, In¬ 
equalities (Pedagogical Publishing House, Moscow, 1947), and particularly that 
by Hardy, Littlewood, and Polya, Inequalities , (Government Technical Publish¬ 
ing House, Moscow, 1949).T 

The initial chapters of the last book may be read by persons not acquainted 
with higher mathematics' 

The following problems are not presented in order of increasing difficulty. 

t The last book was originally written in English. It is published by Cam¬ 
bridge University Press, revised edition, [Editor], 
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Some Distinctive Inequalities 


The ordering is such that in some instances the result of one problem will be 
useful in solving the next; in other instances problems conceptually related are 
grouped together. The simplest properties of inequalities are assumed known. 

In all the problems of this section, small English letters designate real 
numbers. 


Theorems on Arithmetic and Geometric Means and Their Applications 

We know, from formal mathematics courses, that the geometric mean of two 
positive numbers a and 6 is less than, or equal to, their arithmetic mean, 

y'aS g - + - , (1) 

and the equality holds only if a = 6. This is proved as follows. 

If we square both members of the inequality and clear of fractions, we arrive 
at 

4a6 ^ (a + 6) 2 . 

Expanding the right member, transposing 4 ab to the right side, and so on, we 
obtain 

0 ^ a 2 - 2ab + 6 2 = (a - 6) 2 , 

which clearly is true for all numbers a and 6, since the square of any real 
number is nonnegative. 

Hence, inequality (1) holds for every real number. Moreover, it is evident 
that (a — 6) 2 can be zero only if a = 6; that is, the last inequality reduces to 
the equality only for a = 6, Therefore, this criterion must hold also for in¬ 
equality (1). 

Inequality (1) may be rewritten in the following equivalent form, which we 
shall use hereafter: 

/ a + & V a 2 + 6 2 




If we expand the left member of (l’) r clear of fractions and put all terms in 
the right member, we obtain 

0 ^ 2a 2 + 2& 2 - (a 2 + 2a& + & 2 ) = (a - 6) 2 . 

Use of inequalities ( 1 ) and (1') simplifies the solution of the first of the prob¬ 
lems which follow. These two forms of the inequality are useful in the deri¬ 
vation of many generalizations, the most important of which are the propositions 
of problems 268 and 283. 

The arithmetic mean of n positive numbers ai, a 2 , ** -,a n is defined by the 
following expression: 

, , x ai + c &2 ■ • ■ + a n 

A n {a) = ---. 

n 

The geometric mean of n positive numbers ai, a 2 , * • •, a n is defined as the nth 
root of their product: 

r n (a) = 'y/avai' • - a n . 


-, a n is defined as the nth 


Problems ( 255-261) 
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Finally, the harmonic mean of n positive numbers is the number H(a ) such 
that 

1 1/a + l/c&2 -!-•••+ 1/fln 


(the reciprocal of the harmonic mean of n numbers is the arithmetic mean of 
the numbers inverse to the given ones). In particular, the harmonic mean of 
two numbers a and 6 is determined by the equation 


.--LO- + -L 

2 Vo 6 


from which c = 2abj{a + 6). 


255. (a) Prove that, of all rectangles having the same given 
perimeter P, the square encloses the greatest area. 

(b) Prove that, of all rectangles having the same given area 
S, that of smallest perimeter is the square. 

256. Prove that the sum of the legs of a right triangle never 
exceeds l/T times the hypotenuse of the triangle. 

257. Prove that for every acute angle a 

tan a + cot a S 2 . 

258. Prove that if a + b = 1, where a and b are positive numbers, 
then 




Determine for what values of a and b the equality holds. 

259. Prove, given any three positive numbers a, b, and c, the fol¬ 
lowing inequality holds: 

(a + b)(b + c)(c + a) S 8 abc . 

Show that the equality holds only for a = b = c. 

260. For what values of x does the following fraction have the 
least value? 

a + — ■ (a and b positive). 


261. A butcher has an inaccurate balance scale (its beams are of 
unequal length). Knowing that it is inaccurate, and being an honest 
merchant, he weighs his meat as follows. He takes half of it and 
places it on one pan, and he places the weights on the other pan; 
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then he weighs the other half of the meat by reversing this pro¬ 
cedure, that is, by removing the weights and placing the meat on 
that pan. Thus, the butcher believes he is giving honest weight. 
Is his assumption correct? 

262. (a) Prove that the geometric mean of two positive numbers 
is equal to the geometric mean of their arithmetic and harmonic 
means. 

(b) Prove that the harmonic mean of two positive numbers 
a and b does not exceed the geometric mean, and that the equality 
holds only if a — b. 

263. * Prove that the arithmetic mean of three positive numbers 
is not less than their geometric mean, that is, 


a + b + c 
3 


^ Vabc , 


and that the equality holds only if a = b = c. 

264. Prove that, of all triangles with the same given perimeter, 
the greatest area is enclosed by the equilateral triangle. 

265. Given a three-faced pyramid having a right trihedral angle 
at the vertex. Designate the edges from the vertex by x t y t and z . 
For what x 7 y, and z is the volume of the pyramid a maximum if 
it is known that 

x + y + z = a? 

266. Given six positive numbers a u a 2 , a 3t b u b 2 , b 3 . Prove that the 
following inequality holds: 

V(ai + b l ){a 2 + b 2 )(a 3 + b 3 ) ^ a x a 2 a 3 + Vbf) 2 b 3 . 

267. A Special Case of the Theorem Concerning the Arithmetic and 
Geometric Means . Given 2 m positive numbers a u a 2 , -",a 2 m, Prove 
the inequality 

T 2 m ~ A 2 m(a) , 

that is, 

2 m / — ^ ai -+■ a 2 4- • * * 4- a 2 m 

ya ifl 2 * - '0<im ^ — -, 

and that the equality holds only if all the numbers a u a 2t • • ■, a 2 m are 
equal. 

268. * Theorem of the Arithmetic and Geometric Means for n Num¬ 
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Problems (262-274) 


bers. Prove that for any n positive numbers ai,« 2 , •••>«» 

r,(fl) ^ A n (a), 


that is, 


VaiQz- ■ -a, £ 


ai + a 2 + • • • 4 ~ Qn 


and that the equality holds only if a, - « 2 - • • • - «». 

269. (a) Consider all sets of n positive numbers whose sum is a 
given number k. Prove that the maximum product of the numbers 
of any such set is attained when all the numbers are equal. 

(b) Given n positive numbers fli,fl 2 , •••,«»• Prove that 

+ — ^n . 

a 2 «3 

270. Prove that for n positive numbers a u a 2t •■*,«?* the following 
inequality holds, 

H(a) < l\a) , 

that is, 


—rTj-3-“ TV" V a\a 2 w ' ■ a n > 

(— + — + “* + —) 

\a i a 2 a n / 

and that the equality is obtained only if a, = a 2 = • ■ • 

271. Prove that for two positive numbers a and b 


'•Jab" 


a + vb 

» + l ’ 


and that equality can hold only if a - b. 

272. Prove that for any set of positive numbers a lt a 2 , ■■■,a n 

(«, + «,+ ••■ + ~ + • • • + i) - • 

When does the equality hold? 

273. Prove that for any integer n > 1 


-<m- 


274. Prove that the following inequality holds for any four posi¬ 
tive numbers a u 03 , 04 - 
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a\d^a 3 # 4 ; 


f a t -b 2a 2 + &z a + 4# *' 


275. Prove the following. 

(a) r_2_T»<»+»J/« 

2 ! 3 s 4 * «” L« + lJ ’ 

(b) 1 • 2 * • 3 s ■ 4 « ■ • • w» < p” 3 + 1 J " ( " +ll];3 

([a] means “the largest integer in a”). 

276. Let ai,a 2 , •••,a n be positive numbers, and let 


$ — ai + a t + • • • -b a n . 


Prove that 


(1 + a,)(l + a 2 )- • -(1 + an) g 1 + s + — +il 

277. Prove that for every integer ti 

a/ 2 4 ^ 8 • • • 3 V 2" ^ m + 1 , 

278. For which value of x is the product 

(i - *) s q + *xi + 2xy 

a maximum, and what is this value? 

279. * Inscribe between a given segment of a circle and the arc 
ot the circle the rectangle of greatest area. 

280. From a square piece of cardboard measuring 2 a on each side 


Problems (275-281) 
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a box with no top is to be formed by cutting out from each corner 
a square with sides b and bending up the flaps, as shown in Figure 
4. For what value of b will the box contain the greatest volume? 

Two Generalizations of the Theorem Concerning 
Arithmetic and Geometric Means 


The power mean of order a of n positive numbers ai f az, 
to be the number 

- (< + <+■■■ + <\ v “ . 


, a n is defined 


in particular, if « = k is a whole number, we obtain 


j„k. | k 

/ fl I + a 2 


It is easy to see that Si(a) = A(a) and S~i(a) = H(a). 

if a = 0, the expression for Sec is meaningless. On the other hand, it can 
be proved that if a -> 0, then S«(a) tends to the geometric mean T(a).t There¬ 
fore, it is convenient to define Sa(a) — r(a). (An additional justification for 
this definition is given in problem 282.) The power mean of order 2 is referred 
to as the quadratic mean . 

Inequality (l f ) (see the remark at the beginning of this section) can now be 
stated as follows: The arithmetic mean of two numbers does not exceed their 
quadratic mean (and the equality holds only if the numbers are equal). 

281.* (a) Prove that the arithmetic mean of n positive numbers 
does not exceed the quadratic mean: 


a i “H a 2 ~b ■ * * + a n 


+ a 2 + 


The equality holds only if the numbers are all equal. 

(b) Let k be any integer greater than 1. Prove that the 
arithmetic mean of n positive numbers does not exceed their power 
mean of order k : 


a x + a 2 + 


al + a{ + 


The equality holds only if all the numbers are equal. 


t That is, 


a? + a*% + * * * + Gt^ 


See V. E. Levine, “Elementary proof of one theorem of the theory of means," 
Math. Educa., Issue 3, pp. 177-181, Moscow, 1958. 
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282. Prove that the power mean of order a of n positive numbers, 
for a > 0, is not less than the geometric mean, and, for a < 0, is 
not greater than the geometric mean (equality holds only if all n 
numbers are equal.) 

Remark : The theorems of problems 268 and 270 are particular cases of this 
proposition. 

283. * Theorem of Power Means . Prove that if a < j9, then the 
power mean of order a does not exceed the power mean of order 

^ gf + g? + ••• + ag y<« ^ ^ gf +aS + ••• +gg y / P 


The equality holds only if a x — a 2 = • • • = a n . 

284. (a) The sum of three positive numbers is equal to 6. What 
is the smallest value which the sum of their squares can have? 
What is the smallest value which the sum of their cubes can have? 

(b) The sum of the squares of three positive numbers is 
equal to 18. What is the smallest possible value for the sum of the 
cubes of these numbers? What is the smallest possible value for 
the sum of these numbers? 

The symmetric mean of order k of n positive numbers auai, (where 

A: is a natural number not exceeding n) is defined to be the A:th root of the 
sum of all possible products of these n numbers taken k at a time: 


Z*(a) - 


/ dictz- • -<Xfc + • -ak-iak+i + 

ci 




It is clear that £i(a) = A{a) t Z«(a) = r(a). 


285. Prove that 


(S*) 2 * fe (2 4+ .)*"* ■(£*-.)*- 


286. Theorem of the Symmetric Mean. Prove that if k > /, then 

2t(«) = Si(g ). 

The equality holds only if gi = a t = • • • = g n . 

287. Given that the sum of all six possible pairwise products of 
four numbers is equal to 24. What is the smallest value possible 
for the sum of the four numbers? What is the greatest possible 
value for the product of the numbers? 

288. Let a + p + r = n. 

(a) Find the smallest possible value for 


Problems ( 282-292) 
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tan y + tan y + tan . 
(b) Find the largest possible value for 
tan-y -tan-y -tan y . 


The Cauchy-Buniakowski Inequality 

The following elementary inequality is readily verified: 

aibi + aibi ^ y/ af + dtf b\ + 62 
or, 

(di&i + CI2&2) 2 ^ (fl'i + + ^2) * ( 1 ) 

Expanding both sides and collecting all terms on one side we obtain 

(ai &2 — a,zbi) 2 ^ 0 . 

It follows that inequality (1) becomes an equality if 

aj>z = d2&i , 

that is, if 


fll __ d2 
61 62 


Inequality (1) yields a significant generalization which is important in in¬ 
equality theory and has useful applications in mathematics and physics.t 


289. The Cauchy-Buniakowski Inequality . Prove that for any 2 n 
real numbers ■•■,g, and b u b u ---,b n the following inequality 

holds: 

(a l b 1 + a 2 b 2 + ■ * * + a n b n ) 2 ^ (a\ + a\ + • * • + a n )(b\ + b 2 + • * * + b n ) . 

The equality holds only if 


a 1 Cli _ On 

b\ b 2 bn 

290. Use the Cauchy-Buniakowski inequality to derive the results 
of problem 272. 


291. Use the Cauchy-Buniakowski inequality to obtain the theorem 
of problem 281 (a). 

292. Prove that if a + & + r = then 

t This inequality is sometimes referred to, in other texts, as the Cauchy- 
Schwarz inequality [Editor]. 
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tan 2 4- tan 2 4- tan 2 ^ 1 . 

2 2 2 

293. Prove for any positive numbers x lr x 2t y*,.y 2 , 

l/ (x x 4- JVi) 2 4- ( x 2 4- JV 2) 2 4- ■ ■ ■ 4- (x n 4 - y n ) 2 

g 1/4 + x\ + ■ ■ ■ + x\ + Vy? + y 2 2 + • ■ • + y* , 

294. Let Q be the sum of all the possible pairwise products of the 
n positive numbers a u a 2y ■ * *, a n , and let P be the sum of their 
squares. Prove that 

295. Prove that, given 2 n positive numbers p u p 2y • • ■ , p n \ x lf x 2> 
the following inequality holds: 

(pix { 4- p 2 x 2 4- ■ ■ * 4- p n Xn) 2 

= (p\ + pl + ' * * + pn)(p\x\ + p 2 x\ + ■ ■ ■ 4- p n xl) . 

296. Verify that for any three arbitrary numbers x u x 2 , the fol¬ 
lowing inequality holds: 

/I ,1 , 1 \ 2 ^ 1 2 ( 1 2 , 1 2 

(.¥* + T* + T*) a T*‘ + T * 1 + ~& Xl ■ 

297. Prove that if x u x 2f * ■ *, x n \ y'uyz> ■■■ are positive numbers, 
then 

VX x y x + l /x 2 y 2 4 - ■ • • 4- l / x n y n 

^ Vx t + * 2 + ■ *■ + * Vyi +y 2 + ■■■ + y n . 

298. Let a u a 2 , ■ ■ *, &i, 6 2 , * * •, c u c 2 , ■ ■ •, c„; d 2t • • ■, d n be 

four sequences of positive numbers. Prove the inequality 

(aib i c l d l 4- a 2 b 2 c 2 d 2 4- * ■ ■ + a n b n CndnY 

^ ( a 1 4* a\ 4* at 4* * * * 4- a\)(b\ 4* ^2 4* b\ 4* * • • 4* b\) 
x (cf 4* c\ 4 - 4* * • • 4* c A n )(d\ + d\ 4* d\ 4* ■ ■ ■ 4* d A n ) . 

299. * The Cauchy-Buniakowski inequality (problem 289) verifies 
that the relationship 

(a\ + a\ 4- * • 4 4- a 2 n ){b\ 4- b\ 4- • • • 4- bh) 

{a\b x 4- a 2 b 2 4- * ■ ■ 4- a n b n ) 2 * 

where a lt a 2 , • • ■, &i, 6 2 , ■ • ■ , b n are two sequences of positive num- 


Problems ( 293-301) 
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bers, is greater than or equal to 1 ^and is equal to 1 only if = 
**!=...= Prove that this value is always included between 

b 2 bn)' 

1 and the quantity 

1 + ^ l/ M x M 2 jm x m 2 — y / WiW 2 /MiA^ y 

__ / VM x M 2 jm x m 2 4- V m x m 2 jM x M 2 V ^ 1 


where Mi and are, respectively, the greatest and the least of the 
numbers a Xt a 2t • • •,#», and M 2 and tn 2 are, respectively, the greatest 
and least of the numbers b u b 2y In which case does the value 

exactly equal the following? 


r 1 / MiM 2 !m x m % — 

2~ 


/ m i m 2 /M l Mj 


Some Additional Inequalities 

300. Chebycheff’s Inequality . Let a u a 2y ■■*,«» and b u b 2i *•■,£» be 
two nonincreasing sequences of numbers. The following inequality 
holds: 

a x + g 2 + ... 4 - g n * b\ 4 ~ b 2 4 ~ • * * 4 ~ bn ^ aj), 4 - a 2 b% 4 - - * • 4 - * 

‘ n n n 

the equality holding only if a x — a 2 = * * • = a n and b x = b 2 = • ■ ■ = bn. 

Remark : It is possible to show that if au a#, ■ - ■, a n is a nonincreasing 
sequence of numbers, and if 61 , 62 , * ■ * > b n is nondecreasing, then 

Ql + a2 + ... + g n bi 4 b 2 4 4 bn ^ aibi 4 aib i + ■ ■ • + 

n ' n n 

The proof of this proposition is left to the reader. 

301. Let p and q be positive rational numbers for which 



Prove that for any positive numbers x and y the following inequality 
holds: 

xy g —X” + —y . 

P Q 
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Remark : For p = q — 2 we obtain the Elementary Theorem of the Arithmetic 
and Geometric Means. 

302. Let ct and be positive rational numbers, where ct + £ = 1. 
Prove that for any positive numbers a u a 2f **•,««; b x ,b 2 , •■■,&* the 
following inequality holds: 

a*b\ + a 2 b 2 + * * * + a*bt ^ (a x + a 2 + • • * + a n ) a (bi + b 2 + • ■ ■ + . 

Remark : If a = 0 = L it is readily seen that we obtain the inequality of 
problem 297, which is equivalent to the Cauchy-Buniakowski inequality. 

303. Holder's Inequality . Let p and q be positive rational numbers 
such that 



Prove that for any positive numbers x lr x it ■ ■, x n ; y ir y 2 , the 

following inequality holds: 

Xiyi + x 2 y 2 + ••• + x n y n 

^ (xf + x\ + * • • + x p «) { t»{y\ + y\ + • • • + y2) t/? . 

Remark’. If p = q = 2, this inequality becomes that of Cauchy-Buniakowski 
(problem 289), which, in turn, is a special case of Holder’s inequality. 

304. Let a u a 2 , * * ■, a n \ b x , b 2 , • - •, b n ; • ■; l u l 2f * • •, /„ be k sequences 
of positive numbers, and ct, £, • • *, X be k positive number such that 

& + 1 3 + ••• + ^ = 1 . 

Prove that 

a*b\ * • • li + atb 2 * • • l 2 + • ■ • + a*bn * • • In 

^ (a x + a 2 + ■ * • + a n ) a (bi + b 2 + * • • + b n )^’ * *(/i + /a + * • • + ln) x . 

305. Let a lt a 2 , '--.an be n positive numbers, and let g be their 
geometric mean (g = tya x a 2 - *• a n ). Prove that 

(1 4- aM + «*)■ * *(1 + a H ) ^ (1 + g) n . 

306. Prove that if a u a 2 , • * *, a n \ b lt b 2t • * •, b n ; • • •; l u l 2f ■ • •, /„ are 
k sequences of positive numbers, then, the following holds: 

\fa x a 2 ' ■ *a n + \/b x b 2 ’ ■ -b n + * * * + / 1 / 2 • • • l n 

^ + b x + * • • + l x )(a 2 + b 2 * ■ * -\- l^(anb n + • * *""+"/») . 

307. Let :c,y, and z be positive numbers for which 


x + y + z = 1 . 


Problems ( 302-308) 
Prove that 
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( i + iX 1+ ■yX 1 + 1 )= 64 • 

308. Minkoivski's Inequality. Let a,, a 2 , ■ • ■, a»; b lt b t , • • ■, b n \ 
h,lt, •••,/», be k sequences of positive numbers. Prove that 

t/fli + a\ + • • • + a* + ]/ b\ + b 2 + • • • + b n __ 

+ ... +Vl\ + It+■■■+ H 

S l/(fli + ^1 + ‘'' + + («2 + + ''' + + ‘ b + " ’ 1 + ^»)* ■ 


Remark : The inequality of problem 308 [a generalization of the result of 
problem 186 (a)) can also be written in the form 

Si(a) + St(b) + • • • + St(l) a St(a + b H-+ *) . 

where S 2 is the quadratic mean of n numbers (see p. 67). 

A more general formulation of Minkowski’s inequality is as follows. If 
<n, 02 . • • ■, a„; 6i, 62 , ■ • ■, b n ; ■ ■ •; h. h. ■ ■ •, In, are k sequences of positive numbers, 

then 


S 2 (o) + Slib) + ■ ■ • + Si(l) 


{ 


^ Sa(a + 6 + * * * + l) 
^ S»(a + 6 + * • * + l) 


if a > 1 ; 
if a < 1 . 


In particular, the inequality of problem 306, which may be written 


r(a) + nb) + ■ ■ ■ + no s r(o + 6 + • • • + 0 


or 

So(a) + So(6) + • • ■ + So(i) ^ 5o(a + 6 + • • ■ + 0 
is a special case of Minkowski s inequality for a 0 
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DIFFERENCE SEQUENCES AND SUMS 


Consider the sequence of numbers 

Uo, Ul , Uly • • U n , • ■ • . 

The first difference sequence of this sequence is the set of numbers 

Wq 1 — Wi uq ; 

= ui — ui ; 

Wg 1 ’ = uz — uz ; 



Analogously, the sequence of differences of kth order , u { Q k) , ,u {k) , 

' S (*- h i? Se ( i^ ) nCe {t 0b 3 ^ ained by workin « on the (A - I)st sequence of differences’ 
““ ’ ' u i . • • For example, if the initial sequence of numbers is 

the arithmetic progression 1,5,9,13,17, •••, then the first row of differences 
consists of the numbers 4, 4, 4, 4, and the differences of second order form 
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a sequence of zeros: 0, 0, 0, 0, ■ * *. If the initial sequence is the set of squares 
of integers, 1,4,9, 16, 25, 36, 49, - ■ *, then the differences of first order form the 
sequence of odd numbers: 3, 5, 7, 9, 11, 13, ■ ■ the differences of second order 
form the sequence 2, 2, 2, 2, and the third sequence (differences of third 
order) consists of zeros. [In the examples investigated we quickly arrived at 
a sequence of zeros, and this is related to the general proposition of 309 (b).] 
The sequences of differences of a finite sequence of numbers can be con¬ 
veniently written in triangular array : 



Here it is apparent that each number is the difference of the two adjacent 
numbers of the row above. For an infinite sequence of numbers the triangular 
(infinite) array has the form 



In a fashion analogous to finding the successive sequences of differences of 
a set of numbers we can also define sequences of sums. The sequence of 
sums of first order of the set of numbers uq, ui, wz, • • •, u n , ■ • *, which we shall 
designate by writing Hq 11 , m| 1) , **'> defined by 

= wo + mi ; 
m { 15 = ui + uz ; 


«i l) = Un + Un+i ; 


The sequence of sums of /cth order of the numbers wo, ui, • ■ u n , • ■ * is ob¬ 
tained from the (k — l)st row of such sums. We shall designate the sums of 
A;th order by u ( Q k) , u [ k) , ■ ■ •, , ■ • -. 

For example, if the initial set is the sequence of ones, 1,1, 1,1,---, then 
the sequence of sums of first order consists of two’s: 2, 2, 2, 2, • ■ •; the sequence 
of sums of second order is 4, 4, 4, 4, the third sequence is 8, 8, 8, 8, • ■ ■; 
and so on. If the initial set is the sequence of natural numbers, 1,2, 3, 4, 5, 
■ then each sequence of sums will form an arithmetic progression: 
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3, 5, 7, 9, 11, 13, 

8 , 12, 16, 20, 24, 

20, 28, 36, 44, 

and so on. 

Sequences of successive sums of a finite set ua, ui , •••,«« can be conveniently 
displayed in triangular array: 



Here, each number is the sum of the two adjacent numbers in the row above. 
If we consider an infinite sequence of numbers uo,Ui,U 2 , then the tri¬ 

angular array continues indefinitely. 

We now consider a related concept, Pascal*8 Triangle (or the Arithmetic 
Triangle ); 

1 

1 1 

1 2 1 
13 3 1 

1 4 6 4 1 


Here, the rows are bordered on each end by ones, and the interior integers are 
obtained as the sum of the two adjacent numbers of the previous row. 

For convenience we shall start the row enumeration of the Pascal triangle 
with the number zero; that is, the number one at the apex of the triangle will 
be thought of as the 0 th row; the sequence 1 , 1 constitutes the first row, and 
so on. We shall designate the (k + l)st element of the nth row as C k (that 
is, in each row, too, we shall start counting from zero). Using this terminology, 
we have the following format for Pascal's triangle: 



A number of properties of the members in the Pascal triangle have been 


Problems (309-314) 
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developed in the book by B. B. Dynkin and V. A. Uspensky, Mathematical 
Conversations , Issue 6, Section 2, Chapter III, Library of the Mathematical 
Society. The material contained in the problems of this section are closely 
related to the material in the interesting popular book by A. E. Markuskevich, 
Reflexive Series , Government Technical Publishing House, Moscow, 1950, 

The sequence of numbers obtained by successively substituting, for x in a 
polynomial P(x) = aoX k + aix k ~ l + - - ■ + a k -ix + a k the sequence of integers 
1,2, 3, [that is, the sequence P(l), P(2), ■•■,P(n)] will be called the kth 

order sequence of P(x). A special case of a kth order sequence is the sequence 
1*, 2 fc , 3*, 4 fc , ■ • •, n k , • * • [that is, P(x) = x k ]. 

309. Let Wo, u lt u 2 , -",u n be a sequence of kth order; that is, let 

u n — a 0 n k -f • + Ok. 

(a) Prove that forms a sequence of (k - l)st order. 

(b) Prove that the (k + l)st difference sequence of this se¬ 
quence consists only of zeros. 

310. Prove that if u n = a*n k + a,n k ~ l + ■ • ■ + a k , then all the num¬ 
bers of the £th row of the difference sequences u 0 , u u u 2 , ■ • •, u n , • • * 
are equal to a 0 kl. 

311. Prove that: 

(a) Un * “ CkUn H" CkUn + l H" Clu n + 2 + ■ • ■ + CkUn+k , 

( b ) uL k) = (-1 ) k CUn + (- 1 )*-^, + ! 

+ ( — l) k ~ 2 Ctu n+ 2 + * * * + CkUn+k- 

312. Prove that 

Qk _ n(n — 1 )(n — 2)- ■■(» — & + 1)_ (k > 0) , 
k\ 

where k\ = 1-2-3* * -k. 

313. Prove that 

Un = CnWo + Chu l 0 l) + C 2 n Uo 2) + ' * * + CWo^ • 

314. Assume that the (k + l)st row of successive differences [dif¬ 
ferences of (k + l)st order] of some seqnence consists of zeros, but 
that the &th row consists of nonzero numbers. Prove that this 
sequence is a sequence of order k. 

Remark: The theorem represented by this problem is the converse of the 
theorem of problem 309 (b). There we were to prove that the (k l)st row 
of the differences of a kth order sequence consists of zeros. Here we are to 
prove that if the (k + l)st differences of some sequence consists of zeros, then 
the sequence is of kth order. 
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315. Find the formula giving the sum of the series 

l 4 + 2 4 + 3 4 + ■ ■ • + n K . 

316. (a) Prove that the sum 1* + 2 k -P 3 k -F * • • -F n k is a poly¬ 
nomial in n of degree k -P 1. 

(b) Calculate the coefficients of « fc+1 and of n k of this poly¬ 
nomial. 

317. We say that a sequence of integers is divisible by a number 
d if every number of this sequence is divisible by d. [For example, 
the sequence of numbers w 13 — n is divisible by 13; the sequence of 
numbers 3 0n — 2 6 * is divisible by 35; the sequence of numbers w 5 — 
5 ri* -P 4 n is divisible by 120. See problems 27 (d), 28 (a), (b)]. 

Let u n be a &th order sequence, u K = a Q n k -f a { n k -f * • • + a k , where 
the coefficients a 0 ,a lf a 2 , '-',a k are relatively prime integers. Prove 
that if the sequence u n is divisible by an integer d t then d is a divisor 
of k\. 

318. Calculate (C° n ) 2 + (Ci) 2 + (Cl) 2 + • ■ • + (Cl?. 

319. Using the result of problem 313, prove Newton’s binomial 
formula: 

(a + b) k = a k + ka k ~ l b + k(k ~ l) a k ~ 2 b 2 + • ■ • + - ^"■^ - '-— 6*. 

2! k\ 

320. Consider the sequence \ y -~ t ~~ f • • •, Construct the 

2 3 n 

successive-difference triangle: 

1 1 1 1 1 

1 2 3 4 5 6 

11111 
2 6 12 20 30 

1111 

3 12 30 60 

1 1 1 

4 20 60 

1_ ± 

5 30 

6 

Turn this triangle 60° clockwise such that the apex consists of the 
number 1: 
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1 

_i 1 

2 2 

1 _i l_ 

3 6 3 

_i i __i l 

4 12 12 4 

1 _i 1 _! J_ 

5 20 30 20 5 

1 1 _i 1 _1 1 

6 30 60 60 30 6 


Disregard the minus signs of this triangle, and divide through every 
row by the number at the end of that row to obtain 

1 

1 1 



Finally, substitute for each number its reciprocal (that is, replace 
a/b by bid). 

Prove that this end result gives Pascal’s triangle. 
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SOLUTIONS 


1 . Consider the total number of handshakes which have beer 
completed at any moment. This must be an even number, since every 
handshake is participated in by two people, thus the total number 
is increased by two. The number of handshakes, however, is also 
the sum of the handshakes made by each individual person Since 
this sum is an even number, the count of the people who have shaken 
hands an odd number of times must be even (otherwise, odd times 
odd would given an odd contribution to the total). 


2. In order to traverse the chessboard, stopping precisely once on 
each square the knight must move 63 times. At each move the 
night goes from a square of one color to a square of another color 
1 hus, m an even number of moves the knight is again on a square 
of the same color as that of the square he started from, and in an 
odd number of moves he is on a square of the other color. Therefore, 
the knight can not arrive at the opposite end of the diagonal of the 
chessboard in 63 moves: the initial and final squares are the same 


3. (a) Let us denote the minimum number of transfers necessary 
to construct a pyramid consisting of n rings on the second peg (under 
80 


the conditions given by the problem) by kin). Clearly, &(1) = 1. 
Further, if n = 2, then to transfer the second ring to the second peg, 
we must first transfer the first ring from the second peg to the auxil¬ 
iary peg; then we place the second ring on the second peg and 
transfer the first (smallest) ring to the second peg. Thus, k{2) = 3. 
If n — 3, then to transfer the lowest (largest) ring to the second peg, 
in the necessary arrangement, we must first move the two rings al¬ 
ready on the second peg to the auxiliary peg. This requires k(2) 
moves, and k(2) moves will be required again to replace the rings on 
the second peg after the largest ring is moved from the first peg to 
the second peg. Thus, 

k(3) = 2k{2) + 1=7. 

In an analogous way find 

6(4) = 2*(3) + 1 = 15; 

*(5) = 2A(4) + 1 = 31 . 

In general, 

kin) = 2 k{n - 1) + 1 . 

Noting that, for example, 6(3) = 2 3 — 1, 6(4) = 2 4 — 1, and so on, we 
assume as an induction hypothesis that kin — 1) = 2 n_1 — 1. Then 

kin) = 2 kin - 1) + 1 = 2(2 n_1 - 1) + 1 = 2" - 1 . 

Thus, by the principle of finite mathematical induction, it follows 
that kin) — 2 n — 1 for all n. 

(b) Designated by Kin) the least number of moves necessary to 
remove n rings from the rod. From the beginning position it is pos¬ 
sible to remove either the first ring [see Figure 5(a)] or the second 
[Figure 5(b)]; consequently, Ki 1) = 1 and Ki2) = 2 (for two rings, we 
first remove the second ring, then the first). 

In order to remove the ith ring it is necessary to remove the i — 2 
preceding rings; otherwise the ith ring cannot be moved to the end 
of the rod. On the other hand, if the H — l)st ring is already removed, 
then the ith ring cannot be removed [see Figure 6(a)] (it is evident 
that if three rings are removed, then the fourth cannot be removed). 
But if the ii — l)st ring is removed, then the (i + l)st ring can easily 
be removed [see Figure 6(b) and (c)]. 

Now it is not difficult to answer the question posed by the problem. 
In order to remove the last of the n rings it is first necessary to 
remove the first n — 2 rings. This can be done in Kin — 2) moves, 
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Figure 5 

after this the final ring can be taken off in one more move. It then 
remains to remove the (n — l)st ring. We will designate by k(n) the 
number of moves necessary to remove only the nth ring, under the 
condition that all the preceding rings have already been taken off. 
We obtain 


K(n) = K(n — 2) -f 1 -f k(n — 1) . 

We shall now find an expression for the number k(ri)> Clearly, in 
order to remove the nth ring from the rod we must put the (n — l)st 
ring back on the rod. This can be done in k(n — 1) moves [the same 
number of moves which were necessary to remove the (n — 1) st ring 
from the rod, the moves now being done in reverse order]. The nth 
ring is now easily removed from the rod, requiring only one addi¬ 
tional move. Finally, the (n — l)st ring must be taken off the rod, 
for which k(n — 1) more moves are needed. Thus, we obtain 



k(n) — 2 k(n — 1) -h 1 , 
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from which we easily derive 


k(n) = 2" - 1 

[see the solution to problem (a)]. 

Now the formula which determines K(n) takes the form 


K(n) = K(n - 2) + 2-‘ l . 


But since A(l) = 1 and K( 2) = 2, we readily find, for n — 2m (an even 
number) that 


K(n) = K(n - 2) + 2"’ 1 = A(w - 4) + 2*-‘ + 2 B ~ 3 


= A(w - 6) + 2 B_l + 2 B_3 + 2 B_5 = ■ ■ • 

= A ( 2 ) + 2 n_1 + 2*~ 3 + 2"“ 5 + * * * + 2 3 


= 2 + 


2 B+1 - 2 3 
4-1 




- 2 ). 


If « = 2m + 1 (an odd number), 

K(n) = A(w - 2) + 2 B “ l = K(n - 4) + 2 B ~ l + 2 B ~ 3 
= K(n - 6) + 2 B_1 + 2* -3 + 2 n_5 = • • • 

= K ( 1 ) + 2**- 1 - 2 n_3 + 2 B_i + • • * + 2 2 


= 1 + 


2 B+1 — 2 2 
4-1 



- 1 ). 


4. (a) We divide the coins into three groups: two having 27 coins 
each and one having 26 coins. A first weight trial is made by plac¬ 
ing a group of 27 coins on each of the two pans. If the pans do not 
balance, the counterfeit coin is among those in the lighter pan. If 
the scale is in balance, the counterfeit coin is among the 26 un¬ 
weighed coins. Therefore, it suffices to solve the following problem: 
To find, by three weight trials, a light counterfeit coin among 27 
coins (the problem of detecting the counterfeit in the group of 26 coins 
can be reduced to this by simply adding to the set of 26 coins a 
genuine coin from the 54 which were weighed). 

For a second weight trial we divide the 27 coins into three groups 
of nine each and place a group of nine coins on each of the two pans. 
This will reveal which group of nine coins contains the counterfeit. 
The group of nine coins containing the counterfeit is then divided 
into three groups of three coins each. A third weight trial will tell 
which group of three coins contains the counterfeit. Finally, a fourth 
weight trial involving two of the three doubtful coins will reveal the 
counterfeit. 

(b) Let He a natural number which satisfies the inequalities 


3* ^ n and 3*- 1 < n. We shall show that the number k satisfies the 
conditions of the problem. 

First we show that, at most, k weight trials are enough to allow 
detection of the counterfeit coin. We divide the coins into three 
groups such that in each of two equal groups there are 3* -1 (or fewer) 
coins and the number of coins in the third group does not exceed 
3 t_I (this is possible for n S 3*). The two groups having the same 
number of coins are placed on the pans of the balance; this enables 
us to determine which group contains the counterfeit [see the solu¬ 
tion to problem (a)]. If the group containing the counterfeit coin 
contains fewer than 3 k l coins, we add to it enough (genuine) coins 
from the other two groups to give it 3*" 1 coins. This group of 3 k ~ l 
coins containing the counterfeit is again divided into three groups, 
as before, and a second weight trial is made, as before. The pro¬ 
cedure is continued until after, at most, k weight trials we arrive at 
a group containing only one coin—that is, we have located the counter¬ 
feit coin. 

It is now necessary to show that k is the minimal number of weight 
trials which will guarantee the detection of the counterfeit coin under 
all circumstances. (Note: We might, under certain circumstances, 
succeed with fewer weight trials. For example, if two coins are 
chosen at random and compared, we might be fortunate enough to 
have chosen the counterfeit coin as one of them. However, this does 
not give us a procedure by which we can be sure, under all possible 
circumstances, of detecting the counterfeit by the required number 
of weight trials.) 

In each weight trial, as outlined above, the coins are divided into 
three groups, two of which are placed on each of the two pans, and 
the third being the unweighed group. If with an equal number of 
coins on each pan the scale balances, then, of course, the counter¬ 
feit is in the third group. If the pans are out of balance, we know 
that the counterfeit is on one of the pans, although a prior knowledge 
as to whether the counterfeit is lighter or heavier than the rest is 
needed to tell us on which of the two pans it lies. 

Let us assume that in an arbitrary sequence of weight trials the 
result of each weighing is least favorable with respect to enabling us 
to detect the counterfeit coin; that is the counterfeit is always in 
that group of three which contains the largest number of coins. 
Then upon each weight trial the number of coins in the group 
which contains the counterfeit will not be less than ^ the to¬ 
tal number of coins (that is, upon division of the coins into three 
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groups, one of the groups must contain not fewer than 3 of them). 
Then after k - 1 weight trials the number of coins in the group 
containing the counterfeit will be not less than and, since 

n>3 k ~ l , the counterfeit will not be found by k - 1 weight trials. 

Remark-. It can be shown that the answer to the problem can be expressed 
in the following form: The minimal number of weight trials necessary to de¬ 
tect the one counterfeit coin in a collection of n coins is [log 3 (n - 4]) + 1, where 
the brackets designate “the largest integer in the number’’ (see the note just 
prior to problem 101). 

5. One block is placed on each pan (first weight trial). There are 
two possible outcomes: 

Oh the first weight trial one of the pans is heavier . In this event 
one of the blocks must be aluminum and the other duraluminum. We 
now place both blocks on one pan and weigh them against pairs of 
remaining blocks (those being divided into nine pairs arbitrarily). 
Any pair of blocks which outweighs the first pair must consist of 
two duraluminum blocks. If the first pair is the heavier, then both 
blocks of the second pair are alminum. If both pairs balance, the 
second pair contains one aluminum and one duraluminum block. 
Thus, for this first event the number of duraluminum blocks can be 
determined by at most ten weight trials. 

On the first weight trial the pans balance . In this event both blocks 
are aluminum or both are duraluminum. As before, we now place 
both blocks on one pan and weigh them against pairs of remaining 
blocks. Assume that the first k pairs of blocks from the nine pairs 
have the same weight as the test blocks, and that the (k + l)st pair 
tested have a different weight. (If k = 9, then all the blocks weigh 
the same, and so there are no duraluminum blocks. The event in 
which k = 0 falls into the general case.) Suppose, for definiteness, 
that the (k + l)st pair is heavier than the test blocks [the reasoning 
which follows will be quite analogous if the (k + l)st pair is lighter]. 
Then the original two blocks, as well as all those of the first k pairs 
tested, must be aluminum. Therefore, in the 1 + (k + 1) = k + 2 
weight trials already made we have found k + 1 pairs of aluminum 
blocks. Now we compare the two blocks of the (k + l)st (heavier) 
pair. [This is the (k + 3)rd weight trial.] If both blocks are of the 
same weight, they must both be duraluminum; if they are not of 
the same weight, one is aluminum and the other is duraluminum. 
In either event we are able, after £ + 3 weight trials, to display a 
pair of blocks of which one is aluminum and the other duraluminum. 
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By using this pair we can determine in, at most, 8 — k weight trials 
how many duraluminum blocks remain among the 20 — 2(k + 2) = 
16 — 2k unweighed ones, using the technique employed in the first 
event. The number of weight trials used in this second event is then 
equal to k + 3 + (8 — k) = 11. 

6. (a) Divide the coins into three sets of four coins each. For a 
first weight trial we place a group of four coins on each pan. There 
are two possibilities, which we shall investigate separately: 

(1) The pans balance. 

(2) One pan outweighs the other. 

The pans balance. In this event the counterfeit coin is in the un¬ 
weighed set, and all eight coins on the scale are genuine. We num¬ 
ber the coins of the doubtful group 1,2, 3, 4. We carry out second 
weight trial by placing coins 1, 2, and 3 on one pan and placing the other 
three coins now known to be genuine on the other pan. There are 
two possibilities: 

(A) The pans are in balance. In this event coin 4 is the counter¬ 
feit. A third weighing, comparing coin 4 with a genuine one, will 
tell whether it is lighter or heavier. 

(B) One pan is heavier. In this event the counterfeit is one of 
coins 1,2, or 3. If the genuine coins are the heavier, then the 
counterfeit is a light coin, and vice-versa. One more weight trial 
will identify which of coins 1,2, or 3 is a light coin, hence counter¬ 
feit [see the solution to problem 4(a)]. If the pan containing coins 
1,2, and 3 is the heavier, then the counterfeit coin is heavier than 
a genuine one. One weight trial will identify it. 

Oyie pan outweighs the other. In this event all the other coins are 
genuine. Let us designate the coins on the heavier pan by the num¬ 
bers 1,2, 3,4 (if one of these coins is false, then it is heavier than 
the others) and the coins on the lighter pan by 1', 2', 3', 4' (if one of 
these coins is false, then it is lighter than the others). A second 
weight trial is made by placing coins, 1,2, and T on one pan and 
coins 3, 4, and 2' on the other. Again, there are several possibilities: 

(A) The pans balance. In this event the counterfeit coin is either 
3' or 4' (and is lighter than a genuine coin). A third weight trial is 
made by placing coin 3' on one pan and coin 4 / on the other; the 
lighter coin will be the counterfeit. 

(B) The pan containing coins 1, 2, and 1' is heavier. In this event 
coins 3,4, and V are genuine; were either coin 3 or coin 4 heavier 
than the others, or were coin 1' light, then in the second weight 
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trial the pan containing coins 3, 4, and 2' would have been heavy, 
which was not the result for this case. Therefore, the counterfeit 
coin is either coin 1 or coin 2 (and it is a heavier coin), or else it is 
coin 2' (and it is a lighter coin). A third weight trial is made, plac¬ 
ing coin 1 on one pan and coin 2 on the other. If the pans balance, 
then the counterfeit coin is 2'. If the pans fail to balance, then the 
counterfeit coin is on the heavier pan. 

(C) The pan containing coins 3, 4, and 2' is heavier. Reasoning 
as before, we conclude that coins 1, 2, and 2' are genuine and that 
if one of the coins 3 or 4 is counterfeit, then it is a heavier coin 
than the others, and if coin 1' is the counterfeit, then it is lighter. 
A third weighing is made by placing coin 3 on one pan and coin 4 
on the other. If the pans balance, then the counterfeit is T; if, on 
the other hand, one pan is heavier, then it contains the counterfeit 
coin. 

(b) We shall prove in three stages, (A), (B), (C), that if the num- 
3* — 3 

ber of coins is A ^ —-—, then the counterfeit coin can be detected 
(and determined to be heavy or light) by n weight trials, and if 

3 n — 3 

A > —-—, then n weighings do not necessarily suffice (see the hint 

to this problem). We shall solve first the following related problem, 
applying relaxed conditions. 

(A) Suppose we are given A coins, divided into two groups, which 
we shall designate X and Y (we do not exclude the possibility that 
one of the groups contains no coins). We assume that one of the N 
coins is counterfeit, and also that if the counterfeit is in the X group, 
then it is lighter than all the others, but if it is in group Y then it 
is heavier than all the others. We must show that if N ^ 3 n , then 
the counterfeit coin can be detected by means of n weight trials on a 
pan balance , and if N > 3 n , then this is not always possible f If group 
Y contains no coins, the problem becomes as follows. There is one 
counterfeit coin among N coins, and it is lighter than the others; to 
prove: that if N ^ 3\ then the counterfeit can be found by n weight 
trials on a pan balance, and if N > 3 n , then this is not always pos¬ 
sible; see problem 4(b).) 

The proof will be given by mathematical induction. First we show 
that if N ^ 3*, the counterfeit can always be detected by n weight 
trials. If n = 1, that is if = 1,2, or 3, the proposition is quite 

t This statement has one obvious exception: If AT = 2 and groups X and Y 
each contains one coin, then, of course, the counterfeit coin cannot be detected. 
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obvious (except as noted in the preceding footnote). For example, 
if A = 3, then it suffices to compare two of the coins from one group. 
Assume now that it has been shown that if A ^ 3"' 1 , then the counter¬ 
feit coin can be found by n — 1 weight trials. Now let A ^ 3 n . Place 
on each pan jt coins from group X and y coins from group Y t where 
x and v are selected to satisfy the inequalities 

x + y ^ 3"' 1 ; 


N -2{x + y)^ 3"“ l . 

^ A — 3 n “ l 

[For A ^ 3" the inequality A — 2(x + y) ^ 3", or x + y ^ 2 1S 

compatible with x + y Si - 3 " '~ 9 - 3 — = 3-‘; that is, it is always possi- 
ble to choose numbers x and y such that 3 n 1 ^ x + y ^ 2 * * 

If the pans balance, the counterfeit coin is among the N — 2(x + y) 
coins which were not placed on the scale; if one of the pans is hea¬ 
vier, the counterfeit is either among the * coins of group X on the 
lighter pan, or among the y coins of group Y on the heavier pan. 
But according to the induction hypothesis we can, in either event, 
find the counterfeit coin by conducting n — 1 additional weight trials 
[since both TV - 2{x + y) and (x + y) fail to exceed 3 B -‘]. f This pro¬ 
ves, by induction, that if TV g 3", then n weight trials suffice for find¬ 
ing the counterfeit. 

We now prove that if TV >3", then the counterfeit cannot, in 
general, be detected by n weight trials. (By “in general” we mean 
that there simply does not exist a sure program which will always 
locate the false coin in n trials. There is always the possibility, for 
example, that if we select two coins at random, one of them might 
be the counterfeit; but we are not concerned with this sort of ac¬ 
cidental success.) For this proof we make an additional assumption to 
relax our conditions. We assume that in addition to the two sets X 
and Y of coins, together containing TV > 3” coins, we have at our dis¬ 
posal a quantity of coins all known to be genuine. We designate this 
last group of coins by Z (how many there are is not important). We 
shall show, by using these auxiliary coins, that the counterfeit can¬ 
not, in general, be found by n weight trials. 

It is easily verified that if n = 1 (that is, if the total number TV of 
coins in X and Y exceeds 3), then one weighing will not always suf- 


t jf jq > 2, then x = 1. y = 1 is not an exception, because there are now, be¬ 
yond the two coins, some number of coins known to be genuine. Comparison 
of one of the genuine coins with either one of the doubtful coins will enable 
us to find the counterfeit by one weighing. 
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fice to locate the counterfeit coin. Assume now that it has been 
proved that if the number N of coins in groups X and Y exceeds 3*-> 
then it is not, in general, possible to detect the counterfeit by „-{ 
weight trials. We must show, then, that in this event if N> 3\ the 
counterfeit cannot always be detected in n weight trials. Suppose 
that m the first weight trial we have placed on the first pan x coins 
from group X, y coins from group Y, and 2 coins from auxiliary 
group Z, and that we have put on the other pan x' coins from group 
X and / coins from group Y, so that x + y + z = x ' + y' (clearly it 
would be useless to put coins from Z on both pans). Let w be the 

number of coins of groups X and Y which have been left off the 
scale { x + x' + y+ y' + w = N) _ Now the scale may be in balance> 

the counterfeit is among those coins not placed on the scale. If w 
exceeds 3”- 1 , then, by our induction hypothesis, n - 1 additional 
weighings will not, in general, suffice to locate the counterfeit there, 
and we will already have used up one weight trial. Thus, on the 
first weight trial, in order to guarantee even the possibility that n 

trial' 5 WiU SUfRce ’ k is necessary that w = 3 *~ l - Henc e, on this first 

x + y + x'+y' = N — 3" _1 > 3* — 3™- 1 = 2* 3 ™- 1 . 

If the pans do not balance, the imbalance is caused either by a light 
counterfeit in the X group or by a heavy counterfeit in the Y group. 
Hence, we must deal with either a group of x + y' coins (if the pan 
with x + y + z coins is lighter) or a group of x' + y doubtful coins. 
But according to the relation x + y + x ' + y' > 2-3— 1 , the larger of 
the numbers x+y' and x' + y exceeds 3->. We must be prepared 
to deal with this larger number of coins, and according to the in¬ 
duction hypothesis n - 1 additional weight trials will not always 
suffice to identify the counterfeit. This induction completes the proof 
of case (A). 

(B) Suppose we are given N coins containing one counterfeit which 
differs in weight from the others, but that we do not know whether 
the counterfeit is lighter or heavier. Assume we have available an 
extra coin which we know to be genuine. We shall show that if 


the counterfeit can always be detected by n weight trials ; the counter¬ 
feit can be shown to be lighter or heavier than the genuine coins ; for 
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n weight trials do not , in general , suffice. 


First, let N ; 


3 " - 1 


1 (that is, if N = 1), one weighing 


will obviously suffice. Assume that for 


1 weight trials suffice we shall show that for 


n weight trials will suffice. We place on one of the pans x of the 
N given coins together with the extra genuine coin, and we place on 
the other pan x + 1 coins. There remain N — 2x — l unweighed 
coins. We choose the number x to satisfy the requirement 

2x + 1 ^ 3* 1 ; 


3 n _i / 

It is clear that such an x can always be chosen if N ^-f in this 

Qrc-i _ 1 Q* _ 1 Qti-i _ i \ 2 \ 

case, N ---^---= 3 n l ). If the pans balance, 

Lt Lt Li / 

then there remain 


N-2x 


3* _I - 1 


unweighed coins plus a quantity of coins (those on the balance) known 
to be genuine. Therefore, according to case (A) we can find the 
counterfeit coin by making not more than n — 1 additional weight 
trials. If the pans do not balance, then the x coins on one pan and 
the x + 1 coins on the other pan form two groups containing a total 
of 2x + 1 ^ 3 n_l coins, to which we can apply the result of problem 
A just investigated. Therefore, n — 1 further weight trials at most, 
suffice here also. This completes the proof that, under the conditions 
of this case, if 

^ 3*" 1 - 1 


then n weight trials suffice to identify the counterfeit. 

We now show that if 

then it is not always possible to solve the problem with only n weight 
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Once mnrT ” 1 f ° F N>1) one weighing will not be enough. 

Once more we proceed by induction. Assume that for 


it has already been shown that n 
We investigate the event 


1 weight trials are not enough. 


We place on one of the pans * of the N coins and, in addition 2 
coins known to be genuine (here we may assume that we have not 
just one but many genuine coins at our disposal). We place on the 
other pan * + , coins from the given set N. Let us designate by t 

^tte m ™ C T fr ° k N WhlCh remain ° ff the balance ‘ Inas ™ch 
as the pans may be ,n balance the number «, of coins left off the 

aance must not exceed - ; if the number does exceed this 

wi!rL the m according t0 induction hypothesis, „ weight trials 
a^ SU 3" ~ 1 ° ° Cate the counterfei t- But in this event 2x+z>&~' 
\Or, N> 2 )• If the Glance is not in equilibrium, we can ap- 


y t ; h ‘ S bel0ngl " g t0 grou P s X and Y, which are made up 
f the doubtful coins and which lie on one or the other of the pans 
the results ot case (A). It follows from the inequality 2r + z > 3 .-.’ 

suffice^ Unbalanced condition of the scale, n weight trials do not 

return ^ f ° reg ° ing preliminar y results, we now 

1 vhere P ' We ShaH prove that &ven N coins. 


2 < 


3* — 3 
2 


one of which is counterfeit (but it is not known whether it is lighter 

trial!and an ! te 0the , rS) ’ th€ counier f^ can be detected by n weight 
trials and simultaneously shown to be either light or heavy t * 

thesca'le^The ^ “ Ch P3n ’ there rem ain N - 2x coins not on 

tne scale. The number x is selected such that 

2x < 3*-‘ , 

_. 2 

weighing'^' “ ° n ' y ^ COi " S ^ inV °' Ved ’ the cou "terfeit cannot be found by 
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If the pans balance, then the false coin is among the unweighed ones, 
of which there are 


N- 2x^ 


3- 1 - 1 


Moreover, we now have on hand 2x coins known to be genuine, and 
in view of the result obtained in case (B) we are able to find the 
counterfeit by n — 1 additional weight trials. If one of the pans 
outweighs the other, then we can apply the result of case A to the 
coins on the scale, since the total number of coins on the two pans 
is 2x < 3 n_1 , and n — 1 additional weight trials suffice to locate the 
counterfeit. 

We shall now prove that if 


then n weight trials will not , in genera /, suffice . For the first weight 
trial we place x coins on each pan, leaving w coins off the scale. If 
the pans balance, then in view of case (B), n — 1 further weight 
trials will suffice to locate the counterfeit and to determine whether 

~ _i_ _ ir j ___ j. _i ^ A 


it is light or heavy only if w does not exceed 


But in this 


3*- 1 - 1 
2 


2-3 n “ 1 - 2 


Since 2x is an even number, 2x > 3 n_1 , and in view of the results 
of case (A), we cannot determine the counterfeit coin with n weight 
trials if one of the pans is heavier. 

Thus, we have proved the generalized version of the given pro¬ 
blem. Now we need note merely that 

= 1092 > 1000 > 363 = - 

u Lt 

in order to obtain the answer to our specific problem; that is, k = 7. 


7. (a) If the third link is disengaged from the chain, then there 
are three pieces: the single link, a two-link piece, and a four-link 
piece. On the first day the traveler gives the single link to the inn¬ 
keeper. On the second day he gives the innkeeper the two-link piece, 
receiving the single link back in change. On the third day the tra¬ 
veler pays the single link; on the fourth day he presents the four- 
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link piece, receiving as change the single link and the two-link piece. 
On the fifth day he gives the single link, and on the sixth day the 
single link is returned to him as change for the two link piece. 
Finally, the single link pays for the seventh day's lodging. Hence, 
only one link need be disengaged from the chain. 

(b) It will be convenient to consider first the following problem. 
If k links are disengaged from an w-Iink chain, where k is a fixed 
number, how large can n be such that any number of links from 1 
to n can be obtained by taking one or more of the severed pieces 
of the chain? To solve this problem, we first investigate which links 
would be most advantageous to remove. After removing k single 
links we can gather from these any number of links from 1 to k. 
But if we want k + 1 links, we must consider the remaining pieces 
of chain and in particular those pieces having k + 1 or fewer links. 

Clearly, the most convenient arrangement would be to have a piece 
of chain with exactly k + 1 links. Then we could gather any number 
of links from 1 to 2k + 1. In order to collect 2k + 2 = 2 (k + 1) links, 
we need another piece containing 2(k + 1), or fewer, links. The most 
convenient situation would be to have a piece with exactly 2(6+1) links; 
we could then gather any number of links from 1 to (26 + 1) +2(6 + 1) = 
46 + 3. The next step would be to have available a piece of chain 
with 46 + 4 = 4(6 + 1) links. Continuing this reasoning, the most ad¬ 
vantageous method of removing links from the chain would be to 
have pieces of the following lengths (setting aside the individual 
severed links): 


6 + 1, 2(6 + 1), 4(6 + 1), 8(6 + 1), ■ ■ •, 2*(6 + 1) . 
Thus, any number of links from 1 to 


n = k + [(6 + 1) + 2(6 + 1 ) + 4(6 + 1 ) + ■ • • + 2*(6 + 1 )] 

= 6 + ( 2 k+l - 1)(6 + 1 ) - 2* +1 (6 + 1 ) - 1 

can be built up by taking pieces of the chain. 

Thus, if 2*6 ^ n ^ 2* +1 (6 + 1) — 1, then it is possible to make 6 
breaks in the chain, but removal of 6 — 1 links will not suffice to 
solve the problem. In particular, if 


2 ^ n ^ 7, then 

8 ^ n ^ 23, then 
24 ^ n ^ 63, then 
64 ^ n ^ 159, then 


k = 1; 

160 g n £ 

k = 2- 

384 g n ^ 

k = 3\ 

896 g n ^ 




383, then 6 = 5; 
895, then 6 = 6; 
2047, then 6 = 7. 


Therefore, if n = 2000, the least number of links which can be dis¬ 
engaged is 7. The conditions of the problem will be satisfied if we 
select those links such that the 8 pieces of chain we obtain (excluding 
the 7 individual severed links) have, respectively, 8, 16, 32, 64, 128, 
256, 512, and 977 links. 

8. Let A be the first of the selected students (that is, the tallest 
of the short), and let B be the second of the selected students (the 
shortest of the tall). If A and B stand in the same row, then B is 
taller than A , since B is the tallest student in that row. If A and 
B stand in the same column, then again B is taller than A, since A 
is the shortest student in that column. Finally, if A and B do not 
stand in either the same column or the same row, let C be that student 
standing in the same column as does A and in the same row as does 
B. Then B is taller than C (since B is the tallest in that row), and 
C is taller than A (since A is the shortest in that column). Hence, 
again B is taller than A; and so in every possible case B is taller 
than A . 

9. First, it follows from the conditions of the problem that each 
gear weighs either an even number of grams or an odd number of 
grams. The reasoning is as follows. Since any set of twelve gears 
can be divided into two groups of equal weight, a set of twelve gears 
will weigh an even number of grams. This total weight remains an 
even number if one of the twelve gears is exchanged with the thir¬ 
teenth gear. But this is possible only if the exchanged gear and the 
thirteenth gear are both of even weight or both of odd weight, and 
this holds for any of the twelve gears initially weighed. Hence, all 
the gears are of even, or all are of odd, weight. 

Subtract now from the weight of each gear the weight of the 
lightest gear (possibly two or more gears have the same minimum 
weight; this is unimportant). This may be thought of as producing 
a “new” set of gears, and this new set clearly again satisfies the 
conditions of the problem. (One of the gears, and possibly more, must 
now be thought of as having “zero weight”.) It is easily seen that 
each gear of the new set has even weight (counting 0 as an even 
number), since if all the gears were of odd weight initially, then an 
odd number was subtracted from each individual weight; if they 
were all of even weight initially, then an even number was sub¬ 
tracted from each individual weight. 

If now we divide each weight by 2 and think of this as providing 
a “new” set of weights, this new set again satisfies the conditions 
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of the problem. 

Assume now that not all the gears are of the same weight. In 
this case, not all the weights of the second set (obtained by subtract¬ 
ing the weights of the lightest gear from each of the original weights) 
will be zero. If we continue to divide by 2, thus obtaining “new” 
sets satisfying the conditions of the problem, we finally arrive at a 
set of gears of which some are of even weight (at least one is of zero 
weight) and some are of odd weight (continued division of an even 
natural number by 2 finally produces an odd number). But such a 
set satisfying the conditions of the problem has been shown to be 
impossible. This contradiction proves the assertion of the problem. 

Remark : The conditions of the problem require that all the gears be of in¬ 
tegral weight, but the result can be extended to weights which are rational 
numbers. If we multiply each of the weights by the least common multiple of 
all the denominators, we obtain a “new” set of weights, all integers, and all 
of which still satisfy the conditions of the problem, and we go on from there. 
Moreover, if we allow the weights to be irrational numbers, the extension can 
again be made, since irrational numbers can be approximated by rational num¬ 
bers to as close a tolerance as desired. (The reader is invited to carry out 
such a proof, although a rigorous demonstration is by no means a simple task.) 

10. Beginning with the third row of the number triangle we write 
the first four numbers of each row, but putting in place of an even 
number the letter e y and in place of an odd number the letter 0: 

0 e 0 0 

0 0 e 0 
0 e e e 

0 0 0 e 

0 e 0 e 


Note that the fifth row of the array coincides with the first row. 
But the evenness or oddness of the first four numbers of every row 
of the number triangle depends only upon the evenness or oddness 
of the first four numbers of the preceding row. Hence, in the above 
array any row will periodically duplicate itself in the fourth row 
following. Since an even number occurs in each of the first four 
rows shown above, an even number must occur in every subsequent 


row. 
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11 The plan is to number the squares consecutively from 1 to 12, 
starting, say, from the red chip, and continuing on through the chips 
and around the circle, and then to rearrange the ^aresbyput i g 
them in an order in which it is possible to move a chip from o 
square to the next. That is, after square 1 we place square 6 (since 
by the conditions of the problem it is possible for a chip to move 
from square 1 to square 6, and vice-versa), t en a ter d 

place square 11 (since a chip may move from square 6 to 11), and 
afS square 11 we place square 4, and so on. After this rearrange¬ 
ment we have the following order of squares: 

* B r 

1 ,_, 6 .- >11 •-> 4 *-> 9 -- > 2 

♦ 


8 ,-. 3 <-> 10 <-> 5 «-> 12 <-> 7 

G 

The chips (red, yellow, green, blue, designated R, Y,G,B)are 
shown adjacent to their original positions: R on square 1, Y on 2 
G on 3, and B on 4. The rule by which the chips may now move 
is simple: A chip may move one square in either direction, P r ° v ^ 
that square is unoccupied. Clearly, the only way in which a ch p 
can change places with another is for it to move around the rectangle 
in either direction, but now a chip can neither jump over nor occupy 
the position of another chip. Thus, if chip R moves to occupy square 
4 then B must occupy square 2, Y must occupy square 3, and G must 
move to square 1. If R occupies square 2 then B must ^upy square 
3, Y must move to square 1, and G will occupy square . 
cupies square 3, then B occupies square 1, Y moves to 4 an 
moves to square 2. Other than these three rearrangements, no a 
rangement differing from the initial one is possilbe. 

12. First solution. Let n be the number of coconuts each man 
received when the pile of coconuts was divided the next morning. 
Then 5 n + 1 coconuts were in the final pile. The 5 ^ ™ an t0 aVG 
raided the pile the night before must have^taken 4 2 5« + 

prior to that there must have been 5 ■ 4 h 1 ~ 4 co 

conuts in the pile. The next-to-last (penultimate) man to have raided 
the pile took — ■ — nuts, and prior to that the pile contained 

F 44 
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5 . J_ 25 ” + 9 , -i _ 125 m + 61 

4 4 Jg coconuts. The man who raided prior 

to that took j- . ™» + 61 nuts from a pile of 5-i- . ™» + 61 + i = 

625m + 369 . . , eor .. 4 _ 4 

64 ^_ he man before him took -1 - ^L± 369 nutg frQm g 


pile of 5 • 


3125?; + 2101 


arisen the night before took 
pile, which contained 


T ^ . 

"265 ; finally, the first man to have 

3125m + 2101 . . 

256 nuts “ om the original 


N = 5 ■ — . _ 312 5w + 2101 15625;? + 1 1529 

4 256 1024 


15m + 11 + 


265m + 265 


— T C t f be , an , mteger ’ 265(W + l) must be ^visible 
by 1024. The least integral value of n which will make 265(m + 1) 

Thus* b 6 " ^ 1023 (SinCC 265 3nd 1024 are naively Prime)! 

N= 15-1023 + 11 + 265 = 15621 . 


Second solution The problem can be solved more readily and with 
uch less calculation if we consider the conditions imposed on the 
total number of coconuts. The first condition asserts that the first 
division of the total number of nuts by 5 yields a remainder of 1 

; S ’ f° r SOme number l ’ N = 5/ + 1. The numbers N satisfying 
this condition appear in the sequence of natural numbers at intervals 

ar m a„v 8 l S r e a 7 rt ' “ d r k " OWOneofthe we caT/nd 

as many more as we wish by adding or subtracting multiples of 5 

The second condition asserts that k = (4/5) {N~ 1) - 41 lb ic fh<a 
ber of nuts re injng for the 

of 1 when divided by 5; that is, k = 5/, + 1, for the suitable / Thic 
dh-X”h < ™ “ lh ! reqUir ™'"t ‘hat / yield a remainder of 4 Jhen 

»idfd bv^ S' h* N=U T 1 yie ' d a remainder » f 21 "hen dS 

„ ' by 25 Numbers satisfy,ng this condition are found in the 

sucSnumtor in ‘ erValS °' Md if »e know one 

mutlioles ot i We T S n ,h a he -° thers by adding ° r attracting 
. P . , 5 * The third condition asserts that k x = (4/5) (A - 1) = 

mi„« f 3 rema : nder of 1 “P°” 0‘«aion by 5; this condition deter- 
mines the remainder yielded upon division of l, by 5, or the remainders 
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obtained by dividing k and l by 25, or the remainder obtained by 
dividing N by 125. All the conditions together determine the re¬ 
mainder obtained by dividing N by 5 6 = 15,625. These numbers ap¬ 
pear at intervals of 15,625 in the sequence of natural numbers. r 

We can now calculate the remainder which N yields upon division 
by 5®, but this is not necessary. One number satisfying all the im¬ 
posed conditions is —4, which upon division by 5 yields a quotient 
of —1 and a remainder of +1. If we subtract the number 1 from 
—4 and divide the difference by 4/5, then divide the result by 5, we 
again obtain a remainder of +1. Accordingly, upon all further di¬ 
visions by 5 we will obtain the same remainder of +1. The num¬ 
ber —4 cannot, of course, be the answer to the problem, since N has 
to be a positive integer. But since we do know one number which 
satisfies the conditions of the problem, we can find as many others 
as we wish by adding multiples of 5 6 . The least positive number 
which we can add to satisfy the given conditions is 5 6 itself; we ob¬ 
tain -4 + 5 6 = 15625 - 4 = 15,621. 

13. Let n be the number of sheep in the herd. Then the brothers 
received n rubles for each sheep, and so they received a total of 
N= n^n — n 2 rubles. Let d represent the digit in the tens place of 
the number n y and let e be the digit in the units place; then n = 
\M + e , and 

N = (lOd + e) z = 100 d 2 + 20 de + e z . 

It follows, from the manner in which the money was divided, and 
since the older brother had one more selection from the money than 
did his brother, that there must have been an odd number of tens 
in N> plus a remaining number less than 10. But 100^/ 2 + 20 de = 
20d(5d -f e) is divisible by 20 and so contains an even number of tens. 
Consequently, the number e z must contain an odd number of tens. 
Since e < 10 (being the remainder obtained by dividing n by 10), the 
only possible values for e are 1,4,9, 16,25,36,49,64, or 81. 

Of these numbers, only 16 and 36 contain an odd number of tens, 
so the possibilities for e z are limited to 16 or 36. Both of these 
numbers end with the digit 6, which means that the remainder the 
younger brother received in place of 10 rubles was 6 rubles. Thus, 
the older brother received 4 rubles more than did the younger. To 
make the division even, the older brother would have to give the 

t The argument here would be carried out in American schools by the use of 
congruence arithmetic [Editor]. 
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rubles^ br0th6r 2 rUbl6S ' Theref0re ’ the P enknife was worth 2 

14 ' ? o°" r „ CaIendar iS constructed on the following scheme. Every 
year has 365 days except for leap-years (those years whose identify- 

* ng n i l ™ ber 1S dlvls ‘ble by 4—for example, I960). The leap-vears 
have 366 days (the extra day being February 29). However, there is 
an exception to this rule: any year whose identifying number is dl 
vlsi e y 100 but not by 400 has only 365 days instead of 366; that 
is, ose are not leap years. For example, the years 1800 and 1900 

?nno e rh h P ye K T S: a ' S0> 2100 Wil1 not be a lea P year. However, 
2000 (being divisible by 400) will be a leap year. The problem asks 

on which of the two days, Saturday or Sunday, New Years Day 
more frequently falls. y 

We shall show that any 400-year period of time presents a periodic 
pattern, in the sense that the next 400-year period will exactly du- 

thi^mnnlh* < | f S ° f the previous 400-year period (for example, 
this month s calender is exactly the same as that of exactly 400 years 

agoX This interval of 400 years contains an integral number of 
weeks. Leap years have 52 weeks and 2 days, and other years have 
52 weeks and 1 day. In the course of four years, of which one is 
a leap year, there are 4-52 weeks plus 5 days. In the course of 400 
years there would be an additional 500 days, but because three of 
these years are divisible by 100 but not by 400 (and so are not leap 
years) the 400 years will have only 497 days in addition to 400.52 
weeks, that is, there are an additional 71 weeks. Therefore, the 
problem can be limited to any 400-year period. 

Let us investigate the 400-year period from 1901 to 2301 Everv 
fourth year is a leap year (since there is no exception for leap years 
in this interval). In span of 28 years there will be one “extra’^ week 
owing to leap years; in addition, there will be an additional 28 days’ 
or 4 weeks, over an exact number of weeks. Thus, a 28-year inter¬ 
val yields an integral number of weeks: 28-52 + 5 weeks 
We select a particular New Year's Day: January 1, 1952, which 
fell on a Tuesday. Since 1952 was a leap year, and a leap year has 
2 days over 52 weeks, January 1, 1953, fell on a Thursday but ia- 

rYis 1, en 4 ’ feU Friday (1953 not being a leap year)? Jail? 

’ 1955, fell on a Saturday, and so on. January 1, 1951, fell on a 
Monday, January, 1, 1950, fell on a Sunday, and so on In the 28 
year period 1929 1956, inclusive, January 1 fell exactly four times on 
each day of the week. This distribution was exactly the same for 
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the 28-year period 1901-1928, inclusive. We recall that a 28-year period 
in which every fourth year is a leap year contains an integral num¬ 
ber of weeks, and, consequently, we repeat the same distribution of 
New Year’s Days over the days of the week as obtained for the pre¬ 
vious 28-year period. The interval 1901-2096 (inclusive) contains 196 
years, a number divisible by 28 (the year 2000 not providing any 
exception for leap year). In this interval, New Year’s Day will have 
fallen exactly the same number of times on each day of the week. 

Further, January 1, 2097, will fall on the same day of the week as 
did january 1, 1901, January 1, 1929, and so on—it will fall on a Tues¬ 
day. Thus, New Year’s Day of 2100 will fall on a Friday, and New 
Year’s Day of 2101 will fall on a Saturday (2100 is not a leap year). 
The 28-year period 2101-2128 will differ from the 28-year period 1901— 
1928 in that the period begins not on a Tuesday but on a Saturday. 
This calls for a corresponding shift in the days on which New Year’s 
Day will fall. However, in the period 1901-1928 New Year’s Day 
fell exactly four times on each day of the week, and this will hap¬ 
pen also in the period 2101-2128. The 28-year intervals 2129-2156 
and 2157-2184 will follow the same pattern. The year 2185 begins 
on the same day as did 2101—Saturday; this allows us to find the data 
for the period 2185 to 2201. Simple calculation shows that in the 
interval from 2185 to 2200 New Year’s Day will fall twice each on 
Monday, Wednesday, Thursday, Friday, and Saturday, but three times 
each on Sunday and Tuesday. New Year’s Day of 2201 will fall on 
a Thursday. In the course of the 3*28 = 84 years, from 2201 to 2284, 
New Year’s Day will fall the same number of times on each day of 
the week. New Year's Day 2285 will fall on the same day it will 
in 2201—Thursday. This allows us to determine the data for the 
period 2285-2300. In this interval January 1 will fall twice each on 
Monday, Tuesday, Wednesday, Thursday, and Saturday, and three 
times each on Sunday and Friday. Similarly, over these periods in 
the course of which New Year’s Day will fall the same number of 
times on each day we counted 2 + 2 = 4 Mondays, 1 + 3 + 2 = 6 
Tuesdays, 1 + 2 + 2 = 5 Wednesdays, 1 + 2 + 2 = 5 Thursdays, 6 
Fridays, 4 Saturdays, and 6 Sundays. It follows that New Year’s 
Day falls more often on Sunday than on Saturday, 

(b) Employing methods analogous to those used in problem (a), 
we can show that in the 400-year interval the thirtieth day of the 
month will fall on Sunday 687 times, on Monday 685 times, on Tues¬ 
day 685 times, on Wednesday 687 times, on Thursday 684 times, on 
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Friday 688 times, and on Saturday 684 times. Thus, the thirtieth 
day of the month falls most often on a Friday. 

15. It is clear that if the final digit of an integer is deleted, the 
integer is reduced by a factor of at least 10. If that final digit is 
zero then, of course, the number is reduced by exactly the factor 

10, and so all such numbers automatically satisfy the conditions of 
the problem. 

Assume now that if the final digit of a number * is deleted then 
the digit is reduced by an integral factor exceeding 10, say, by the 
factor 10 + a {a ^ 1). Let y be the quotient obtained by dividing a: 
by 10, and let 2 be the remainder; that is, x = lOy + z(z ^ 9). If the 
last digit of x is deleted, then the deleted digit is 2 , and the new 

number is equal to y. The condition of the problem then calls for 
the equation 

x = (10 + a)*y , 

or the equation 

lOy + 2 = (10 + a)-y , 

from which we obtain 

z — ay . 

Since 2 < 10, both a and y must be less than 10. Therefore except 
for the numbers divisible by 10, the only integers meeting the con¬ 
ditions of the problem are two-digit numbers; also, if the final digit 

1S r d , e !nf’ ° riginaI integer can be reduced b y> at most, a factor 
of 19(11 = 10 + a < 19). It is easily shown that only the following 

two-digit numbers are reduced by a factor of 11 when their last digit 
is deleted: 11, 22, 33,44,55,66, 77,88, 99. (If 10 + a = 11, then a = 1- 
hence z - ay = y, and x = 10_y + z = lly, where y — 1, 2, 3, ■ • 9.) It 

can be shown, in an analogous way, that the only two-digit integers 
reduced by a factor of 12 upon deletion of the final digit are 12 24 
36, 48 (z = ay = 2y, where onlyy = 1, 2, 3, 4 are possible, since z<lo’ 
and 12_y). The numbers diminished by a factor of 13 are 13,26! 
39, the numbers diminished by a factor of 14 are 14 and 28. It is 

-t n " hat the only numbers which can be reduced by factors of 
15, 16, 17, 18, 19 are these numbers themselves. 

16. (a) Let the integer sought have k + 1 digits. It may be writ- 
ten in the form 6-10* +y, where y is a *-digit number (it may pos¬ 
sibly begin with one or more zeros). The conditions of the problem 
are expressed by 
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6-10* + y = 25y , 
or 


Clearly, it is necessary that k ^ 2, since 60 is not divisible exactly 
by 24 and y is an integer. For k 2 the integer y is equal to 
25-10* -2 ; that is, y has the form 250* • *0, where there are k — 2 zeros. 
Therefore, all the numbers sought are of the form 6250---0, where 
there are n zeros and n = 0,1, 2, 3, 

(b) Solve this problem: Find a number whose first digit is a and 
which is reduced by a factor of 35 when its final digit is deleted 
Proceeding as in problem (a), we have the equation 



where y is an integer [see solution of problem (a)]. But the right 
member of this equation cannot possibly be an integer a ^ 9 and 
k ^ 1 . 


Remark : Proceeding as we did in problems 16 (a) and (b), we can show that 
an integer beginning with a given digit a can be reduced by an integral fac¬ 
tor b upon deletion of the digit a only if a <b — 1 and the (proper) fraction 

a - can be represented as a finite decimal fraction (that is, all the prime 
0 — 1 

factors of 6 — 1 other than 2 and 5 are factors of a, of sufficient multiplicity). 
For example, no integer can be reduced by a factor of 85 by deleting its first 
digit, since 85 — 1 = 84 includes 3 and 7 among its factors and no digit is 
divisible by both 3 and 7. Again, any number which is reduced by a factor 
of 15 upon deletion of its first digit must commence with 7, since 14 has 7 as 
a factor. A general criterion which will give the necessary form of an integer 
having a known first digit a and which is reduced by a factor b upon deletion 
of the first digit is usually easy to find. 


17. (a) First we show that no integer can be diminished to $ its 
original value by deleting a digit standing farther from its beginning 
than the second place. Let the digits of the number N be a 0t a u a 2y * * ■, 
a n (a Q =f= 0); that is, 

a Q ■ 10 n + a i • 10 n_1 + ••• +a n = N . 

N 

Assume that — is an integer, and that it has been obtained by de¬ 
leting a digit past the second position. We have 

flolO"- 1 + <*,10"-* + • • • = y . 
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eUuon U fo^, we S o e bta?n 0n ^ 10 ^ SUbtraCt from il the initial 

N 

9 -< 10 --. 

This is a contradiction, since £ is a smaller number, and 

N 

10 = + ••■ s io»-». 

is dfvS byV[f, r „d"o!,Ty 1 ? , S bUi,y ° f , an inte8er by 9 <a 
9X Now, « Nis di“,1b™ l ^;?: i :T so ° h f n di ^ \**** by 
N by deleting the first dieit of M th *k- num ^ er obtained from 

• <*“ ■— *» -iilt ^ "S'ncef.T * 0 or 

ii:: -- - - - sr • z r 

9 h s the same number of digits as does N, and so £ 
cannot be obtained from N by deleting ifo fi* f * . 9 

diction means that the onlv nnc ki j .^ Irst digit. This contra- 
order to meet he condS P0SS,ble <* > digit from N in 

second digit Thus g,V “ by the * that of the 

N 

g- = a. 10-1 + a. 10 *-* + ... +a n 

Since f must again be divisible by 9 (that is, «„ + «,+«, + 

is a multiple of 9 , as was «. +«,+«,+ ... , . f . 

«. = 9. If we assume that a - o ‘ * ■? n) e,ther fl ‘ = °or 

for £ by 10 J k ' ’ 3nd lf WC multiply the e ™sion 

9 y and subtract the expansion for N, we obtain 

(«g 9) 10* 1 + • ■ •, and since a 2 g 9, then 9 

which is impossible 

N ~ ■ 9 " = «o- 10 " — ao-lO ”- 1 t 
or 


T - N ~ «o-10» + flo .l0»-« = N-a„-9'10- 
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L.U = K- a . 10 «-i 
9 9 9 * 10 ’ 

N 

This equation states that to divide — by 9, we merely delete the 

first digit a 0 . This solves problem (a). 

(b) In solving problem (a) we arrived at the necessary relation 

^-=(V-ao-10"-‘-9, 


from which it follows, upon solving for N t that 


AT_ gp-lO 71 " 1 -81 
8 

This is the form that N must have. It is evident that a Q cannot be 
either of the digits 8 or 9, inasmuch as the second digit of N is re¬ 
quired to be zero. If we try successively a 0 = 1, 2, 3, 4, 5, 6, 7, along 
with the least necessary value of n which will make N an integer, 
we have the following seven numbers, which satisfy the conditions 
of the problem: 

10,125; 2025; 30,375; 405; 50,625; 6075; 70,875 . 

These numbers, together with all products by 10* (k — 1, 2, 3, ■ • ■) con¬ 
stitute all the integers which satisfy the conditions of the problem. 

18. (a) The proposition is equivalent to the assertion that the in¬ 
teger is diminished by some factor m when the third digit is delet¬ 
ed. Let 

TV = flo*10 B + tfrlO* -1 + tf 2 -10 n_2 + • • • +a n . 

Then 

10 — = a 0 TO n + a.-lO”- 1 + flg-lO"-’ + • •• + a.-10 . 
m 


If m < 10, then subtraction of the first equation from the second 

yields the inequality —- —N< 10 B_1 , which is impossible, since 

m 


10 - m J_ 
m 10 ' 


and 


YjrW = flo-lO”- 1 + ... S 10-‘ 
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Again, if m — 11, then we must 


If m> 11, then m m ~-N< which also is impossibile for an 

analogous reason (f~~> ~). Again, if m = 11, then we must 

have — TV < that is, ~= ^ has two digits fewer than TV, which 

is an impossibility. 

P0S5i ^ Vlty :° f obtainin S a number satisfying the condi¬ 
tions of the problem is to let m = 10. Therefore, the conditions 
require numbers all of whose digits, except the first two, are zero 

Such integers satisfy the requirement and hence describe the num¬ 
bers sought. 

Remark: It is possible to show, by similar reasoning, that the only integers 
which are diminished by an integral factor when the Ath digit, where k > 3 
is deleted are those having zeros after the first k - 1 digits. 

(b) The requirement that a number TV be diminished by an in¬ 
tegral factor m when its second digit is deleted is expressed as follows: 

N ~ £ 0 * 10* + a v • 10” -1 + a z - 10*^ 2 + * * • + a n , 

— = a o -10*-' + + a% . 


It follows that 


- N — a Q -10 n — a r 10 n - ] + Aq-IO”- 1 , 


or, upon solving for N, 


_ (9g 0 + g?)-10* l 'tn 
m — 1 


These equations can be combined to yield 
N = a 0 ■ 10" + a, ■ 10 n_1 - a„ ■ 10"“* + 


(9a, + a,)-10"~ 
m — 1 


But, on the other hand, we know that TV is an (« + l)-digit number 
beginning with digits a 0 and a,: 

N = tfo-10" + a.-lO- 1 + as-lO- 2 + ... + Un t 


where we may assume that not all the digits a 2 , are zero 

(otherwise the problem leads to investigation of two-digit numbers 

Af; see the solution to problem 15). The following inequality must 
nold: 
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o < - co-io "- 1 + - (9g ° + ai) ; 1Q - < io n - 1 , 

m — 1 


or, equivalently, 


„ ^ 9<z 0 + ch ^ 

a 0 <-— < a 0 + 1 . 

m — 1 


As a consequence, we have the following results. The required 
numbers N are expressed by (1), where 0 ^ a Q ^ 9, 0 ^ ai ^ 9. Since 
N is an integer, and m and m — 1 are relatively prime, the proper 

fraction ^ a ° can be written as a terminating decimal. When 

m — 1 

this is done the possible values of a Qf a x and m must satisfy inequa¬ 
lities (2) in addition, it is necessary to add to the possible values of 
N the two-digit numbers obtained in the solution of problem 15). 
There now remains only successive investigations of the possible 
values for a 0 . 

(1) a 0 = 1. Here, inequality (2) yields 

1 < —, m — 1 < 18 ; 
m — 1 

—< 2, m - 1 > 4 . 
m — 1 

Applying the m — 1 successive values 5,6,7, ■ • •, 17, and selecting, 
each time the appropriate value of a 1( we obtain 

TV = 108; 105; 10,125; 1125; 12,375; 135; 14,625; 

1575; 16,875; 121; 132; 143; 154; 165; 176; 

187; 198; 1625; 195; 192; 180,625; 19,125, 

to each of which we can adjoin an arbitrary number of zeros. 
Proceeding in an analogous may, we obtain the following: 

(2) a„ = 2: 

TV = 2025; 21,375; 225; 23,625; 2425; 25,875; 

231; 242; 253; 264; 275; 286; 297; 2925 . 

(3) a 0 = 3: 

TV = 30,725; 315; 32,625; 3375; 34,875; 

341; 352; 363; 374; 385; 396. 

(4) flo = 4: 

TV = 405; 41,625; 4275; 43,875; 451; 462; 473; 484; 495 . 
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(5) 

a Q 

= 5: 








N = 

= 50,625; 

5175; 

52,875; 

; 561; 

572; 583; 

(6) 

a Q 

= 6: 









N = 

6075; 

61,875; 

671; 

682; 693. 

(7) 

Gq 

= 7: 










N 

= 781; 

792 . 


(8) 

Go 

= 8: 











N = 

891 . 



There is no N for a a = 9. 

In toto, including the results of problem 15, there are 104 values 

for N. An arbitrary number of zeros can be adjoined to each of 
these. 

19. (a) First solution. Let X be the m-digit number obtained by 
deleting the first digit 1 from the integer sought. That integer is 
then 10" + X, and the new number is \0X + 1. The condition of 
the problem yields 

(10" + AT) -3 = 10A + 1 , 
or 

v _ 3-10" - 1 
-7-■ 

The last equation provides a condition for finding X: 3-10" = 3000- • ■ 
must yield the remainder 1 upon division by 7. Direct division by 
7 shows that the least number of zeros necessary after 3 to produce 
a remainder of 1 is 5; that is, 3-10 s = 300,000 = 7(42,857) + 1. Thus, 
the least possible value for the integer X is 42,857, and hence the 
number sought is 142,857. 

To find other such numbers, we note that in dividing 3000- ■ - by 7 
we need not stop at the first remainder 1; any quotient obtained for 
the remainder 1 will serve as an X. It is readily seen that the other 
numbers will be 


142,857,142,857; • ■ •; 142,857,142, 857- • ■ 142,857; 


k times 


Second solution. Let * be the second digit of the number sought, 
let y be the third and so on; that is, the number has the form 

1 xy-'-zt (the over bar denotes a succession of digits rather than a 
product). The condition of the problem states 
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Ixy* ■ *zt -3 = xy'"Zt\ . 

It is at once apparent that t = 7 (in no other case will the product 
on the left yield a final digit 1). Therefore, the tens digit t on the 
right is 7. But this is possible only if 2*3 ends in 7 — 2 = 5 (3*2 plus 
a carry-over of 2 must yield 7); that is, 2 = 5. There is a carry-over 
of 1. The product, 3 times the hundreds digit on the left, plus the 
1 carried over, must yield 5; and so on. The reader can readily make 
up an organized format for this process. For example, 

1 4 2 8 57 42857 

x 3 ..1 

4-1 = 3, 2-0 = 2, 8-2 = 6, 5-1 = 4, 7-2 = 5 
(the calculations are made from right to left). The smallest possible 
number occurs when we reach the digit 1 on the left, 142,857. 

If this process is continued, we obtain other numbers satisfying 
the conditions by stopping whenever we have adjoined another 1 on 
the left: 

142,857,142,857-•• 142,857; ■■■ . 

----- 

k times 

(b) When an integer is tripled, the resulting integer can have 
the same number of digits only if the initial digit of the first num¬ 
ber did not exceed 3. As we saw in problem (a), the first digit can 
be 1. We shall show now that it cannot be 3. 

If the first digit of the integer sought is 3, we see from the re¬ 
quired equality 3ry---2-3 = xy---z3 that its second digit (that is, x) 
must be 9. But 3 times any integer beginning with 39 yields an in¬ 
teger having one more digit. Hence the first digit of any integer 
meeting the conditions of the problem cannot be 3. 

It is left to the reader to show that the numbers sought may be¬ 
gin with the digit 2. The smallest such number is 285,714; all such 
numbers are of form 


285,714,285,714-■-285,714 . 


k times 

The proof is quite similar to that of problem (a). 


20. Since after multiplication by 5 the number of digits remains 
the same, the initial integer must begin with the digit 1. This di¬ 
git then becomes the final digit of the new number, which is not 
divisible by 5. 
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The solutions for the digits 6 and 8 are similar. 

J 1 - ^rst solution Since the number of digits is not increased 
ter muitiplicat 101 ! by 2, the first digit of the initial number cannot 
exceed 4. Since after the transfer of the first digit to the end we 
have an even number (twice the original number), the first digit must 
be even; hence it must be either 2 or 4. 

Consider now the number X obtained by deleting the first digit of 

e original number sought. Reasoning as we did for problem 19 
(a), we obtain 

(2-10* + X)-2 = 10-X+2 , 

that is, 

v_ 4-10* - 2 2-10™ - 1 

8 4 ’ 

or else 

(4-10* + X)-2 = 10A + 4 , 


that is, 




However, both of these formulas are impossible, since they do not 
yield integers (the numerator is odd for both). 

Second solution. As in the first solution we conclude that the first 
digit of the number sought must be either 2 or 4. We use the nota¬ 
tion employed in problem 19 (a). We have 

2 -ry- ■ -zt-2 = xy- • - 2/2 

or else 


4xy---zt-2 = xy - ■ -zt\ . 


In the first case, t can be only 1 or 6 (otherwise the product on 
the left cannot end with the digit 2). But if / = 1, then on the left 
is a number not divisible by 4, and on the right is a number divisible 
by 4 (an integer being divisible by 4 if and only if the number com¬ 
posed of its last two digits is divisible by 4). If / = 6, then on the 
left is a number divisible by 4 (product of two even numbers), but 
on the right is a number not divisible by 4 (ending in 62). 

In the second case, t can be only 2 or 7. If t = 2, then [as in the 
second solution of problem 19(a)], necessarily, z = 1 , and it follows 
that the product on the left is divisible by 8 (product of a number 
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divisible by 4, since it ends in 12, and 2), but the number on the 
right is not divisible by 8 (ending in 124). 

The demonstration for / = 7 is left to the reader. It is quite simi¬ 
lar to the foregoing solutions. 

22. (a) First solution. A number increased seven-fold upon trans¬ 
fer of its first digit to the end must commence with the digit 1 
(otherwise the larger number would contain more digits than the 
original). As was done in problem 19 (a), we let X be the m-digit 
integer obtained by deleting the first digit, 1, of the number sought. 
Then, as in the previous problems, 

(mo™ + xyi = 10 .*+ i , 

which yields 

7*10* - 1 
X ~ 3 ‘ 

But it is obvious that there is no m for which * can be an m- digit 
number (- ^ ~ - 1 > 10*). 

A similar demostration will prove that there is no number which 
is increased nine-fold by transfer of its initial digit to the end of the 
number. 

Second solution . We conclude, as in the first solution, that the 
number sought must begin with the digit 1. Using the terminology 
explained in problem 19 (b), we have the following statement of our 
problem: 

1 xy- * 'zt’7 = xy- • -z/1 . 

It follows that the product /■ 7 must end with the digit 1, which re¬ 
quires that t = 3. Insertion of this digit for t yields 1y- * • z3-7—y ■ • *z31. 
Since 3-7 = 21, and the product of of z3 by 7 ends in the succession 
of digits 31, this product has 1 as a final digit. Consequently, z is 
also equal to 3. A similar procedure shows that each successive 
digit (from this end forward) is equal to 3. However, the initial 
digit of the number must be 1, which is impossible. 

Therefore, there does not exist any integer which increases seven¬ 
fold upon transfer of its first digit to the end. 

(b) First solution . Inasmuch as the number to be obtained upon 
multiplying the sought integer by 4 must not contain a greater num¬ 
ber of digits than before, the initial digit cannot exceed 2. Since 
transfer of the initial digit to the end must produce an even num- 
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bCr ’ K hat u digit T USt be 2 ‘ If now we designate by X the w-digit 

d"™ Je°„ b r„ ed ,r0m the " Umber S0U8ht ' —- «* <£ 

(2- 10" + AT) -4 = 10A+ 2 , 


which is an impossibility, since —? > io» [see the first solution 

of problem (a)]. 

Second solution. As in the first solution, the first digit of the num¬ 
ber sought must be 2. Moreover, 

2Ary---^.4=*y---;?/2 , 
and it ^follows that / = 3 or 8 (t-4 ends in 2). 

R 9 If *r!’ then the final tW0 digits on the ri « ht f °™ the number 
and the integer is not divisible by 4. If / = 3, then 

2*y--.?3-4 = xy---z 32 , 


2xy---z0-4 = xy---z20 , 
and 

2 ~xy -• -z-4 = xy- • -z2 . 

In the same ma nner we find that the number 2xy^J has the same 

we° P fiTd y th:^' ^ ' ’?■ ^ 3PPlying thC — zoning as bSo"e 
we find that necessarily, * = 3. Continuing this line of reasoning 

and moving from right to left, we find that the tens position of the 
number must have the digit 3. But the initial number must com¬ 
mence with the digit 2. This is obviously impossible. 

23. . First solution. Let us designate the digits of the integer 
obtai^ ^ X,y, '"’ Z,L Then P roc eeding as in problem 19 (a), we 


7 xy-'-zt-Y = xy---zt7 


xy - -zt7-3 = 7xy-’-zt . 
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It is clear that t = 1; we can determine the digit z (17*3 yields 51; 
this means that z — 5), and, moving from right to left we obtain, 
successively, the digits forming the integer sought. The process 
ends when we obtain the digit 7. It is convenient to display the 
result in the following form: 

241379310344827586206896551 7241379310344827586206896551 

.7*3 .. 

(the calculations are made from right to left). Thus, the least integer 
satisfying the conditions of the problem is 7,241,379,310,344,827,586, 
206,896,551. 

If in the course of these calculations we do not stop when we first 
obtain a 7, we can find additional numbers which satisfy the condi¬ 
tions of the problem. All such numbers will be of the form 


7241379310344827586206896551 • • • 7241379310344827586206896551 



k times 


Second solution . Let 7 xyz • • ■ t be the integer sought. Division by 
3 must yield the integer xyz * * • t7. We write this requirement in 
the form 

7xyz ■ * * t |_3_ 

xyz - • • t7 . 

It is clear that x = 2 is necessary. If we replace x by 2 in the 
dividend and quotient, we can find the next digit of the quotient, 
and this is also the third digit of the dividend; we can then deter¬ 
mine the third digit of the quotient, which is the fourth digit of the 
dividend, and so on. The process is complete when the final digit 
of the quotient is 7 and simultaneously the dividend is exactly divi¬ 
sible by 3. This dividend is then the number sought and is the 
least integer having the required property. 

The following arrangement is a convenient scheme for carrying 
out this computation (the numbers in the second row are written last): 

72413793103448275862 
7 12 4 11 23 27 9 3 1 10 13 14 24 8 22 17 25 18 6 2 

24137931034482 758620 

0 6 8 9 6 5 5 1 

20 26 28 19 16 15 5 21 

6 8 9 6 5 5 1 7 
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The least integer is found to be 7,241,379,310,344,827,586,206,896,551 

the^formida^ 0 ” ^ ^ firSt Solution of Problem 19 (a), set up 

(7-10- + = 10X+7 , 

from which 

Y _ 7 • 10 m — 21 


e pro em then becomes that of finding an integer of form 70 000 • • • 
which upon division by 29 yields the remainder 21. It is left to the 
reader to verify that the same solution is obtained as before. 

nefarzed^oblet 111 " a ' 8 ° rithm * emP '° yed l ° S °’ Ve the 

Find the least integer having a given first digit which is diminished to i its 
original size when the first digit is transferred to the end. To make the so¬ 
lution possible for integers having 1 or 2 as a first digit, let us agree that a 
zero may be put as the first digit of the quotient (and this is then the second 

are (in add e t ^ ° n ‘ y n ° nZer ° intCgerS Satisfyin « the requirements 

are (in addition to that produced above): 

1,034,482,758,620,689,655,172,413,793; 

2,068,965,517,241,379,310,344,827,586; 

3,103,448,275,862,068,965,517,241,379; 

4,137,931,034,482,758,620,689,655,172; 

5,172,413,793,103,448,275,862,068,965; 

6,206,896,551,724,137,931,034,482,758; 

8,275,862,068,965,517,241,379,310,344; 

9,310,344,827,586,206,896,551,724,137. 

The same procedure will solve the following problem: 

Find the least integer commencing with a given digit a which is decreased 
by a factor l when the first digit is transferred to the end. 

24 (a) The conditions of the problem may be expressed by the 
equality y 1C 

xy zt • a = tz ■ ■ • yx , 

where a is one of the numbers 2, 3, 5, 6, 7 or 8. 

If a = 5, then * must be 1; otherwise the number on the right 
wil contain one digit too many. (The case in which * is 0 may be 
excluded, since upon multiplying each side by 2 and deleting the 
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final zero we obtain y • ■ * zt — 2'tz ■ • * y\ that is, we arrive at the 
same problem as for a = 2.) But the integer tz • • * yl is not divisi¬ 
ble by 5. Analogous reasoning will prove that a cannot be 6 or 8. 

If a — 7, then x again must be 1. In this case, t must be the 
digit 3, otherwise \y • ■ ■ z/-7 fails to end with the digit 1. But the 
equation ly • • • z3-7 = 3z • ■ ■ yl is clearly impossible, since the left 
number is greater than the right number. 

If a = 2, then x cannot exceed 4. Since the integer tz " - yx must 
be even, x is either 2 or 4. If x = 4, the digit t (the first digit of 
4y • ■ ■ zt' 2) can be only 8 or 9, and neither 4y ■ • * z8*2 nor 4y * * ■ z9*2 
ends with the digit 4. If x — 2, then t (the first digit of 2y • * ■ zt*2) 
can only be 4 or 5; but neither 2y ■ • * z4*2 nor 2y * • ■ z5*2 can end 
in 2. 

Finally, if z = 3, then x cannot exceed 3. If x = 1, then t must 
be 7 (f*3 ends in 1); if x = 2, then / must be 4; if x = 3, then / must 
be 1. But in the first case, tz • • • yx is certainly greater than jty- * *z/*3, 
and in the second and their cases it is clearly smaller. 

(b) Let xy • • • zt be an integer which is i its inversion. We then 

have 

xy * • - zt • 4 = tz • • • yx . 

Since xy z/*4 is to contain the same number of digits as does 
xy ■ * ■ zt, the digit x can be only 0, 1, or 2. Since tz ■ * * yx must be 
divisible by 4, it follows that x must be even, and so the only pos¬ 
sibilities are x = 0 (if we allow 0 to be counted as a digit at the be¬ 
ginning of the integer), or x = 2. 

Suppose x — 0. Then / = 0 or else / = 5. Write oy • • • yt-4 = 
tz ■ • • yO; we note that t cannot be the digit 5 (regardless what digit 
y is), and so the only possibility is t=0. We can now write y- • -z-4 = 
z • * • y; that is, if a number meeting the condition of the problem 
begins with 0, then it also ends in 0, and the integer obtained by 
deleting these two zeros will also meet the conditions of the problem. 

It suffices therefore to investigate x = 2, for which 2y • ■ ■ zt • 4 = 
tz ■ ■ * y2. Since 2*4 = 8, / can be only 8 or 9, but t = 9 can imme¬ 
diately be eliminated as a possibility. Thus, / = 8, and we can write 
2y • ■ * z8-4 = 8z- • -y2. Since 23-4 > 90^y can be only 0, 1, or 2; also, 
the tens digit of any product of form z8*4 must be odd. Thus, y = l. 
Since we know the final two digits (12) in the product 21 * * • z8 ■ 4, 
we can easily find the only two possibilities for the next successive 
digit: z can be only 2 or 7. But 21-4 > 82, which means that z = 7. 
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Hence, the number must have the form 21 * * ■ 78. We note that 
the integer 2178 satisfies the condition of the problem, and hence it 
is the only such four-digit number. We now consider solutions in 
terms of integers having more than four digits. We must have 

21 uv ■ • • rs78*4 = 87 sr • ■ ■ vu\2 , 
which may be written 

84'10* +2 + 312 + uv--- rs00■ 4 

= 87-10 fc+2 + 12 + sr • • * vuOO , 
or 

uv • - - rs- 4 -b 3 = 3 sr • • * vu. 

Since when the number uv ■ * • rs is multiplied by 4, and 3 is added, 
the digit 3 is produced as the leading digit of the resulting calcula¬ 
tion, the digit u must be at least as great as 6, but since 3 sr ■ • ■ vu 
must be odd, the only possibilities are 9 or 7. We shall investigate 
both possibilities. 

When u — 9 we have 

9v • ■ * rs • 4 + 3 = 3sr • • • v9 , 

from which it follows that s = 9(5-4 must terminate in 6; if 5 = 4, 
then 34r - * • v9 is smaller than yy • * - r4-4 + 3), and so 

9v • • • r9 • 4 + 3 = 39r • • • v9 . 

That is (for u = 9), in order for 21 uv - • • rs78 to meet the conditions 
of the problem, the final digit of uv - • • rs must also be 9. In par¬ 
ticular, uv • ■ • rs must be 9, 99, 999, and so on. We obtain the num¬ 
bers 

21,978; 219,978; 2199; 978; 

We can easily verify that all such numbers satisfy the conditions of 
the problem. 

When u = 7 we have 

7v • • • r5-4 + 3 — 35r ■ • • v7 . 

Reasoning as we did initially in this problem, we find that 5 = 1, 
v = 8, r = 2; that is, the digit sequence uv - " rs must have the form 
78 - - * 21. We can easily verify that if the digit pairs 78 and 21 are 
inserted between 21 as the first digit pair, and 78 as the last digit 
pair, the resulting integer satisfies the conditions of the problem: 
For example, 
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21 78 21 78 21 78-4 = 87 12 87 12 87 12 . 

But according to the treatment for a = 9we will also obtain solu¬ 
tions if we insert the digit 9 in the appropriate positions. For ex¬ 
ample, the following numbers are solutions: 

0; 2178; 21,978; 219,978; 

2199 • • • 978, 2199 • • • 9978, • • • . (J ) 

k times (k + 1) times 

The insertion of the digit 9 may be made after any sequence 21, 
provided it is also made in the equivalent location counted from the 
other end of the number. Thus, any sequential array of digits of 
the form 

PiP t • ■ • Pn-lPnPn-l ■ ■ ■ PtPl , 

where each letter Pi is one of the numbers from the display (1). For 
example 

2,197,821,978, 

2,199,782,178,219,978 , 
21,978,021,997,800,219,978,021,978 , 

02,199,999,780 . 

(The last number can be considered a solution if we allow zeros at 
the beginning of the number.) 

It may be proven in an analogous way that all integers which are 
increased by a factor of 9 upon reversal of the digits can be obtained 
by sequentially placing together integers of the form 

0; 1089; 10,989; 109,989; • ■ 1099_— 989; 1099_— 9989; ■ • • 

k times ( k + 1) times 

in the same fashion as done for (1). 

25. (a) Let N be the number sought. Designate the number formed 
by the first three digits of N by p, and the number formed by the 
final three digits of N by q. Then the conditions of the problem 
yield 

6 (1000/> + q) = 1000tf + p (=6 N) , 

or 

(1000? + p) - (1000/> + q) = 999 (? - p) = 5N ; 
that is, N is divisible by 999. 
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P + q also mtJt bediUtble by^99. But fi^md Tire etcHh^ 

X nui " bers> and obviously neither is 999; consequently 7+ q~ 999 
We find, without difficulty, that P *“" 9 - 

(1000# + />) + (1000/. + #) = i001(/> + q ) = 7N ( 

which yields 7W = 999,999, or W = 142 857 

integi^r > ^fo'r i TKjtJ >I by^the 'first four digits of^tiiederivwi'^umber^^and 

by « the integer formed by the final f„„ r digits of A^eo^n 
7N = 10,001 (/. + q) = 99,999,999 , 

etctVdMlety 7.” ^ f ° r 8i ”“ is 

26. Let r be a number satisfying the condition of the problem 
Smce 6* must be, along with ,, a six-digit integer, the first dillT; 
x must be 1 (and the following digit cannot exceed 6). Hence- 

all different 77 ^ ° f the numbers *- 2x > 3.r, 4.r, 5.v, and 6* are 

all different and, as a result, must comprise all the digits contained 

number *) * ^ ° f th6Se digitS mUSt appear in the original 

(2) All the digits of * are different 
None of these digits is Otherwise one of the above products starts 

with an oTahio Iffie^ll^ 1 - ° f * mUSt be ° dd (otherwise 5* ends 
with an 0), also, the final digit must differ from 5 (otherwise 2* ends 

f \ Con -^ently, the final digits of the numb rs x2x iXt 

and 6, are all different, which implies that these digits compn' e aM 

the digits appearing in Therefore, one of these final St 

Smce only the number 3* can terminate with a 1 (2r 4x 6 X being 

even .having 5 as a final digit, and . itself already hating 7as 

. , rSt d ‘? lt) ' 11 follows that . must end with the digit 7■ 2. ends 

T H * 3 " 6ndS With the di ^ l: 4. ends with the dlgtt 8 

5. ends with the digit 5; and 6.r ends with the digit 2 

thf d7jit th st firSt dlgl - S ° f th6Se numbers are individual digits of 
the digit set comprising we display them in increasing order us- 
ng (asterisks to represent unknown digits); 

■£*1 = 1 **** 7 , 

£•2 = 2 **** 4 , 

■£■3 = 4 **** 1 , 
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.£•4 = 5*+**8 , 
x-5 = 7****5 , 

£•6 = 8****2 . 

In this display, not only must each row contain (on the right) all 
six distinct digits 1,2,4, 5, 7, and 8, but each column must contain 
these six distinct digits, in some order. Suppose that £-2 and £-5 
have the same digit a in a certain position, say in the third position 
(a can have only one of the two values not assumed by either the 
first or the last digit of either of the two investigated numbers). 
Since the difference £-5 — £-2 = £*3 will be a six-digit number, 
either the digit 0 or the digit 9 will stand in its third position (since 
we can take, at most, a unit carry-over into this place for the sub¬ 
traction). But this is an impossibility, since we already know that 
the number £-3 will contain neither an 0 nor a 9 as one of its digits. 

Therefore, in the above display of £-l,£-2, the sum of the di¬ 
gits in any column is 14-2 + 44-5 + 74-8 = 27. We can therefore 
add the right member of this display and obtain 

£•21 = 2,999,997 , 

whence x = 142,857, which is the integer sought. As a check we 
have: 

£= 142,857, 4£ = 571,428, 

2jc = 285,714 , 5.v = 714,285 , 

3£ = 428,571 , 6£ = 857,142 . 

27. (a) By factorization, — n = (n — 1 )n(n + 1). The factors on 
the right represent three consecutive integers, whence one of them 
is divisible by 3. 

(b) n b — n = n(n — l)(w + l)(/z 2 +l). If the integer n terminates 
with one of the digits 0,1,4, 5,6, or 9, then one of the first three 
factors on the right is divisible by 5. If n ends in one of the digits 
2, 3, 7 or 8, then n 2 ends in 4 or 9, and in this event n 2 + 1 is divisible 
by 5. 

(c) n 1 — n = n(n — l)(n-hl)(n 2 — « + l)(n 2 + « + 1). If n is divi¬ 
sible by 7, or yields a remainder of 1 or 6 upon division by 7, then 
one of the first three factors on the right is divisible by 7. If n 
yields a remainder of 2 when divided by 7 (that is, n = 7k + 2), then 
n 2 yields a remainder of 4 when divided by 7 (that is, « 2 =49/& 2 +28&+4), 
and so n 2 + n + 1 is divisible by 7. Similar reasoning shows that if 
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n-7k + 4, then again k 2 + n + 1 is divisible bv 7 Fnr h,. 
mamders 3 or 5. - „ + ! is divisible by 7 For th « 

(d) w“ — n = n(n — l)(n + l)(w 8 + n* + n* + n 2 + 1) If „ ; c h; • 
sible by 11 or yields the remainder 1 or 10 upon division by n 

then one of the first three factors is divisible by 11. If tlfis re- 

mamder ,s either 2 or 9<„ = m* 2), then „■ clearly yields a re- 

+ 11(«, + 5*,,‘ + 20 ,. a"nd i'tSs a’rtll 2£ + „ ,T££ 

™ “r”,r„s ,y verify ,ha > if 

division of « h7i’iWK a 5 h y remainin S possibilities upon 
lvision of, by 11) then «• + „• + + «* + l is divisible by 11. 

w . n n ^ n l)( w + 1)(« 2 + 1)(«‘ — n~ + l)(«< + W 2 i i\ 

procedure is analogous to that of problem (d). If „ j s divisible bv 

the °fi T ? U T diviS ' 0n by 13 the ^mainder ±1, then one of 

- 1-5 then « 2 + T!7 1S h d , 1Vi K Slble by 13: if " y* e| ds the remainder 

th!; b l ” + 1 ! S d,VISlbIe by 13; if the remainder is ±2 or ±6 

then n n + 1 is divisible by 13; if the remainder is +3 or W 

then + « 2 + 1 is divisible by 13 ±4> 

jJ t ~ 27 ~ 8 13 divisible by 27 + 8 - 35. 

{o) It is readily verified that 

n s — 5 « 3 + 4 n — n(n 2 — 1) (n 2 — 4) 

= (n - 2)(n - 1 ) n (n + 1)(„ + 2) . 

The factorization displays five consecutive integers Or, .u 

tTo S of be th dlV1Sible H by 5 L at ' eaSt ° ne ° f them is div >sibie by 3- at leaS 

4 Th ' are a' V ' S,b e ty 2; a " d °" eof «** two is divisible by 

5-3-2 4 1120 ZfT ,' he fiVe consecutive numbers is divisible by 
120 [see the solution of problem 27 (a)] 

(c) Prime factorization of the given number yields 
56,786,730 = 2-3-5-7-11-13-31 -61 . 

^J USt Sh ° W th3t mn{m6 ° ~ n60) is divisible by each of these re- 
y prime numbers. If m an d n are both odd, then m ea - n°° is 
even; consequently, mn(m 6Q — «6o\ ic q t 0 „ • ■ w 13 

2 Further it flii T } 3 50 even ’ so 11 1S divisible by 

11 !• ? ‘ t .!° ll0WS from P rob l e m 27 that if k is equal to 3,5 7 
. , and if n is not divisible by k, then the difference «*-* 
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must be divisible by k. In particular, if neither n nor m is divisible 
by 3, then m G0 — 1 = (m 30 ) 2 — 1 and n 60 — 1 = (« 30 ) 2 — 1 are divisible 
by 3; that is, m 60 and « 60 yield the same remainder, 1, upon division 
by 3. Hence, if mn is not divisible by 3, then m 60 — n 60 is divisible 
by 3, which means that in all cases mn(m fi0 — « 60 ) is divisible by 3. 
It can be shown, in the same way, that the difference 

n fo _ w 6o _ — (n lb y = (m l0 f — (w 10 ) 6 

- ( m e ) 10 - (« 6 ) 10 - ( w 5 ) 12 - ( w 5 ) 12 

is divisible by 5 in the event that neither m nor n is divisible by 5, 
and is divisible by 7 if 7 fails to divide either m or w, and the ana¬ 
logous conclusion holds for 11 and for 13. Thus, mn{m 60 — « 60 ) is 
divisible by 2-3-5-7-11-13. 

Divisibility of mn(m 60 — ;z 60 ) by 31 and by 61 is demonstrated in 
similar fashion (since n zl — n is, for all integral n f divisible by 31, 
and n 61 — n is, for all integral n , divisible by 61; problem 240). 

29. We shall use the identity 

n 2 + 3n + 5 = (n + 7)(n — 4) + 33 . 

If this number is to be divisible by 11, then for the suitable 
n , (w + 7)(» — 4) must be divisible by 11. Since (n -f 7)— («—4) = 11, 
either both terms are divisible by 11 or neither is. Hence, if 
(n + 7 ){n — 4) is divisible by 11, then it is divisible also by 121, and 
{n + 7 ){n — 4) + 33 fails to be divisible by 121. 

30. The given expression factors to 

(m — 2 n){m — n){m + n)(m + 2n){m J r2n) . 

If n =f= 0, no two of these factors are equal. However, the integer 
33 can be factored only as a product of at most four factors: 

33 = ( —ll)-3-l-(—11) , 
or 

33 = 11 -(— 3)-1 ■( —1) . 

If n — 0, the given expression becomes which cannot equal 33 
for any integral value of m. 

31. Every integer is either divisible by 5 or else can be represented 
in one of the forms 5k + 1, 5k + 2, 5& — 2, or 5k — 1. If the number 
is divisible by 5, then its 100th power is divisible by 5 3 = 125; hence, 
we need only investigate the case for integers not divisible by 5. 
According to the binomial theorem, 
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(5k ± l) 100 = (ZhY ™.+. .. _l 100-99 

; W zt ■ + ^_( 5 £)2 ± 100 . 5 ^ + l f 

tzstzz r as a r- - 

125. Also, emainder of 1 upon division by 

(5A ± 2) 100 = (5*)ioo ± ... 

100* 99 

^ (5&) 2 -2 98 ± 100-5&-2 99 +2 ,()0 . 

125 as a 

(5 _!)». = 5 .o _... + 5^. 5 _ 50 . 5+lf 
from which the remainder 1 is obtained upon division by 125 

32. The problem may be characterized as follows If „ r( , la 
lively prime to 10, then «'»■ - « = n .“ . rela ' 

~ss 5 = 

±s££i ? r -s: s 

s *j*xz ztzzzrzz i e r b, z 

by 1000. Since M- - 1NT= M<„- lx and ' sin “ ^ 

lively prime divisibility by 1000 is possible only if one of these fat 
tors is divisible by 8 and the other by 125 (neither N nor /V i • 
divisible by 1000. since N is a three-digit integer) ‘ " 

ble b" diViSib ‘ e ^ I25 ' the " N ~ 1 is dl '’ i9i - 

** Vis“afstea"VV “ h ““ 1 = 

Af V =376' ^ 125 ' ' hen N “ divisible b y 8 only if Z-T- t'.'tr 

t ^;™ce^- l_is ( ,or ^ 2) divisible by M-i, follows 

IV* a/ tu f ... * 1S ^ or a inte S ra l k divisible by MAT—1) — 

N -N. Therefore, ,f N‘ - Mends in three seros, then Z - N wil X 
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for all k ^2, end with three zeros; that is, N k will end in the same 
three digits as does N. It follows that the numbers 625 and 376 (and 
only these) satisfy the conditions of the problem. 

34. The two final digits of N 20 can be found in the following 
manner. The number A '' 20 is divisible by 4 (since N is even); fur¬ 
ther, N is not divisible by 5 (since then it would be divisible by 10, 
which denies the hypothesis). Hence, N is representable in the form 
5k zLl or 5k ±:2 (see the solution of problem 31). The number 

20*19 

(5k ± l ) 20 = (5 &) 20 ± ^yy-(5 &) 19 + • ■ • 

90*19 

+ ^YY~(5kyzt20-5k +1 

yields the remainder 1 when divided by 25, and the number 

(5k ± 2 ) 20 = (5 £) 20 it ~Y-(5ky°-2 + ■■■ 

+ ^j^5/fe) 2 -2 l 8 ±20-5£-2 19 + 2 20 

yields the same remainder upon division by 25 as does 
2 20 = (2 10 ) 2 = (1024) 2 - (1025 - l ) 2 , 

that is, 1. Since iV 20 yields the remainder 1 upon division by 25, it 
follows that the final two digits of this number can be only 01, 26, 51, 
or 76. In asmuch as jV 20 is divisible by 4, the possibilities narrow 
down to the number 76(since a number is divisible by 4 if, and only 
if, the number formed by its final two digits is so divisible). This 
yields 7 as the digit standing in the tens place of jV 20 . 

We shall now find the final three digits of iV 200 . The number iV 200 
is divisible by 8 . Further, since N and 5 are relatively prime, it 
follows that N L0Q yields the remainder 1 upon division by 125 (see 
the solution of problem 31); that is, W 100 = 125& + 1. But TV 200 — 
(125& + l ) 2 = (125&) 2 + 250& + 1 also yields the remainder 1 upon divi¬ 
sion by 125. Therefore, the only possibilities for the final three 
digits of W 200 are 126, 251, 376, 501, 626, 751, and 876. Since W 200 is 
divisible by 8 , it is clear that W 200 ends in 376, Thus, the digit in 
the hundreds place of W 200 is 3. 

Remark : It is easily reasoned that the number N 100 must end with the 
digits 376. 
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35. The series 1 + 2 + 3 


n is equal to n{n ^ 1} . Hence, 


we must show that if k is odd, then S* = 1* + 2* + 3* + ... + «* ic 

divisible by ^ ( ” + 1 i 
2 ' 

We first note that for odd k, + b‘ is divisible by « + b. Two 
cases will now be examined. 

n is an even integer. Here, the sum S* is divisible by n + 1, since 
each of the sums 


P + »*, 2 k +(n- 1)‘, 3 k + (n- 2)‘, 


is divisible by 


l+« =2 + (w-l) = 3 + ( w _2) = 


The sum S k is divisible also by -j, since 




!* + (»- i) 4 .2 k + (n- 2)‘, 3* + (n - 3)‘ • • • 

are all divisible by — 

2 * 

n is an odd integer. Here the sum S k is divisible by - + \ since 


IY . ( n + 3 W n + 1 


P + «*, 2* + (n - 1)*, 3* + („ _ 2)*, 


are a11 divisibIe ^ ^Y 1 - Also, 5, is divisible by », since 
P + (» “ l) 4 . 2* + (« - 2)*, 3* + (« - 3)*, .. 


( n - 1 \* /w + IN* . 

I 2 ) + ( 2 / ’ n 


are all divisible by n. 


36. Let N be written in the form 


N - «„-10 n + a.-JO"-* + a B _ 2 10^ z + ... +«,10 + a 0 
(the a k are, of course, the digits of N). Subtract from N the number 
M = a 0 — a y + a 2 — a 3 + • • • ± a n 
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(that is, the algebraic sum, taken with alternating signs, of the digits 
of N). A simple regrouping of terms yields 

N-M= flt(10 + 1) + af 10 2 - 1) + a 3 (10 3 + 1) 

+ fl4 ( 10* - 1) + • * • + a n ( 10 ± 1) , 

which is divisible by 11 since each term on the right is divisible by 
11 . [In fact, upon division by 11, 10 fc = (11 — l) fc yields the remainder 
— 1 if k is odd and the remainder 1 if k is even, as binomial expan¬ 
sion will show.] The number N is divisible by 11 if, and only if, 

the number M is divisible by 11 (zero, of course, is considered divisible 
by all nonzero integers). A criterion, then, is as follows: A number N 
is divisible by 11 if, and only if, the difference of the sum of digits in 
the odd-number (1st, 3rd, 5th, *••) positions and the sum of digits in 
the even-number (2nd, 4th, ■••) positions is divisible by 11. 

37. The number 15 yields the remainder 1 upon division by 7; it 
follows that 

15 2 = (7-2 + 1M7-2 + 1) = 7«! + 1 

also yields the remainder 1 upon division by 7, as does 

15 3 = 15 2 *15 = (7 n x + 1M7-2 + 1 ) = 7w 2 + 1 . 

It is now easily verified that every power of 15 yields the remainder 
1 upon division by 7. Now if the sum 1 + 2 + 3 + 4+ *•■ +14 = 
105 is subtracted from the given number, the difference can, after some 
simple regrouping and factoring, be displayed in the form 

13(15 - 1) + 12(15 2 - 1) + 11(15 3 - 1) + • • • 

+ 2(15 1Z - 1) + 1(15 13 - 1) , 

that is, each term is divisible by 7. But since the difference between 
the given number and the (decimal) number 105(= 7*15) is divisible 
by 7, it follows that the given number is also divisible by 7. 

38. Let K be an digit integer. In the set of natural numbers 
containing n + 2 digits and beginning with the digits 10 (that is, 
with numbers of aspect 10 a^a t • • • a n , this notation indicating the in¬ 
teger l- 10 n+2 + ar 10 n + a 2 'lO n ~ l + * * • +«„) there can always be found 
at least one digit which is divisible by the n-digit number K. Sup¬ 
pose this number is 10&i b 2 - * * b n . Then, to satisfy the conditions of 
the problem, both the numbers bih-'-bnlO and bib 2 * ■ • b n 0 1 would 
have to be divisible by K. Their difference is 9, which then also 
must be divisible by K . Since the only divisors of 9 are 1 , 3, and 
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9, these are the only numbers which can satisfy the conditions of 
the problem. 

39. We must show that the number 

N= 27,195 a - 10,887 9 + 10,152 3 

is divisible by 26,460 = 2 2 *3 3 *5 *7 2 . The proof will be given in two 
steps: 

(1) N= 27,195 3 -(10,887 3 -10,152 s ). Now, 27,195 = 3-5*7 2 -37, and 
so this number is divisible by 5*7 2 The difference shown in the 
parentheses is divisible by 

10,887 - 10,152 = 735 = 3*5 *7 2 

(since a 2n — b Zn is divisible by a — b). Hence, N is divisible by 5*7 2 . 

(2) iV=(27,195 9 —10,887 s )+ 10,152 3 . Now, 10,152 = 2 3 *3 a *47 is divisible 
by 2 2 -3\ The difference shown in the parentheses is divisible by 

27,195 - 10,887 = 16,308 - 2 2 -3 3 -151 . 

Thus, N is divisible by 2 2 *3 3 . 

Since N is divisible by 5*7 2 and by 2 2 *3 3 , it follows that N is divi¬ 
sible by the product of these (relatively prime) numbers, and this 
product is 26,460. 

40. It is readily verified that 

llio _ po = (ii _ i)(H 9 + ip + iv + ■ • • + ll 2 + 11 + 1) . 

The second factor of the right number is divisible by 10, since it is 
the sum of ten integers each ending with the digit 1. Inasmuch as 
both factors on the right are divisible by 10, their product is divisi¬ 
ble by 100. Therefore, ll 10 —1 is divisible by 100. Therefore, ll 10 —1 
is divisible by 100. 

41. We have 

2222 s555 + 55 5 5 2222 = (22 2 2 555 + 4 555 ) 

+ (5555 2222 - 4 2222 ) - (4 5555 - 4 2222 ) . 

Consider the three terms enclosed by parentheses. The first is 
divisible by 2222 + 4 = 2226 = 7-318 (since a 11 + b n is divisible by a + b 
if n is odd), and so this term is divisible by 7. The second term is 
also divisible by 7, since it is divisible by 5555-4 — 5551 = 7*793 
(, a n — b n is always divisible by a—b). The third term may be written 

42222(43333 __ i) = 42222(041111 _ i) . 

clearly it is divisible by 64 — 1 = 63, and hence by 7. 
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42. We use mathematical induction. The number aaa , consisting 
of three identical digits (the overbar indicating, as before, that the 
integer is given by the succession of digits shown), is divisible by 3 
(since the sum of these digits is 3 a, which is divisible by 3). Assume 
that the proposition has been proved for any integer consisting of 
3 * identical digits. The expanded integer consisting of 3 n+1 identical 
digits can be written in the following form: 

aa ■ • • a aa • ■ • a aa • * • a = aa • ■ ■ a- 100 • • * 0100j^J31 . 

3* times 3* times 3* times 3“ times 3" digits 3 * digits 

There are two factors on the right. The first factor is divisible by 3*, 
according to the induction hypothesis. The second factor is divisible 
by 3 (the sum of its digits being 3). Therefore, the product is divi¬ 
sible by 3 ttM . 

43. First note that 10 6 - 1 = 999 999 is divisible by 7 (in fact, 
999 999 = 7 • 142,857). It follows that 1(F (for any integer N) yields 
upon division by 7 the same remainder as does 10 r , where r is the 
remainder obtained by division of N by 6 , since if N = 6k + r, then 

1(F - 10 r = 10 6fc+r - 10 r = 10 r (10 8ft - 1) , 

and since 10 6 * - 1 = ( 10 ®)* - 1 is divisible by 10 6 - 1 , which in turn 
is divisible by 7, then 10 lV — 10 r is divisible by 7. This means that 
10 iV and 10 r yield the same remainder upon division by7. f 

Now, it is readily verified that every integral power of 10 yields 
a remainder of 4 upon division by 6 (that is, 10 = 4 mod 6 ). The 
exponents of each term of the sum given in the problem are all 
powers of 10, hence each exponent is congruent to 4 modulo 6 . This 
means that we can replace each of the ten terms by 10 4 in order to 
find the remainder upon division by 7. We have 

10 4 + 10 4 + ■ ■ • + 10 4 - 10 s 1,000,000 = 7-14,285 + 5 . 

^ ■ -y “ —^ 

10 terms 

Therefore, the remainder is 5. 

44. (a) Any even power of 9 may be expressed in the form 

9 2n = 81* = 81*81.81 

'---"Y-“-' 

n times 

t In more familiar terminology, 10 jV is congruent to 10 r , modulo 7, or 10 y = 
10 r (mod 7) [Editor]. 
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and therefore ends with the digit 1. Any odd power of 9 can be 
written as 9 2n+l = 9*81* and therefore ends with the digit 9. Since 
9 (s9) is an odd power of 9, it must end with the digit 9. 

It is obvious that I6 n ends with the digit 6 for all n ^ 1. Hence 
any power of 2 whose exponent is a multiple of 4 (that is, 2 4n ) ends 
with 6 , since 2* n — 16". Now, 3 4 — 1 is divisible by 3 + 1 = 4, and so 
2 < 3 *) _ 2 - 2 (34_l) , which is the product of 2 and an integer ending with 
6 , must end with 2 . 

(b) If we find the remainder yielded upon division of 2 999 by 100, 
it will be the number formed by the two final digits of 2 999 . We first 
show, that the number 2 I00 ° yields the remainder 1 upon division by 
25. In fact, 2 10 + 1 = 1024 + 1 = 1025 is divisible by 25; and so 
2 20 —1 = (2 10 + 1 )( 2 10 — 1 ) is divisible by 25. Thus, 2 1000 - 1 = (2 20 ) 50 - 1 , 
being divisible by 2 20 — 1, is also divisible by 25, and so upon divi¬ 
sion by 25 the number 2 1000 yields the remainder 1. 

It follows that the final two digits of 2 1000 can be only 01, or 
01 + 25 = 26, or 01 + 50 = 51, or 01 + 75 = 76. Since 2 1000 is divisible 
by 4, the only possibility among these four numbers is 76. Thus, 2 999 
is the quotient obtained by dividing an integer ending in 76 by 2. 
The only possibilities are 38 and 88 . Since 2 999 is divisible by 4, 
there remains the one possibility, 88 , for the final two digits. 

As above, we investigate the remainder obtained upon dividing 
3"9 by 100. We recall that every even power of 9 ends with the 
digit 1 and that every odd power ends with the digit 9 [see the 
solution to problem (a)]. Now consider the remainder obtained upon 
division of 9 s + 1 by 100. We have 

9 5 + 1 = (9 + 1)*(9 4 - 9 3 + 9 2 - 9 + 1) 

= 10*(9 4 - 9 3 + 9 2 - 9 + 1) . 

The numbers 9\ 9 2 , and 1 all end with the digit 1 , and the numbers 
9 3 and 9 end with 9. Thus, 9 4 + 9 2 + 1 ends with 3, and 9 3 + 9 ends 
with 8 , which means that the number 9 4 — 9 3 + 9 2 — 9 + 1 must end 
with 5. Accordingly, 9 5 + 1 must yield upon division by 100 the 
remainder 10-5 = 50. It follows that 9 10 — 1 = (9 5 + l)-(9 5 — 1 ) is di¬ 
visible by 100, and since 3 1000 — 1 = 9™° — 1 = (9 10 ) 50 — 1 is divisible 
by 9 10 — 1, it follows that 3 1000 — 1 is divisible by 100. Thus, 3 1000 
ends with the digits 01. But this number is, of course, divisible by 
3; consequently, the carry-over from the hundreds place of 3 1000 to 
the tens place must be 2 (if it were 0 or 1, then 3 1000 would not be 
divisible by 3). Therefore, the number 3 999 = 3 1000 /3 must end with 
the same two digits as the number 201/3 = 67. 
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(c) We must find the remainder, upon division by 100, of 
the number 14 tl4U) = (7*2) (14l4) . First we find the remainders, upon 

division by 100, of 7 <14l4) and 2 ( 14 ). 

The number 7 4 - 1 = 2401 - 1 = 2400 is divisible by 100. It follows 
that if k = 4 * (k being an integer), then 7' - 1 is divisible by 100 
(since 7 >k — 1 = (7 4 ) fc — 1* is divisible by 7 4 — 1). Now, 14“ — 2 “-7 
is divisible by 4; consequently, 7'““' - 1 is divisible by 100, which 
means that 7 , “ l, > ends with the digits 01 . 

In the solution of part (b) it was shown that 2" - 1 is divisible 
by 25; hence, if » = 20k , then 2" - 1 is divisible by 25 We will 
now find the remainder obtained from division of 14“ by 20. Clearly, 
14n = 214.714. But 2“ = 4-2 lz . Since 2‘ 2 - 1 = (2*) 3 - 1 is divisible 
by 2 4 — 1 = 16 — 1 = 15, it follows that 4(2 12 - 1) is divisible by 20, 
and consequently 2 “ = 4 - 2 “ yields upon division by 20 a remainder 
of 4 Further 7 14 = 49-7 12 . Since 7 12 yields a remainder of 1 upon 
division by 20 (12 is divisible by 4, whence 7“ - 1 is divisible by 
100 ) it follows that 49 - 7 “ yields upon division by 20 the same re¬ 
mailer as does 49, that is, 9. Similarly, 14“ = 2“-7“ yields upon 
division by 20 the same remainder as does the product 4-9 - 3b, that 
is 16- or 14“ = 20k + 16. It follows that 2'““' = 2“-2 z »‘ yields upon 
division by 25 the same remainder as does 2 16 = 65,536; that is, 2'“^’ 
can end only with one of the numbers 11, 36, 61, or 86. Since 2 
is divisible by 4, the final two digits must be 36. 

Therefore, since 7'““' ends with the digits 01, and 2 has as 
its two final digits 36, the product 7-““' -2*““’ = 14'““’ ends with 36. 

45 . (a) We make use of the fact that the product of two numbers 

ending respectively with the digits a and b will have the same fina 
digit as does the product a-b. This provides a simple solution for 
the problem. We consider successively greater powers of 7, keeping 
track of the final digit only: 7‘ ends with the digit 9; 7 3 = 7-7 z with 
the digit 3; 7* = 7-7 3 with the digit 1; and 7 7 - 7‘-7 3 with the digit . 

Moreover, we find that (7 7 ) 7 ends with the digit 7 [(7 7 ) 3 ends with 
9 * ( 7 7 ) 3 ends with 7; (7 7 ) 4 ends with 1, and, finally, (7 7 ) 7 ends with ]. 
We find, at the next stage, that the number ((7 7 ) 7 ) 7 ends with the 
same digit as does 7 7 (the digit 3), and the number (((7 7 ) 7 ) 7 ) 7 ends 
again with the digit 7, and so on. Continuation of this process must 
then yield the following rule. For an odd number of exponents 7 
we obtain a final digit 3, and for an even number of exponents we 
obtain a final digit 7. Since 1000 is an even integer, the number 
sought has 7 as its final digit. 
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If an integer ends with a two-digit number A, and another integer 
ends with a two-digit number B, then the product of the two integers 
ends with the same two-dight number as does the product A-B. 
This fact allows us to find the final two digits for the number 
mentioned by the problem. We easily verify, by the methods used 
above, that V ends with the two-digit number 43, and (7 7 ) 7 ends with 
the same two digits as does 43 7 , namely 07. It follows that in taking 
successive 7th powers, 7, 7 7 , (7 7 ) 7 , * * •, we obtain for an odd number of 
such “raises” a number with final digits 43, and for an even number 
a number with final digits 07. Therefore, the number in which we 
are interested must end with 07. 

(b) In the solution of problem (a) we saw that 7 A ends with 
the digit 1 . Therefore, 7 Ak = (7 A ) k also ends with the dight 1, and 
7 4fc+r , where k is one of the numbers 0,1, 2, or 3, ends with the same 
digit as does 7 r (since 7 Ak+r = 7 4 fc *7 r ). Thus, the problem reduces to 
finding the remainder, modulo 4 (that is, after division by 4), of the 
“exponential part” of the given number. 

The power to which 7 is raised is again a power of 7. We must 
determine the remainder obtained by dividing the latter power by 4. 
Now 7 = 8 — 1, and it follows that: 7 2 = (8 — 1)*(8 — 1) yields upon 
division by 4 the remainder 1; 7 3 = 7 2 -(8 — 1) yields upon division by 
4 the remainder —1 (equivalent, upon division by 4, to the remainder 
3); and, in general, every even power of 7 yields upon division by 4 
the remainder 1 , and odd powers yield the remainder —1 (that is, 
+ 3). For the number in question, we are concerned with an odd 
power of 7, since the exponential part is itself a power of 7, and, 
consequently, owing to the conditions of the problem, it is of form 
74 A .+3 Therefore, it ends with the same digit as does 7\ that is, 
with the digit 3. 

Since 7 A ends with 01, 7 Ak + r ends with the same two-digit number 
as does 7 r . Therefore, the given number ends with the same two 
digits as does 7 3 , that is, 43. 

46. Consider the following five numbers: 

(1) Z< = 9 . 

( 2 ) Z 2 = 9*i = (10 - l)*i 

= 10*i - -10*!- 1 + ■ ■ • + TO — 1 

(where the integers not explicitly displayed are obviously divisible 
by 100). Now, — 9, and hence the two final digits of Z 2 are the 
same as the final two digits of 9-10 — 1 = 89. 
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( 3 ) Zi = 9*2 = (10 - 1)*2 

= 10*2 - C\ 3 * 10*2- 1 + • • • —Cl 3 - 10 2 + Cz 2 TO - 1 . 

Now, Z 2 ends with 89; consequently, C\ % = Z 2 ends with 89, and 

r _ zfz^ii = 

C *2 - T2 1*2 

(the dots designating unknown digits) ends with the digit 6. Ac¬ 
cordingly, the final three digits of the number Z 3 will be the same 
as the final three digits of the number -600 + 890 - 1 - 289. 

(4) Z< = 9*3 = (10 - l)*^ 

= 10*3 - ci a to*3-l + ... + c 3 z 3 to 3 - c! 3 to 2 + <*,-10 - 1 • 
Since Z 3 ends with 289, = Z 3 ends with 289; 

_ Z a (Z 3 - 1) _ • • -289 * ■ • :g§8 , 

c **“ T2 " T2 

ends with 16, and 

Z,(Z, - l)(Zi - 2) _ •••289 • •• ■288 ■ • ••287 
= - “ 1-2-3 

ends with the digit 4. Hence, the final four digits of Z. wil > form 
the same number as do the final four digits of the number 4000 - 

1600 + 2890 - 1 = 5289. 

(5) Zi = 9*4 = (10 - 1)*4 = 10*4 - Ci 4 -10V‘ + • • ■ 

- C* 4 -10 4 + Cz 4 10 3 - C% t - 10 2 + c; 4 -io - 1 • 

Since Z. ends with 5289, C l z< = Z, ends with 5289; 


ZAZi - 1) 

1-2 


ends with 116; 


Ci = 


ZiiZi - 1)(Z« - 2) 


ends with 64; and 

- _ Z,(Z, - 1)( Zj - 2)(Z, - 3)_ 
Cz 4 - 1 • 2 ■ 3 • 4 


• ■-5289 ■ ••-5288 

1-2 

• -5289 • ••-5288 • ••-5287 

1-2-3 

. •-5289 • ••-5288 • 5287 • •••5286 
1-2-3-4 ~ 


ends with the digit 6. Therefore, Z 5 ends with the same digit as 
does the number 

— 60,000 + 64,000 — 11,600 + 52,890 — 1 = 45,289 . 
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Further, since the final four digits of the number Z% coincide with 
the final four digits of Z 4 , it follows that the final five digits of the 
number Z 6 = 9^ = (10 — l) z s coincide with the final five digits of the 
number Z 5 (=9^). It can be shown, inexactly the same way, that 
all the numbers of the sequence 

Z 5 ; Z 6 = 9-^5; Z 7 = 9*o; - * ■; Ziooo = 9^m; Z l0 oi = 9^iooo 

end with the same four digits, namely the digits forming the number 
45,289. Thus, Ziooi is the number N called for by our problem. 

47. Using the formula for the sum of a geometric progression, 
we find 


_ 50 1000 - 1 50 1000 - 1 

50-1 49 

Now 1/49 forms a periodic decimal; it is found (by tedious but 
straightforward division) to have a period of 42 digits; 

4- = 0.(020408163265306122448979591836734693877551) , 

49 

or, in abbreviated form 


where P expresses the 42 digits written above. 

The multiple of 42 nearest 1000 is 1008 = 24-42. Consequently, 


= PP - P 
24 times 


Similarly, 


lOiooa _ i 


— 1QI008 


24 times 


is an integer consisting of 1008 digits, which can be arranged in 24 
repeating groups of 42 digits each (the number M consists not of 
1008 digits but of 1007, since the number P begins with a zero). 

We construct the difference between the number N in which we 
are interested and the number M: 


N — M = 


51000.1QI000 

49~“ 


101008 _ l 

49 


1 
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C- difference N — M of two whole numbers is an integer, 

Since the ditterence iv w , r IOO o _ ins mus t 

and 10 1000 is relatively prime to 49, it follows that^ 

be divisible by 49. Hence, the number x --49 “ 13 an integer ’ 

. Hifferpnce AT - M = 10 1000 • x terminates with 1000 zeros. 

Hence the final 1000 digits of N coincide with those of M, namely 

q PP • • • P 
23 times 

where q is a group of 34 digits consisting of the last 34 digits of 
the number P. 

48. The number of zeros at the end of a number indicates how 
many times the number 10 enters as a factor. Now, 10 - 2-5. I 
the product of all the integers from 1 to 100 (that is, in 100.) e 
factor 2 enters to a higher power than does 5. Hence 100 is divisi¬ 
ble by 10 as many times as the factor 5 appears (and will terminate 
in thik manv zeros). Up to and including 100, there are 20 integers 
which are multiples of 5. Four of these (25, 50, 75 ' a ^ 10 ^ are alsO 
multiples of 25, that is each contains 5 twice as a factor. Theref , 
in the number 100! the factor 5 is encountered 24 times, and so ther 
will be 24 zeros at the end of this integer. 

49 First solution of problems (a) and ( b). 

(a) Let / + 1, t + 2, ■ • •, t + n be n consecutive integers for 

some arbitrary integer /. We first determine, for a prime number 
Ho what degree p is a factor in «!, and to what degree this prime 

enters as a f ctor in the product « + !)-(/ + ^ 

the number of integers in the sequence 1,2, for which /> is at 

east a simple factor, by the number of integers for which p is 
at least a twofold factor, and so on. Then the degree to which p 

enters as a factor in n\ is given by m = m, + m* + ■ ■ 

If s. is the number of integers of the sequence t + 1 , t + l. . 
t + n which are divisible by />, and s 2 is the num er 0 
this sequence which are divisible by P\ and so on then the degree 
s to which p enters as a factor of (f + 1) • • • ( + «) w 

* Now, + the number of in.egero in the sequence ( + !.■••. < + » »hkh 
are divisible by p is not less than in,, since among the integer 
71 1 !( + „ are the numbers 1 + p. I + 2P, ■■ : < + -A 

each interval between t + kp to t + (* + VP ^ ^ 

there is at least one integer which is divisible by p. Th , t _ i. 
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and, analogously, s 2 ^ m 2 , and so on, and so 5 ^ m. This means 

that every prime factor of n\ enters as a factor of (t + 1) * • • (/ + n) 

to a degree not less than it enters as a factor of n\. That is, the 

number (/ + 1) • • • (t + n) is divisible by n\ 

(b) The product of the first a factors of n\ is, of course, al. 
The product of the following six consecutive integers of n\ is, ac¬ 
cording to problem (a), divisible by bl. The product of the next 
successive c consecutive integers of n\ is divisible by c!, and so on. 
Since a + b + • • ■ + k ^ n, it follows that n\ is divisible by albl • ■ • kl. 

Alternate solution of problems (a) and ( b) using the result of problem 
101. Problem (b) will be considered first. The power m to which 
the prime p is a factor of a\ is, as we have seen, equal to m = 
m i + m 2 + where m v is the number of integers of the sequence 
1,2, a of which p is at least a simple factor; m 2 is the number 
of integers of which p 2 is a factor; and so on. The number of inte¬ 
gers in this sequence which are multiples of p is given by j; the 

the number of integers which are multiples of p z is given by 
and so on, where \jf^\ are ^ greatest integers in 

—, (see the remark just prior to the statement of problem 101). 

P z 

Thus, m = + \jpt\ + ’' ’• Let P be a prime number; then the 

degree to which p enters as a factor of the numerator is equal to 
\sp \ + \3* 1 + ^ egree t0 which P is a factor of the de¬ 

nominator is 


Since n ^ a + b + 
part 1 ) 


+ k, we have (using the result of problem 101 , 




[fMf] 


that is, p enters the numerator as a factor to a higher degree than 
it enters the denominator and so the given fraction is an integer. 
The proposition of problem (a) immediately follows. Consider the 
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product (t + a)l. According to what has just been proven, 

« + «)■■■(< + ]W - 1 ) • • • 1 = (a + O'- _ « + !)•"«+ «)_ 

«!/(/ - 1 ) • • • 1 alt'. al 

is an integer. 

(c) («!)! is the product of the first nl integers. These nl 
integers can be written as the product of (n — 1 )! product sets each 
containing nl successive integers. Each of these sets is, according 
to the solution of problem (a), divisible by nl. 

(d) Designate the integers by a, a + d, a + 2d, •■■,a + (n — 1 )d. 
We first show that there exists an integer k such that the product 
kd yields a remainder 1 when divided by nl. Consider the (nl — 1) 
numbers d, 2d, 3</,••■, (nl - 1 )d. None of these numbers is divisible 
by nl (since d and nl are, by hypothesis, relatively prime). Further, 
no two products pd and qd, where p and q are distinct integers less 
than nl, can yield the same remainder upon division by nl (otherwise 
pd — qd = (p — q)d would be divisible by «!). Hence the nl — 1 inte¬ 
gers all yield different remainders upon division by nl, and so, for 
some k, the remainder 1 appears upon division by nl, that is, kd = 
r-nl + 1 . 

If now we designate ka by A, we have 
ka — A 

k(a + d) — A + kd = (A + \) + r-nl , 
k(a + 2d) = A + 2kd = (A + 2) + 2r-nl , 

■ *. . .f 

k[a + (n- 1W] = A + (n — 1 )kd = [A + (w - D] + (n - D r-nl . 

It follows that 

k\a + d)(a + 2d) ■ ■ ■ [a + (n - l)d] 
gives the same remainder upon division by nl as does 
A(A + 1)(A + 2 ) • - • [A + (w - D] • 

The latter product is divisible by nl, in view of the result of problem 
(a); also k" is relatively prime to nl (since if k is not relatively prime 
to nl, then neither is kd). Therefore, nl divides a(a + d)(a + 2d) 

[a + (n - l)<f]. 

50. The number of combinations of 1000 elements taken 500 at a 
time is given by 

1000 ! 

(500! ) 2 ' 





136 


The Divisibility of Integers 


Since 7 is a prime number, the highest power of 7 which is a factor 
of 1000! [see the second solution of problem 49 (b)] is equal to 

The highest power of 7 in 500! is equal to 

and so the degree to which 7 enters the denominator of the fraction 
is 82*2 = 164. Thus, both numerator and denominator contain the 
factor 7 exactly the same number of times. When 7 164 is cancelled 
out of numerator and denominator, no multiple of 7 remains in the 
resulting number. Therefore, the integer represented by CfSoo is not 
divisible by 7. 

51. (a) It is readily seen that every prime number satisfies the 
given condition, since p does not appear as a factor in (p — 1)!. If 
n is a composite number which can be written as the product of 
two unequal factors, a and b, then both a and b are less than n — 1 , 
and consequently, both appear in the composition of (n — 1)!. This 
means that (n — 1)! is divisible by ab = n. If n is the square of a 
prime p > 2 , then n — 1 = p 2 — 1 > 2p, which implies that both p 
and 2 p enter into the product composition of (n — 1)!. Hence, (n — 1)! 
is divisible by p*2p = 2 p 1 = 2n . Thus, all the composite numbers 
except 2 2 = 4 may be eliminated. However, 4 satisfies the condition 
of the problem, as well as do all the prime numbers less than 100: 

2, 3, 4, 7,11, 13, 17, 19, 23, 29, 31,37, 41, 

43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97 . 

(b) It will be shown that (n — 1 )! fails to be divisible by n 2 
in the following cases only: n is prime, n is twice a prime, n is the 
square of a prime, n — 8 , n — 9. 

If n is neither a prime number, nor twice a prime, nor the square 
of a prime, nor the numbers 8 or 16, then n may be written as a 
product a-b, where a and b are distinct numbers, neither of which 
is less than 3. Assume b > a ^ 3. Then the numbers a, b, 2a r 2b, 3 a 
are all less than n — 1 ; moreover, a, b, and 2b are clearly distinct 
from each other, and at least one of the numbers 2a or 3 a differs 
from a, b, and 2b. Hence, in (n — 1)! there appear the distinct factors 
a, b, 2b, 2a, or else a,b,2b,3a (and possibly all of a, b, 2a, 2b, and 3 a 
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appear separately as factors of that product). In every case. (» - 1)! 
is divisible by aPb 2 = « 2 . 

Moreover, if n = p\ where p > 4 is prime, then n - 1 > 4p, ana 
(n — 1 )' contains as factors all of the numbers p, 2 p, 3 p, 4p and hence 
is divisible by p* = n\ If » = 2 p, then (n - 1)! is not divisible by 
t 1 and so it is not divisible by >z 2 ; when n — 8 or n — 9, (w 1 ). is 
not divisible by n l ( 7 ! is not divisible by 8 2 , nor is 8 ! divisible by 
q, v if n = 16 (n- D! is divisible by « 2 (since 15! contains as factors 
the numbers 2,4 = 2 2 , 6 = 3-2 ,8 = 2°, 10 = 2-5.12 = 2 2 -3.14 = 2-7, and 

so is divisible by 2' +2+ — 2+1 = 2 “ = 16 2 -2 2 ) 

Thus, the condition of problem (b) is satisfied by all the numbers 
which satisfy the condition of problem (a), and in addition by t e 
integers 6,8,9,10,14,22, 26,34,38,46, 58,62, 74,82, 86 ,94, that is, all 
primes, doubles of primes, and the integers 8 and 9. 

52. Assume that the integer n is divisible by all numbers m g V n , 
and consider the least common multiple K of all these numbers m. 
Of course, all prime numbers p n are included, as well as powers 
up to p k ^ V~n, but p*y > V~n. Assume that there are / primes 
which are less than V n, and designate them by PuPyj^-'> tn- T ^ e 
least common multiple of all the integers less than 1 /« will be the 
product K=pi l pt i ■ ■ ■ P* 1 , where k, is the integer such that 

p\' ik~\/ n < pi l+ ' (z = 1 , 2 , • ■ •, /) • 

From the / inequalites 

\/ n < pi l+l , 

Vn < Pl 1+t , 

.* I 

Vn < P\ l+l 

we obtain 

0 /ny < pi 1+1 ■ />‘ 2+1 . P* i+ ' ■ 

However, 

P^'P^' ■ •. Pt‘ + ' = PiPt ■■■ Pi £K* 

(since pt'pl 2 ■ ■ ■ pt l = K), and, consequently, p,pi P^K. Hence, 
we have 


(!/■«)* < K 2 . 
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Inasmuch as n is divisible by K, we must have K fk n, whence 
(l/ n) L < n 2 . Therefore, / < 4. Since p u p 2 , • • • p h are primes less than 
1 /7T, pi = 7 > i/ n (the fourth prime number is 7), and so n < 49, 

If we examine the integers less than 49, we readily ascertain that 
only the following integers satisfy the conditions of the problem: 

24, 12,8,6,4,3,2 . 

53. (a) Designate five consecutive integers by 
n — 2 , n — 1 , n> n + 1 , n + 2 . 

Then 

(n - 2 ) 2 + (w - l ) 2 + n 2 + (n + l ) 2 + (n + 2 ) 2 = 5w 2 + 10 = 5 (n 2 + 2) . 

If 5 (n 2 + 2 ) is a perfect square, then it mush be divisible by 25 
(it has the prime factor 5, which must appear twice), hence (n 2 + 2) 
must be divisible by 5. This is possible only if the final digit of n 2 
is 8 or 3, and no square of an integer ends in either of these digits. 

(b) Of three consecutive integers, one is divisible by 3, an¬ 
other yields a remainder of 1 upon division by 3, and the third yields 
remainder of 2 (or, equivalently, a remainder of —1). Upon multi¬ 
plication of two such integers, the remainders obtained from division 
by any number are also multiplied; actually, 

(pk + r)(qk + s) = pqk z + pks + qkr + rs = k(pqk + ps + qr) + rs . 

Hence, if a number yields the remainder 1 upon division by 3, then 
all of its powers yield the remainder 1 upon division by 3; if the 
remainder is — 1 , then all of the odd powers of the number will 
yield the remainder — 1 , and the even powers will yield the re¬ 
mainder 1 . 

Thus, given three even powers of consecutive integers, we have, 
upon division by 3, the remainder 0 for one power and the remainder 
1 for the other two. 

Therefore, the sum of even powers of three consective integers 
yields the remainder 2 when divided by 3 (or, equivalently, the re¬ 
mainder — 1 ); but no even power of any integer, as we have just 
shown, can yield this remainder upon division by 3. 

Remark : The even powers referred to in problem (b) need not be the same. 
In problem (c) note that the even powers referred to are all the same. 

(c) As we saw in the solution of problem (a), the sum of 
even powers of three consecutive integers yields a remainder of 2 
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when divided by 3. It follows that the sum of even powers of nine 
consecutive numbers yield a “remainder” of 6 upon division by 3, 
that is, this sum is divisible by 3. We must show that such a sum 
(wherein the even powers are the same) is not divisible by 3 2 = 9. 

Of nine consective integers, one is divisible by 9, and the others 
yield remainders from 1 to 8. If 2k is the (even) power to which 
the nine consecutive integers are raised, then the sum yields the 
same remainder upon division by 9 as does 

0 + l 2 * + 2 ik + 3“ + 4“ + 5“ + 6“ + 7 2t + 8 2 * 1 

or the sum 

2(1* + 4 * + 7*) 

(since 3 2 and 6 2 are divisible by 9; l 2 and 8 2 = 64 each yield a re¬ 
mainder 1; 2 2 = 4 and 7 2 = 49 yield remainders of 4; 4 2 = 16 and 
52 = 25 yield remainders of 7). 

Now note that l 3 = 1, 4 3 = 64, and 7 3 = 343 all yield the remainder 
1 upon division by 9. It follows that if k = 3/, then 1+4+7 
V + 64' + 343' yields the same remainder upon division by 9 as does 
_|_ \i = 3 ; it is not divisible by 9. If k — 3/ + 1, then l k + 4 fc + 
yjt 64+4 + 343'*7 yields the same remainder as does the sum 

1-1 + 1-4 + i -7 = 12; it is not divisible by 9. If k = 3/ + 2 , then 
p _l_ 4 * + 7 * = 1+1 + 64'-4 2 + 343'-7 2 yields the same remainder upon 
division by 9 as does the sum M + 1-16 + 1*49 = 66 ; it is not divisi¬ 
ble by 9. 

54 . (a) The sum of the digits of each number is 1 + 2 + 3 + 4 + 

5 + 6 + 7 = 28. It follows that both numbers yield a remainder of 
1 upon division by 9 (an integer yields the same remainder upon 
division by 9 as does the sum of its digits). But if AIB - n, or 
A = nB, where n is an integer different from 1, then, since B - 
9N + l, it follows from A = nB=9M+n that n must yield a re¬ 
mainder of 1 upon division by 9. The least value which n can as- 
sume is 10. However, AIB < 10, inasmuch as A and B are both 
seven-digit numbers. 

(b) Designate the integers sought by N,2N,3N. Since an integer 
yields the same remainder upon division by 9 as does the sum o 
its digits, the sum N + 2N + 3N must yield the same remainder 
upon division by 9 as does 1 + 2 + 3+ ••• + 9 = 45 in order to meet 
the condition imposed by the problem. Hence, 6 N (and consequently 
3N) is divisible by 9. 

Since 3N is to be a three-digit number, the first digit of N cannot 
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exceed 3. It follows that the last digit of N cannot be 1, since the 
integer 2N would end with 2 and 3N would end with 3, and then 
none of these three digits is available to begin N. The integer N 
cannot terminate with 5, since 2N would end with 0. Assume now 
that the final digit of N is 2; then the final digits of 2 N and 3N are, 
respectively, 4 and 6. The remaining two digits for 3N can be chosen 
only from 1,3, 5, 7, 8, and 9. Since the sum of all the digits of 3N 
must be a multiple of 9, the first two digits of 3N are either 3 and 
9 or 5 and 7. By checking all the possibilities, we find that the 
following three-digit numbers satisfy the condition of the problem: 
192, 384, 576. Analogously, we can investigate the cases for which 
N terminates with 3, 4, 6, 7, 8, or 9. This procedure will produce 
three additional solutions: 273, 546, 819; 327, 654, 981; and 219,438,657. 

55. A perfect square can terminate in only one of the digits 
0,1,4, 9, 6, or 5. Moreover, the square of an even integer is obvi¬ 
ously divisible by 4, and the square of an odd integer yields the 
remainder 1 upon division by 4 [since (2k + l) 2 = A(k 2 + k) + 1]. Hence, 
no square can end with any of the pairs 11, 99, 66, or 55, since 
numbers ending in the digits 11,99,66, or 55 yield upon division by 
4 the respective remainders 3, 3, 2, and 3). 

We now investigate which remainders are possible when a perfect 
square is divided by 16. Every integer can be represented in one 
of the following forms: 

8k , 8k ± 3 , 

8k±l , 8k ± 4 . 

8k ±2 , 

The squares of these numbers have the following forms: 

16(4& 2 ) , 16(4£ 2 zt 3k) + 9 , 

16(4& 2 ±k) + l, 16(4& 2 ± 4A + 1) . 

16(4A’ 2 ± 2k) + 4 , 

These forms show that the square of an integer is either divisible 
by 16 or will yield a remainder of 1, 4, or 9 when divided by 16. The 
possibility of ending with 1 or 9 has been excluded. A number ending 
with the succession of digits 4444 yields a remainder of 12 upon 
division by 16 and therefore must also be eliminated as a possibility 
for a perfect square. 

Therefore, if a perfect square ends with four identical digits, then 
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these digits must be zeros (for example, 100 2 = 10,000). 

56. First solution. We designate the sides of the rectangle by * 
and y, and the diagonal by z. According to the Pythagorean Theorem, 

x 2 + y 2 = z 2 

We are to prove that the product xy is divisible by 12. We shall 
first show that xy is divisible by 3, then that it is divisible by 4. 
Since 

(3k + l) 2 = 3(3k 2 + 2k) + 1 , 

and 

(3k + 2) 2 = 3(3k 2 + 4k + 1) + 1 , 

the square of every integer which is not a multiple of 3 yields a 
remainder of 1 upon division by 3. Therefore, if neither x nor y is 
divisible by 3, then the sum x z + y z will yield a remainder of 2 when 
divided by 3 and thus cannot be the square of any integer. Hence, 
a necessary condition for x 2 + y z to be the square of an integer 2 is 
that at least one of x or y be a multiple of 3, which in turn means 
that xy is divisible by 3. 

Further, not both x and y can be odd numbers, since if x - 2m + 1 
and y = 2n + 1, then 

j ^2 jy 2 — + 4 vn + 1 + 4 n z + 4 n + 1 

= 4 (m z + n + n z + n) + 2 , 

which cannot be the square of an integer (the square of an odd 
number is odd, and the square of an even number is divisible by 4). 
If both x and y are even, then their product is certainly divisible 
by 4. Assume then that x is even and y is odd. We have x = 2m, 
y = 2n + 1. The number z 2 (and hence z) is then odd (the sum of 
even and odd). If we write z = 2p + 1, we have 

(2m) 2 = (2p + l) 2 - (2n + l) 2 

= 4 p 2 + 4/> 4- 1 — 4m 2 — 4n — 1 , 

or 

m 2 = p(p + 1) - n(n + 1) . 

It follows that m 2 is an even number (each term of the above differ¬ 
ence is the product of two consecutive integers and so is even). 
Therefore, since m is even, x = 2m is divisible by 4, and so the 
product xy is divisible by 4. 
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Second solution. It follows from the formulas of the solution of 
problem 128 (a) that the sides x and y of such a rectangle can have 
lengths expressible as x = 2 tab, y = t(a 2 — ft 2 ), where t, a, b are any 
integers for which a and b are relatively prime. [The diagonal length 
is then the integer t(a 2 + ft*).] If at least one of the integers a or b 
is even, then x is divisible by 4. If both a and b are odd, then x 
is divisible by 2 and y is divisible by 2, hence xy is divisible by 4. 
Further, if either a or ft is divisible by 3, then x is divisible by 3; 
if neither a nor ft is divisible by 3, then: one of them yields a re¬ 
mainder of 1 when divided by 3 and the other a remainder of 2, 
or else both yield the same remainder. In both cases y = t(a + b){a — ft) 

is divisible by 3. Therefore, in every case the product xy is divisi¬ 
ble by 12. 

We see from the formula giving the roots of a quadratic 
equation, 


x = ~^ ± I/ft 2 — 4ac 
2a 

that the roots of the given quadratic equation will be rational if, 
and only if, the discriminant ft 2 = tec is a perfect square. Let ft = 
^ + 1, a = 2 p -f- 1, c = 2q + 1. Then we can write: 

ft 2 - 4a c = (2n + l) 2 - 4(2 p + l)(2q + 1) 

= 4« 2 + 4 n - l&pq - 8p - 8q - 3 

= 8 (- !! ^-2A,- P - ? - 1 ) + 5 , 

Since this number is odd IliEJ: 1) j s integral, since one of the 

factors of the numerator is necessarily evenj, it can be the square 

of an odd number only. Now, every odd number can be written as 
4k zt 1, and so the square of an odd number has the form 

(4k zt l) 2 = 16k 2 zt 8k + 1 = 8(2k z dz k) -f 1 . 

That is, the square of an odd number always yield the remainder 1 
upon division by 8. Therefore, since b 2 - 4 ac is odd, but yields a 
remainder of 5 upon division by 8, it cannot be a perfect square. 

58. We have 

J_ + 1 + _1_ 3n 2 + 6n + 2 

n « + 1 w + 2 “ n(n -f 1 )(n -b 2) ‘ 
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The numerator of this fraction is clearly not divisible by 3, but the 
denominator is divisible by 3 (being the product of three consecutive 
integers). Hence, since there is an uncancelled factor in the denomi¬ 
nator of the reduced fraction which differs from 2 and 5, the decimal 
representation certainly is nonterminating. We shall show that the 
denominator is not relatively prime to 10, hence that the period of 
the decimal expansion is a deferred one. 

Of the two integers n and n + 1, one must be even and the other 
odd. If n is odd, then 3 n 2 is odd, and so the numerator of the 
fraction is odd; hence it has no factor 2. If n is even, then n + 2 
is divisible by 2, and the denominator is divisible by 2 2 . But the 
numerator is divisible only by 2, since if n =2&, then 

3 n 2 + 6n + 2= 12k 2 + 12k + 2 = 2(6k 2 + 6k + 1) ; 

and so the denominator has a factor of 2 not shared with the numer¬ 
ator. Therefore, the denominator of the reduced fraction is not rela¬ 
tively prime to 10, and so its representation as a decimal must have 
deferred periodicity. 

59. (a) and (b). Of the fractions composing the sum 


M = i + 


+ 


m \ 


XI 1 1 

or N= — -f —— 
n n + 1 


+ 


+ 


1 


n + m , 


we select that one whose denominator contains the highest power of 

2 as a factor; there can be only one such term. Now, if we rewrite 
each term of the sum so as to have as denominator the least common 
multiple of all the denominators, then each of them, save the selected 
fraction, will acquire the factor 2 in its numerator, but the selected 
fraction will acquire only odd factors. Therefore, when the fractions 
are added in this form, the resulting numerator will be the sum of 
several even numbers and exactly one odd number, but the (common) 
denominator will be even. Hence the numerator will be odd and the 
denominator even, and so the sum cannot be an integer. 

(c) Consider that term of the summation whose denominator 
contains as a factor the highest power (say n) of 3. Since all the 
denominators are odd, no fraction of form can appear as a term 
of the sum K, If we obtain the least common multiple of all the 
denominators, and express all the fractions with this denominator, 
then each of them, except the selected fraction, will acquire a factor 

3 in its numerator, but the numerator of the selected fraction will 
not have a factor 3. Consequently, we obtain for K a fraction whose 
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denominator is divisible by 3 but whose numerator is not divisible 
by 3. This cannot be an integer. 

60. (a) We consider the sum using denominator (p — 1)! For the 
numerator of the sum we obtain the sum of all possible products of 
the numbers 1, 2, •••,/> — 1, taken p — 2 at a time. Since the de¬ 
nominator (p — 1)! of the sum is not divisible by p , we need only 
show that the sum of all distinct products of 1, 2, •••,/> — 1, taken 
p — 2 at a time, is divisible by p 2 . 

We designate the sum of all possible products of the numbers 
1,2, • • •, n, taken k at a time, by nl\ 

Tin — 1 -h 2 -h 3 -h * ■ ■ + W, 

77n — T 2 -h T 3 -h ■** - hl’W-h2*3-h2*4-h -f 2’W 

+ 3*4+ * ■ • + 3-w -h 4*5 + • ■ • -h (« — l)*n , 

» 

nl = 1-2-3 * • • • n = nl 

We shall show that if n + 1 = p is a prime number, then all the 
sums 

it 1 /7 2 ... /7 n_1 

11 ri, 11 n, i H n 

are divisible by p , and that Tll~ l itself is divisible by p 2 . The as¬ 
sertion of the problem will follow directly from the latter statement. 
Consider the polynomial 

P(x) = {x- l)u - 2)U - 3) . •. (X - n) . 

If this product is multiplied out, we obtain 

P(x) = x n - n\x n - 1 + nlx n ~ z - ■ ■ • + nl 

(by our hypothesis, n is even). 

Consider, further, the expression P(x)[x — (w + 1)]. This can be 
expanded in two ways: 

P(x)[x - (n + 1)] - (x n - n\x n ~ l + nlx n - 2 - ■ ■ ■ + nl)[x - (n + 1)] , 
and 

P(x)[x — (n + 1)] = (x — DU — 2)U — 3) ■ • • (x — n)(x — n — 1) 

= U “ D{[U - 1) - 1][U - 1) - 2] • • • [(x - 1) - »]} 

= u - l )-P(x - l) = U - DIU - I) n - n\{x - l)"- 1 

+ nl(x - l)*- 2 -•••+//;]. 
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We then have the equality 

(*» - n l n x n ~ l + Jr’.*"-*-+ - (» + D1 

= (x — l) n+I — n\(x — l) n + nl(x - l)* _ * — • • • + n*(x — 1). ( i ) 

If two polynomials are equal for all x, then they are identical- 

we can equate the coefficients of like powers of x from both sides 
(designating by CT = C) the (m + l)st binomial coefficient), and obtain 
the following system of equations: 

Tin + (W + 1) = Cn +1 + n * f 
Tin + (n + l)^i = Cn +1 + CnTT l n + Tin , 

lf n + (n + l)/?™ = Cl+i + CllTn + Cn-lUn + Hn , 


n n n + {n + l)/7n 1 = Cl + 1 + Ci + Cn-l/7» 

+ Cn-2^i T ' ' ' T C<JI n + Tin , 

(« + l)*tfS = l + ^ + n * + * * ■ + ^ 1 + • 

The first of these equalities is obvious. From the second, third, 

• ■ - , wth, we derive 

(n+ 1)-Ci = l,(» + D-Ci-. = 2, ••■,(» +1)-Ci = » - 1 I 
Tin — Cn + I > 

2nl = Cl + 1 + Cln\ , 

3/7 3 n = Cn + i + Cn/ln + C n ~\6 n , 

(» - l)/ 7 ;- - a +1 + Gr l n\ + CZ\n\ + • ■ • + C\nV . 

Since, by assumption, n + 1 = P is prime, 

rt r * lXfr-2) •••(/>- *+JI 

Cn+I - Is, — 1-2-3 • • • k 

is for k < />, divisible by (since the numerator of this fraction is 
divisible by p and the denominator is not). Therefore we see from 
the first formula of (2) that n\ is divisible by p, from the^second 
formula that tt\ is divisible by p, and so on up to divisibility of 
tj^~ 1 by p. 

Finally, we substitute x = p into the basic equation 
(x - l)(x - 2)(x - 3) • • • (x - P + 1) 

= x ? ~ l - n)i-ix p ~ z + n 2 P -iX p ~ 3 - //p-.x"- 4 + ■ ■ • + flp-i • 
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We obtain 

(p - 1 )! = p - n^pr-* + n 2 p - l p’-° 

- nl^pv-* + • • • + n ? ? z\p* - n v t :\p + n p P z \. 

But n P Z\ = (p — 1)!. If we cancel (p — 1)! from both sides, factor 
out p, transpose n v P z\ to the left side, and so on, we obtain 

n p P z\ = p(p>- 3 - n^pr-* + nl-.p^ -+ n p :\), 

from which we find that n v p Z\ is divisible by p 2 (the expression in 
parentheses is, as we have shown above, divisible by p if p > 3. 

(b) Using the common denominator [(p - l)!] 2 , we arrive at 

a sum 

A 

[(/> ~ l)!] 2 

where A is the sum of all possible products containing p — 2 distinct 
factors taken from the numbers l 2 , 2 2 , 3 2 , •••,(/> — l) 2 (or, as charac¬ 
terized before, “taken p - 2 at a time”). To show that A is divisible 
by p , we shall consider the square of the sum n p v z\ [the terminology 
has the same meaning as in problem (a)]. Since the square of a 
polynomial is equal to the sum of the squares of its individual terms 
plus twice the sum of all possible pairwise products of the terms, 
the sum ( n £“ 2 ) 2 consists of the terms of A plus a series of numbers 
(all the possible doubled products). We consider one of these doubled 
products: 

211-2 ■■•(;- l)(f + 1) ■■•(/>- U] x [1-2 * * ■(; - 1)0’ + 1) D] . 

This may be written in the form 

2[1 -2-3 • • - (P - 1)*1 -2 ■ ■ • (i - 1)(/ + 1) ... 0‘ - 1)0 + 1) *■*(/>- D] . 
Summing all such terms shows that 

= A + 2(p — 1)!/7?1? , 

whence 

A = (/ 7 p “-?) 2 — 2(p — l)!/7plj . 

In view of what has been proved in problem (a), A is divisible by 
/>. as was to be shown. 

61. The fraction is reducible if, and only if, its reciprocal is re¬ 
ducible. Hence we may consider - 1 - a + * ■. This 

d 1 + 2a a* + 2a 


Solutions (61-62) 

simplifies the problem to proving irreducibility for which 

is reducible if, and only if, its reciprocal is reducible. We have 

a % + 2a , a 

-= a -\ - 

a 2 + 1 a 2 + 1 

Continuation of this procedure leads to examination of 1 /a, which 
clearly is irreducible for any integer a. 

62. We first show that, for any integer b f the number of differences 
a k — a t which are divisible by b is not less than the number of 
differences k — l which are divisible by b. We first determine how 
many differences a k — ai are divisible by b . 

Assume that n 0 of the integers a u a ly ■*■,£» are divisible by b y 
that of them yield the remainder 1 upon division by b y that n 2 of 
them yield the remainder 2, and so on up to Hi -1 integers that yield 
a remainder of b — 1 when divided by b . Since an integer yields 
precisely one of the remainders 0, 1, 2, 3, 1 upon division by 

b y it is clear that 

H 0 + Hi + H 2 + • ■ • + Hi-1 = H . 

The difference a k — a t is divisible by b if, and only if, the two 
terms yield the same remainder upon division by b . The number of 
differences a k — ai divisible by b since both terms are divisible by 
b will be designated by Cl 0 = —— [clearly, there are 1 + 2 + 

■ ■ * + (h 0 — 1) of them]; the number of differences a k — ai divisible by 
b since both terms yield a remainder of 1 upon division by b will be 

designated by Cl x = and so on up to Cl b _ l = nb ~ l ^ nb rJ . - U 

differences a k — a t divisible by b since both terms yield the remainder 
b — 1 upon division by b . It follows that the total number of differ¬ 
ences a k — a t divisible by b is exactly 

N= Hq(Hq — 1) H|(Hi - 1) ■ H6-j(H6-| - 1) 

2 2 2 

This expression may by rewritten as 

_ Hq + Hi + n\ + * • ■ + n \-1 _ Hp + Hi + H 2 + * * * + Hft -1 
^ ~ 2 ~ 2 

_ Ho + Hi + n\ + ■ * * + fib-1 H 

2 “ 2 ’ 

The following expansion can be made: 
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Wo + w? + n\ + • • ■ + n \-1 
2 

_ (w 0 + n y + n 2 + • • • + Wft-j ) 2 — 2n 0 n l — 2 n 0 n 2 — ■ ■ • — 2 w&- z W 6 -i 

2 

= + y {[(Wo ~ »i ) 2 ~ Wo — wj] + [(«o — W 2 ) 2 — Wo — th] 

+ • • • + [(»*-* - »*-i ) 2 - nl- 2 - nl-i]} 

n l 1 

= ~2 ~2 ^ w ° — nl ^* ( w ° — w *)* + * ■ * + ( w 6-2 — W 6 - i ) 2 

- (wo + nf) - (nS + w 2 )-(nf-, + nl-d] 

w 2 1 

= ~2 + I(Wo Mi ) 1 + (Mo — Mj ) 2 + • • • + (M»-s — M 4 - 1) 2 

- (6 - 1X«J + n\ + ■ • • + Mi_x)] . 

[Note that in the last term within parentheses, nl.nl •■•,mL, each 
appear (6 - 1) times.] We transfer to the left member all the terms 
containing squares of m*, and divide both members by 6 , obtaining 

~2 (m# + Mi + Mj + • • • + nl~i) 

_ tt 2 (Mo Mi) 2 (Mo M 2) 2 + ■ • - + (M 4-2 — M 4 - 1) 2 

2b 2b 

from which we obtain 

N= (Mo ~ Mi ) 2 + (Mo - M 2 ) 2 + • • • + (Mt-i - Mt ) 2 M 2 M 
26 + 26 “ ~2 ■ 

We can show, in the same way, that the number N' of differences 
k — l (where k and / are integers such that n § k > l g 1 ) which are 
divisible by 6 is exactly equal to 

\ti _ (Mo — Mi) 2 + (Mq — Ms) 2 + • ■ • + (M 4-2 ~ Mt-i) 2 M 2 M 

26 + 26 ~ 2 ’ 

where w£ is the number of integers of the sequence 1, 2,3,--- p w 
which give a remainder of k upon division by b. 

It follows immediately from the formula just obtained that if n = mb 
(that is, if n is a multiple of b ), then the number N is not less than 
N f , The numbers Wo> Wi, * ■ ■, n f b-i are all equal to w, and consequently 
the sum of the squares of the pairwise differences of the numbers 
vanishes. It is less obvious that if n yields the remainder r * 0 
upon division by b (that is, n = mb + r, 0 < r < b), we obtain the 
inequality N l . Here, r of the numbers w£, n[, — (in par- 


Solutions (63) 

ticular, the numbers n[ t n[ t • ••, n f r ) are equal to m + 1, and the re¬ 
maining numbers, no, n' r +u • ■ •, w£-i, are equal to m. In order to prove 
that cannot be less than N f , we employ the following formal method. 

Since the sum of the b numbers n Qt n lf is equal to n = 

mb -H r, at least one of these numbers, say n tf does not exceed m [other¬ 
wise the sum of these numbers would be not less than b (m + 1) > n]. 
We now add one more number, a n +i, to the numbers a u a%, ••*,#*— 
a number giving a remainder of t upon division by b. Then the 
number of differences ak — at is augmented by the n differences; 
a n + L — a u a n+l — a Zy • • *, a n +1 — a n . Of these new differences exactly 
n t will be divisible by b. Now, the number of differences k — l is 
augmented by the n differences (n + 1) — 1, (n + 1) — 2, ■ • *, (n + 1) — «, 
and it is clear that m ^ n t of the differences will be divisible by b. 
Therefore, if we prove that at least as many of the ClUi differences, 
a k — au for k > / and k, l ~ 1, 2, ••*,« + 1, are divisible by b as before 
(that is, as among the differences a k — ai for k, 1 = 1, 2, • • •, n), then 
it will follow that of the number C» f of differences a k — ai (k > /; 
k, l = 1, 2, * - -, n) no fewer will be divisible by b than were divisible 
among the differences k — /, where k 7 1 = 1, 2, • ■ ■, n. If n + 1 is 
divisible by b y then our quest is ended: the result sought follows 
from what we have done (it is analagous to the case n = mb). If 
n + 1 fails to be divisible by b, then we adjoin another integer to 
the sequence a u ch 7 ■••,a n ,a n + 1,—and we may continue adjoining ad¬ 
ditional integers until their number does form a multiple of b. This 
completes the proof of the initial assertion. 

The proposition of the problem follows immediately. If b = p is 
any prime number, then p divides at least as many factors a k — ai 
as it does factors k — /; the same assertion will be true for p z , />\ 
Thus, every prime p will enter the numerator as a factor to an order 
at least as great as it enters the denominator; therefore, the denomi¬ 
nator of the fraction obtained by multiplying together all numbers 
of the form — ^ _Jj - will divide the numerator, and so that product 
will be an integer. 

63. The numbers of our sequence may be expressed in the form 
1 + 10 4 + 10 8 + - ■ - + I0* k . We shall investigate, along with these 
numbers, the integers of form 1 + 10 2 + 10 4 + 10 6 + * * ■ + 10 2 \ It is 
readily shown that 

10 u+4 - 1 = (10 4 - 1) ■ (1 + 10 4 + 10* + • ■ • + 10 4 *) , 

10 ** +2 - 1 = (10 2 - 1) • (1 + 10 2 + 10 4 + • * * + 10 2 *) . 
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Moreover, it is clear that 

10 44+4 - 1 = (10 24 + 2 - 1)(10 2 *+ 2 + 1). 

Comparison of these equalities yields 
10 u+4 - 1 = (10 4 - 1)(1 + 10 4 + 10 3 + • ■ ■ + 10 4t ) 

= (10 2 - 1)(1 + 10 2 + 10 4 + ■ ■ • + 10 2 *)(10 24 +2 + 1), 

10 4 — 1 

or, since -■ Q2 _ 1 = 10 z + 1 = 101, 

(1 + 10 4 + 10 8 + • • ■ + 10 4 *) ■ 101 

= (1 + 10 2 + 10 4 + ■ • • + 10 2 *)(10“+ 2 + 1). 

Since 101 is a prime number, either 1 + 10 2 + 10 4 + • ■ • + 10 2 * or 
10“ +2 + 1 is divisible by 101. If k > 1, then whichever of these two 
numbers is divisible by 101, the quotient will exceed 1; hence 
1 + 10 4 + 10 8 + ■ • • + 10 4i is, for k > 1, expressible as the product 

of two (nontrivial) factors. If k = 1, we have the number 10 4 + 1 = 

10,001, which is a composite number (10,001 = 73-137). 

Remark'. It is possible to prove in a similar way that the following numbers 
are all composite: 

100 • • - 0100 • ■ • 01,100 • • • 0100 ■ • • 0100 • ■ • 01, • • • . 

{2k + 1) (2T+T) (2A+1) <2ft + I) (2 aTT) 

64. (a) We have 

a 129 - b 128 = (a 9 * + b G4 )(a 94 - b 94 ) 

= ( a 64 + b 94 ){a Z2 + b Z2 ){a Z2 - b Z2 ) 

= (, a 64 + b G4 )(a Z2 + b Z2 )(a 16 + b lG )(a lG - b lG ) = • • - 
= ( a 64 + b G4 )(a Z2 + b Z2 )(a iG + b'*)(a 9 + b*) 

x 0 a 4 + b'){a 2 + b 2 )(a + b)(a - b) . 

Consequently, the required quotient is equal to a — b. 

(b) As in part (a), 

_ g »* +1 - b 2k+i _ 

(a -r b)(a 2 + b 2 )(a 4 + b*)(a 8 + b 9 ) * ■ ■ (a 2k ~ l + b 2k ~ l )(a 2tc -h b 2k ) ~ a ~ b • 

65. We note that 

2 2n - 1 = (2 27l_l + l)(2 2n ~ l - 1) 

= (2 27l_1 + l)(2 27l ~ 2 + 1)(2 2 "“ 2 - 1) = ... 

= (2 27l_l + l)(2 2n - 2 + l)(2 2 "" a -f 1) • • • (2 2 + 1)(2 -h 1)(2 - 1). 
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(See problem 64. The last factor, 2 — 1, can be disregarded.) Thus, 
the integer 2 2 * — 1 = (2 2 * -hi) — 2 is divisible by all the numbers of 
the given sequence which it exceeds. It follows that if 2 2 * + 1 and 
2 2Jt -h 1, where k < n, have a common nontrivial divisor, then this 
common divisor must also divide 2, and hence must be 2. Since all 
the integers of the sequence are odd, it follows that there exists no 
common divisor for any two of them. 

66. The number 2 n is not divisible by 3. If 2* yields the remainder 
1 upon division by 3, then 2 n — 1 is divisible by 3; if 2 n yields the 
remainder 2 upon division by 3, then 2 n + 1 is divisible by 3. There¬ 
fore, in all cases one of the two numbers, 2 n — 1 or 2 n + 1, is divisi¬ 
ble by 3; hence, if both integers exceed 3, they cannot both be 
primes. 

67. (a) If a prime number p > 3 yields the remainder 2 when 
divided by 3, then Sp — 1 is divisible by 3. Hence, to meet the 
condition of the problem, p must yield the remainder 1 when divided 
by 3. But Sp + 1 is divisible by 3. If p = 3, then Sp + 1 = 25, which 
is composite. 

(b) If p is not divisible by 3, then p 2 yields the remainder 1 
when divided by 3 [see the solution of problem 53 (b)], and then 
Sp 2 + 1 is divisible by 3. Hence, the condition of the problem can 
be met only if p = 3. But then Sp 2 — 1 = 71 is a prime number. 

68. If p > 3 is a prime, it can yield only 1 or 5 as a remainder 
upon division by 6 (if p = 6k + 2, or p = 6& + 4, then it is an even 
number; if p — 6k + 3, then it is divisible by 3). Hence, the square 
of the prime p must have one of the two forms 36& 2 + 12w -f 1 or 
36n 2 -f 60 n + 25. Each of these integers yields the remainder 1 when 
divided by 12. 

69. As explained in the solution of problem 68, a prime number 
p > 3 must have one of the two forms 6n + 1 or 6n -f 5. Given three 
distinct primes, all exceeding 3, at least two of them must yield the 
same remainder upon division by 6. The difference between these 
two numbers, which is d or 2d, where d is the common difference 
of the arithmetic progression, is then divisible by 6, whence, neces¬ 
sarily, the common difference d is divisible by 3. But since d is the 
difference of two odd numbers, it is also divisible by 2. Therefore, 
in every case, d must be divisible by 6. [See also the solution of 
problem 70 (a).] 
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70. (a) Since all primes exceeding 2 are odd, the common differ¬ 
ence of the arithmetic progression sought must be an even number; 
hence, we may eliminate 2 as a possible term of the progression. 
Also, since there are certainly three successive terms of the pro¬ 
gression, all of which exceed 3 and which by themselves must form 
an arithmetic progression, the common difference d must be (ac¬ 
cording to problem 69) divisible by 6, that is, divisible by both 2 
and by 3. 

We now show that d must be divisible by 5. Assume d is not 
divisible by 5. Then the numbers 

a, a + d t a + 2d, a + 3d, a + 4d 

all yield different remainders upon division by 5 (if two of the re¬ 
mainders are equal, then it is easily shown that d is divisible by 5, 
a contradiction of the assumption just made). Thus, one of the 
numbers of the progression is then divisible by 5. Since all the 
term of the progression are prime, this is a contradiction. Hence 
d must be divisible by 5. We can show, in the same manner, that 
d must be divisible by 7. (This conclusion cannot be reached for 
11, since there are to be only ten terms in the progression, and 
a, a + d, ••■,« + 9d would not necessarily provide a number divisible 
by 11.) Therefore, the common difference d of the progression must 
be a multiple of 2-3-5-7 = 210; that is, d = 210#. 

According to the conditions of the problem, 

= a x + 9d = a x + 1890# < 3000 . 

This inequality is impossible for k ^ 2, hence, necessarily, k = 1. It 
follows that 

a, < 3000 - 9 d= 3000 - 1890 = 1110 . 

Now, 210 =11-19 + 1; consequently, the {m + l)st term of the pro¬ 
gression may be represented in the form 

a m+l ~ + (IT 19 + 1) • m = 11*19 m + (a t + m) . 

It follows that if a v yields a remainder of 2 upon division by 11, 
then a lQ is divisible by 11. If a x yields a remainder of 3 when divided 
by 11, then a* is divisible by 11, and so on. Therefore, a x cannot 
yield upon division by 11 any of the remainders 2, 3,4, ■*•, or 10. 
If a x + 11, then since a x is prime it cannot be divisible by 11; this 
means that either a x = 11 or a x yields a remainder of 1 upon division 
by 11, Further, since 210 =13*16 + 16 + 2, and so 


a m+l = a x + (13*16 + 2 )m = 13*16w + (a x + 2m) , 

it may be shown that if a x is divisible by 13, it can yield as a re¬ 
mainder only one of the numbers 2,4,6,8,10, or 12. Since a, is odd 
(as are all the terms of the progression), either a, = 11 or it can be 
written in one of the following forms: 

2-11-13/+ 23 = 286/+ 23 , 286/+ 155 , 

286/ + 45 , 286/ + 177 , 

286/ + 67 , 286/ + 199 , 

Since a x < 1110, the possible values for a x are limited to the integers 

11; 23, 309, 595, 881; 45, 331, 615,903; 67, 353, 637, 925; 

155, 441,727,1013; 177, 463, 749,1035; 199, 485, 771,1057 , 

of which the following are prime: 

11,23,881, 331,67, 353,727,1013,463,199 . 

We have found the necessary conditions for the existence of the 
progression sought; namely, d = 210, and a, equal to one of the prime 
numbers listed. We must test each of the possibilities (for example, 
a, = 11 is quickly found untenable, since then a 2 = 221 = 13-17, which 
is not prime). Exactly one of the above primes, a , = 199, will pro¬ 
duce an acceptable progression: 

199,409,619,829,1039,1249,1459,1669,1879, 2089 . 

(b) This problem is solved in a manner analogous to the 
solution of problem (a); however, the progression found there cannot 
be extended since the following term fails to be prime. 

If a x =£ 11, then, proceeding exactly as in problem (a), we find t a 
the common difference d of the progression sought must be a multi¬ 
ple of 2-3-5-7-11 = 2310 (d = 2310*). It follows that 
a„ = a, + 23 100* > 20,000 . 

Hence we need investigate only the case for which a, = 11. Here, 
we can have only d = 210*. Since 210 = 13-16 + 2, we can write for 
the general term of the desired progression 

a n+1 = 11 + (13-16 + 2 )kn = 13(16*« + 1) + 2 (kn - 1) . 

However, for any * = 1, 2, 3,4, 5,7,8,9, or 10, we can always find 
an 10 such that kn - 1 is divisible by 13, whence a n+l fails to 
be a prime number. (These values of n are, respectively, 1,7,9,10, 
8, 2, 5, 3, 4.) If k = 6 and d = 210*6 = 1260, then 
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a 4 = 11 + 3 • 1260 = 3791 f 

which is divisible by 17. Therefore, if a L = 11, then necessarily 
k > 10, and so d ^ 2100, but then a lQ > 20,000. 

71. (a) If the difference of two odd numbers does not exceed 4, 
then they cannot have a common divisor which exceeds 4. Thus, 
two of the five consecutive numbers can either have at most a 
common divisor of 2, 3, or 4 or be relatively prime. At least two 
of the five consecutive numbers must be odd, and of two consecutive 
odd numbers at least one will fail to be divisible by 3. Hence there 
is at least one odd number among the five consecutive integers which 
fails to be divisible by 3. This integer will necessarily be relatively 
prime to the remaining four integers. 

(b) The reasoning employed here closely resembles that used 
in problem (a), but it is much more involved. If the difference of 
two odd numbers does not exceed /e, then they cannot have a common 
divisor which exceeds k. To determine whether two integers are 
relatively prime, it suffices to consider only prime factors; hence it 
suffices to show that, given sixteen consecutive integers, it is always 
possible to find one of them which fails to have in common with 
any one of the other integers a divisor of 2,3,5,7,11, or 13. That 
integer will be relatively prime to all the others. 

First we discard the even numbers of the sixteen successive inte¬ 
gers. There remain eight consecutive odd numbers. Divisibility 
by 3 clearly holds for either 

(1) the first, fourth, and seventh of these eight numbers, 

(2) for the second, fifth, and eighth numbers, or 

(3) for the third and sixth numbers. 

Divisibility by 5 holds for either the first and sixth, or for the second 
and seventh, or for the third and eighth, or for one number only 
(the fourth or the fifth). Divisibility by 7 holds either for the first 
and eighth or for only one of the other integers. One, and only 
one, of the odd numbers can be divisible by 11, and only one by 13. 

If not more than five of the eight consective odd numbers are 
divisible by one of the primes 3, 5, or 7, then there must exist among 
the remaining three (or more) odd numbers at least one which is 
divisible neither by 11 nor by 13. Since that number will fail to 
have 2, 3, 5, 7, 11, or 13 as a factor, it will be relatively prime to all 
the other integers of the original sequence of sixteen numbers. 

We now consider the case in which the number of odd integers 
divisible by 3, 5, or 7 does not exceed six (which is the maximal 
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number of odd integers of the sequence which can be so divisible). 
We first assume that three of the eight odd numbers are divisible 
by 3. Then, depending upon which three numbers these are (first 
and fourth and seventh, or second and fifth and eighth), two re¬ 
maining numbers can be divisible by 5 (third and eighth, or first 
and sixth), and one of the remaining numbers might be divisible 
by 7. 

If we strike out the (at most) five numbers divisible by 3 or by 
5, there will remain either the second and fifth and sixth or the 
third and fourth and seventh of the eight odd numbers. We consider 
the first case. The second, fifth and sixth odd numbers stand either 
in the fourth, tenth, and twelfth positions of the original sequence 
of sixteen numbers or in the third ninth and eleventh positions of 
that sequence. In the first-named positioning two of these odd 
numbers must fail to have 7 as a divisor; and, of these two, neither 
can have a common divisor of 13 with any other number of the 
original sequence, since both differ from all the other numbers by 
less than 13. Since at most one of these two numbers is divisible 
by 11, at least one remains which cannot be divisible by 2,3,5,7,11, 
or 13 and so must be relatively prime to all the other numbers of 
the original sequence. In the second-named positioning (third, ninth, 
and eleventh), if one of these odd numbers has the factor 13 in 
common with another number of the original sequence of sixteen 
consecutive numbers, it can be only that number standing in the 
third position. If we throw out that number, we are left with num¬ 
bers in the ninth and eleventh positions. Only one of these two 
numbers can be divisible by 7; whichever it is, the remaining one 
cannot have a factor of 11 in common with any other number of 
the original sequence, since it differs from all of them by a number 
less than 11. Hence at least one number will be relatively prime to 
all the others of the original sequence. The argument for the case 
in which the third, fourth, and seventh numbers of the sequence of 
odd integers remain after those divisible by 3 or by 5 are thrown 
out is quite analogous, and is left for the reader. 

If only two numbers of the sequence of eight odd numbers are 
divisible by 3 (the third and sixth), then it is possible for two of 
the remaining numbers (the first and eighth) to be divisible by 7, 
and two more can be divisible by 5 (the second and seventh). If 
these six numbers are struck out, only the fourth and fifth of the 
eight odd numbers are retained, and these two are not divisible by 
3, 5, or 7. Each of these remaining two numbers will be relatively 
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prime to the other fifteen numbers of the original sequence, since 
each of them will differ from the remaining fifteen numbers by less 
than 11, and hence could not share with any of them a common 
divisor of 11 or 13. This completes the proof. 

Remark: The proposition may be proved for any sequence of successive 
integers fewer than sixteen (say, ten or twelve) by techniques similar to that 
used above. The proposition does not hold for a sequence of seventeen num¬ 
bers.' Whether such a proposition is true for k> 17 numbers, or for special 
numbers le, is not known, 

72. Since 6 = 3-2, the product in question will be the same as 
that obtained by multiplying the integer A t consisting of 666 digits 
9 by the integer B l composed of 666 digits 2. But A, is 1 less than 
10"' (the di § it 1 with 666 2er os following); and so if is multiplied 
by A ,, the result is the same as multiplying B, by 10 666 (which 
yields an integer composed of 666 digits 2 followed by 666 zeros) 
and subtracting the integer B t . It clearly follows that the result 
will be a number of form 

22 • • • 2177 • • • 78 . 

~665 ^665^ 

73. The number 777,777 is exactly divisible by 1001, yielding the 
quotient 777. Hence the number 

777 • 700000 , 

^996 

yields, upon division by 1001, a quotient of 

7 77 000 777 000 • - ■ 777 000 00 . 
the grouping 777,000 repeated 166 times 

Moreover, the number 77,777 yields a quotient of 77 and a re- 
mamder of 700 upon division by 1001; and so the quotient obtained 
by dividing A by 1001 has the form 

7 77 000 777 000 ••• 777 00077 , 
the grouping 777,000 repeated 166 times 
and there is a remainder of 700. 

74 ‘ Sin ce the integer 222,222 is not a perfect square, the integer 

' The “counter-example” displayed in the original Russion text is incorrect 
and so not given here [Editor]. 
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sought has the form 222,222 a 7 a% where a u a% t ■ • ■, a n are to be 

determined. 

First assume that the integer n is even: n = 2k. We shall employ 
the usual process for finding the square root: 

\/22 22 22 a 7 a» ■ * * — 471 405 

16 

87 6 22 
7 609 


941 

13 22 

1 

941 

9424 

3 81 o 7 (i% 

4 

37696 

942805 I x t x 2 x 3 a 9 a 10 a ll a l2 


5 14 7 1 4 0 2 5 


(the fifth digit of the result is 0, since x x can be only 4 or 5, and 
analogous reasoning shows that the sixth digit, if it is to terminate 
the square root and produce a least number, will be 5). 

The remainder now vanishes if a 9 = 4, a 10 = 0, a n = 2, a l2 = 5 and 
Xi = 4, x 2 = 7, * 3 = 1; it is easily deduced that a s = 6 4- 1 = 7 and 
a 7 = (7 + 9) — 10 = 6. Hence the smallest integer with an even num¬ 
ber of digits and satisfying the conditions of the problem is 

222,222,674,025 = 471,405 2 . 

Now we assume that n is odd, 2k + 1, and we obtain 


/ 2 22 22 2a 7^809 

1 


’ * Cl2kU2k+ 


149071 


24 122 
4 96 

289 26 22 
9 26 01 


29807 

21 2#7 Oqo 9 

7 

20 86 4 9 

298141 


1 

2 98 1 4 2 

298142 

XiXtX 7 xa*x x <fa lt a x% 


Since the number formed by the digits x u x 2 is not less than 33 
( = 119 — 86) and does not exceed 43 ( = 129 — 86), it follows that the 
sixth digit of the root is 1. Hence the extraction of the root does 
not end here, but continues. Consequently, the smallest number 
having an odd number of digits, and satisfying the conditions of the 
problem, is not less than the twelve-digit number 222,222,674,025. 
Therefore, this is the number sought. 
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75. If the positive number a is less than 1, then Va is less than 
1. Assume that the decimal representation of Va mentioned in the 
problemhas fewer than 100 digits 9 at its beginning. This implies 

that V a< 1 — ("io/ • If we square both sides of this inequality, 


we have 


i-wT+teT- 


0 / 1 \i°o / 1 

< 1 “ VW) : therefore -« < 1 - (■ 


But 1 2 ( io ) + (if) < 1 “ (if) , 0 ° : therefore *« < i - 

which means that the decimal representing a. cannot begin with 100 
digits 9. This contradiction proves the proposition of the problem. 

76. The desired number commencing with the digits 523 and 
divisible by 7-8-9 = 504 can be written in the form 523,000 + X, 
where A" is a three-digit number. Ordinary division yields 523,000 = 
504-1037 + 352; that is, 523,000 yields a remainder of 352 when di¬ 
vided by 504. Since the sum of 523,000 and the three-digit number 
x must be divisible by 504, it follows that X can be equal to 

504 - 352 = 152 , 

or to 

2-504 - 352 = 656 

(the number 3-504 -352 has four digits). Hence the two numbers 
523,152 and 523,656 satisfy the conditions of the problem. 

77. Let N be the desired four-digit number. The conditions of 
the problem gives 

N= 131£ + 112 = 132/ + 98 , 

where k and / are positive integers. Since W is a four-digit number 
it is clear that 

/ = < Mil < 75.02 

13 9 . ^ 1Q9 ^ 


that is, / g 75. Further, 

13U + 112 = 132/ + 98 ; 
131(Ar -/) = /- 14 . 


It is evident that if k - l is not zero, then / — 14 exceeds 130 in 
absolute value, which is impossible if / g 75. Therefore, necessarily 
k — l — 0, or k — l. This yields 
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/ - 14 = 0 , 
k = l= 14 ; 

N= 131-14 + 112 ( = 132-14 + 98) = 1946 . 

78. (a) The number given in this problem has 2 n digits and may 
be written as follows: 

4 - 10 2 ”" 1 + 9 - 10 2 ”- 2 + 4 - 10 2 ”“ 3 + 9 ( 10 2 ”- + IO 2 *- 5 + • ■■ + 10 ”) + 5 - 10 ”-> 
+ 5 - 10”" 2 = 4 - 10 2 "- 1 + 9 - 10 2 ”~ 2 + 4 TO 2 ” 3 + 9 - 10 ” 10 " - y ~ 1 
+ 5 - 10 “~ l + 5 - 10”" 2 = 4 - 10 2 "-' + 9 - 10 2 "- 2 + 5 - 10 2 *- 3 - 10 ” 

+ 5TO” -1 + 5-10”- 2 = j (8-10 2 ”- 1 + 18-10 2 ”' 2 + 10-10 2 ”- 3 

- 2-10” + 10” + IO”' 1 ) = y(9-10 2 "- 1 + 9-10 2 " -2 — 9-10” -1 ) 

[(10” - 1) + lO^l-O-lO”- 1 
2 

This number is equal to the sum of the arithmetic progression 
having common difference 1 and having lO^ 1 as its first term and 
10* — 1 as its last term (the number of terms of this progression is 
equal to 10 n — lO 7 ^ 1 = 9-XO 7 ^ 1 ), which is the sum of all the ?z-digit 
integers. 

(b) The number of integers (in the sum) which have a given 
digit a as first digit (a may be 1,2, 3, 4, or 5) is 6-6*3 = 108 (since 
any of the six digits 0,1,2, 3, 4, 5 may stand in the second or in the 
third position, and any one of the three digits 0, 2, 4 may terminate 
the even integer). Consider the contribution made to the sum by 
the thousands column: when the digit 1 stands here the sum is 
1*108*1000; when the digit 2 stands here, the contribution of this 
column to the sum is 2*108-1000; and so on. Thus, the contribution 
made by the thousands column to the sum is the total 

(1 + 2 + 3 + 4 + 5)-108-1000 - 1,620,000 . 

Now we consider, in analogous fashion, the contribution to the 
sum made by the hundreds place of the numbers. For any digit b 
in this (second) position there are 5-6-3 — 90 possible numbers in the 
other positions. This column contributes to the sum the total 

(1 + 2 + 3 + 4 + 5)-90-100 = 135,000 . 

(We need not consider here the numbers in which the digit 0 stands 
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in the hundreds position; they contribute 0*90*100 = 0 to the total 
for this column.) 

In a similar manner we find that the sum contributed by the tens 
column is (1 4- 2 4- 3 4- 4 + 5) *90 *10 = 13,500; and the sum contributed 
by the units column is (2 4- 4)*5*6*6 = 1080. Therefore, the sum 
sought is equal to 

1,620,000 4- 135,000 4- 13,500 4- 1080 = 1,769,580 . 

79. We first investigate the integers from 0 to 99,999,999. In so 
doing we “fill in” with zeros at the beginning, all integers having 
fewer than eight digits so that these integers have the format of 
eight-digit numbers. We then have 100,000,000 eight-digit “numbers.” 
To write all of these, we shall need a stockpile containing 800,000,000 
digits. Now, if we write 00,000,000 at the top of a sheet and 
99,999,999 at the bottom and, moving from the top down and from 
the bottom up, fill in the successive numbers (always filling in with 
zeros where necessary), we readily see that each digit (including 
zero) will be used exactly the same number of times. That is, if 
the stockpile of 800,000,000 digits is partitioned into ten bins, each 
labeled for a different digit, then each bin will contain 80,000,000 
digits all of the same kind. 

Now we calculate how many zeros we have used to fill out inte¬ 
gers containing fewer than eight meaningful digits. There are nine 
one-digit numbers (omitting zero), 99 — 9 = 90 two-digit numbers, 
999 — 99 = 900 three digit-numbers, and so on. To fill out the one¬ 
digit numbers, we used seven zeros; to fill out the two-digit numbers, 
we needed six zeros; and so on. Hence the total number of extrane¬ 
ous zeros required for filling out the numbers (disregarding the zeros 
used for the first “number,” 00,000,000) is given by the series 

7*9 4- 6*90 4- 5*900 4- 4*9000 4- 3*90,000 

4- 2*900*000 4- 1*9,000,000 = 11,111,103 . 

We now append the digit 1 to the first number 00,000,000, thus 
obtaining all the integers from 1 to 100,000,000. In order to write 
all these numbers we need 80,000,000 twos and the same number of 
threes, fours, and so on up to and including nines; we also need 
80,000,001 digits 1 and 80,000,000 - 11,111,103 = 68,888,897 zeros. 

80. In all, there are nine one-digit numbers, 99 — 9 = 90 two-digit 
numbers, 999 — 99 = 900 three-digit numbers; and, in general, there 
are 9-10* w-digit numbers. 
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One-digit numbers occupy nine positions in the sequential 
written in the problem. Two-digit numbers occupy the next^ ■ 

180 positions; three-digit numbers occupy the next 900-3 - 2700 posi 
tions° S four-digit numbers occupy the next 9000-4 = 36,000 portion.; 
Z Jive-digH number* occupy the next 90,000 5 = 450,000 posmone. 

It is clear that the digit of interest to us appears in one of the ft 
digit numbers, since we have filled only 38,889 positions before 
starting to write five-digit numbers, and when we have appended 
the five-dight numbers we will have filled 488,889 places. 

To find out how many five-digit numbers are in the interval from 
the 38,889th to the 206,788th position, we divide the difference 
206,788 - 38,889 = 167,889 by 5: 

206,788 - 38,889 = 5-33,579 + 4 . 

Thus, the digit sought must belong to the 33,580th five-digit number 
that is. to the number 33,579 (since the live digit numbers began with 
10,000). The digit sought is the fourth digit of this number. 7. 

81. Assume that the decimal 0-1234 - -■ is periodic, that n is the 
periodicity (number of digits in a period), and that k is the number 
of digits encountered before the periodic position starts. Consider 
the integer 10" (the digit 1 followed by m zeros), where m is not 
less than n + k. In composing the decimal we wrote in succession 
all the integers; hence any chosen number N will appear somewhere 
(it will surely appear when we append the nth integer) Since in 
the 'sequence of numbers written in to make up the infinite decimal 
m>n + k zeros must be encountered, it follows that the on y pos 
sible period consists of one zero-a situation which does not hold 
for this decimal. Hence the decimal is not periodic. 

82. Let us take nine weights weighing n\ (n + D 2 . (» + 2 ) 2 - 
(„ + 8) 2 units (for a suitable n) and group them in three sets as 

follows: 

Set I: « 2 , (n + 5) 2 , (n + 7) 2 . 

Then, m 2 + (n + 5) 2 + (n + 7)* = 3m 2 + 24m + 74. 

Set II: (n + l) 2 , (* + 3) 2 , (n + 8) 2 . 

Then, (» + l) 2 + (« + 3) 2 + (» + 8) 2 - 3m 2 + 24m + 74. 

Set III: (n + 2) 2 , (m + 4) 2 , (m + 6) 2 . 

Then, (m + 2) 2 + (n + 4) 2 + (« + 6) 2 = 3n 2 + 24m + 56. 

For any allowable n the total weights of the first and second sets 
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are equal, and the total weight of the third set is lighter by 18 units. 

If we do this for n = 1, we will have taken the first nine weights 
and grouped them as follows: Set I: 1,6,8; Set II: 2,4,9; Set III: 
3, 5, 7. The first two sets are equal in weight, and the third is 18 
units lighter. We now do this for n — 10 (thus choosing the next 
nine weights), but after the groupings we interchange the second 
and third sets, which means that the second set is 18 units lighter 
than the other two sets. We do this for the third set of nine weights 
(n = 19), and after grouping as for the first trial we interchange the 
first and third sets, whence the first set is 18 units lighter than 
the other two sets. It is now clear how the three final groupings 
may be made. 

83. Draw a ray from the pin through one of the vertices of the 

polygon. If this ray turns through 25£°, then it must contain another 
vertex of the polygon. Now, 25^° is 17/240 of the circumference. 
Since 17 and 240 are relatively prime, if the ray is turned through 
an angle of 25^ any number of times up to 239 times, it will 
not duplicate a prior position. If the ray is turned through this 
angle m times, it turns through 17m/240 circumferences. In order 
for the &th and /th turns of the ray to fall on a prior position, 
17&/240 circumferences must differ from 17//240 circumferences by 
an integral number; that is, ■- must be an integer. There¬ 

fore, k — l must be divisible by 240. It follows that either k — l or 
k ^ 240. Counting in the initial position we obtain 240 different rays. 
One vertex lies on each of these rays, and hence there can be no 
fewer than 240 vertices. On the other hand, the 240-sided polygon, 
upon rotation through 17/240 of a circumference, coincides with its 
initial position. Hence the least number of sides which the polygon 
can have is 240. 

84. (a) The first digit of each of the three-digit numbers must 
be the smallest possible one; hence we may assume that the three 
numbers have the form 

lAa, 2Bb , 3 Cc , 

where the overbar indicates a succession of digits; for example, 
2 Bb = 2-10 2 + B -10 + b. 

We shall show that necessarily: A < B < C; a < b < c\ each of the 
digits a , b , and c is greater than any of the digits A, B , and C. 

(1) Assume A > B. Then Aa > Bb , and so 


Solutions (83-84) 


163 


\Aa-2Bb-2Aa-\Bb _ _ 

= (100 + j4a)(200 + m- (200 + AaXlOO + Bb) 

= 100 (Aa - Bb) > 0 , 
which would mean that 

\Bb-2Aa-3Cc < LAa ■ 2Bb-3Cc , 

whence the product on the right would not be the least as required. 
The assumption B > C will produce a similar contradiction. 

(2) Assume a > b. Then 

TAa-Wb - LAb-Wa _ __ 

= (10-12 + «X10-2B + b) - (10-1 A + M10-2 B + a) 

= (10-25 - 10-L4)(« - b) > 0 , 

which would mean that 

lAb'2Ba'3Cc < lAa-2Bb-3Cc , 

which again is a contradiction. The result b < c is similarly shown 
(3) Assume C > a, or C = a + x, where * > 0. According to the 
first demonstration C is the largest of the digits A, B, C; and according 
to the second demonstration « is the smallest of the digits a, b, c. In 
this case we would have 

~\Aa-3Cc - TAC-3ac = LAa-(3ac + 10*) - d Aa + *)(3 ac) 

= *(10- L Aa - 3 ac) > 0 , 

which yields the contradiction 

\AC-2Bb-3ac < TAa-2Bb-3Cc . 

It follows from (1), (2), and (3) that 

A<B<C<a<b<c, 

whence the product sought is composed as follows: 

147-258-369 . 

(b) It is clear that the largest digits must be the initial digits of 
each number; hence we may write the product in the form 

9Aa-8Bb-7Cc . 

Employing techniques analogous to those used in problem (a) we 
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readily prove that: A < B < C; a < b < c; each of the digits a b c 
is smaller than any of the digits A, B, C. That is, 

a<b<c<A<B<C, 
and so the product sought is 

941-852-763 . 

la^or tYe'? m + f (m + + " ' + (m + k) = 100 °- Usin 8 the formu¬ 

la for the sum of an arithmetic progression, we have 

2m + k 

- 2 -(* + 1 ) = 1000 , 

or 

(2m + k)(k + 1 ) = 2000 . 

the 1 Wt + k) ~ + D = 2m - 1 is odd, one of the two terms on 

ls even and the other is odd. Moreover, it is clear that 

**+*> £ + L SinCC 2000 = 2< ‘ 53 > odd factors are only 1 5 25 
Sm F ° r ° d i, d (k + 1} WC consider on 'y 1. 5, and 25; for odd 
^1^^ 125 - ^ ^ Pr0Wem ^ the ~ 


2 m+k 

= 2000, 

k +1 

= i. 

m = 1000, 

k = 0; 

2 m + k 

= 400, 

k +1 

= 5, 

m = 198, 

k = 4 ; 

2m + k 

= 80, 

k +1 

= 25, 

m = 28, 

k = 24 

2 m + k 

= 125, 

k +1 

= 16, 

m = 55, 

k=\5 


86. (a) Let N be an integer which is not a power of 2 Then 
the following equation can be written: 

N=2“(2l + 1 ), 

r> e n e / 2 > 1 S th ^ o, reateSt P° wer of 2 appearing as a factor of N, 

fj 1 ’ and 21+1 ,s the greatest odd divisor of N. Consider 
the arithmetic progression 

( 2 * — /) + ( 2 * — / + 1 ) + ... + ( 2 * — / + 2 / — 1 ) + (2 * — / + 21 ) 

_ (21 + 1 )( 2 4 - / + 2 * - / + m 

2-~ = 2 (2/ +1) = N. 

If some of the 21 + 1 consecutive integers which form the progres- 

with a ih e / fi eg f 1Ve (th3t iS ’ 1 > 2l) ' thCn k is P° ssible t0 cancel them 
with the first-appearing positive integers. It is readily shown that 

at least the final two terms of the progression must remain un- 
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cancelled. (If only the final term of the progression were to remain, 
we could set up the equation 2 k + / = TV = 2 k (2l 4- 1), which would 
imply that k — —1.) 

Assume now that some number of form 2 k can be written as the 
sum of m consecutive positive integers w, w -h 1, w -f- w -2, 
n + m — 1. Then 

2 *+i = 2[« + (w + 1) + ■ ■ ■ + (n + m — 2) + (n + m — 1)] 

= m (n + n + m — 1) = m(2n 4- m — 1) . 

But the difference (2n + m — 1) — m = 2n — 1 is an odd number, and, 
consequently, one of the numbers, m or 2n 4- m — 1, must be odd 
(and both differ from 1 since, by hypothesis, m > 1 and n > 0). This 
means that the equality derived above, 2 k+l = m(2n 4- m — 1), is im¬ 
possible since 2 k+l cannot have an odd divisor other than 1. 

(b) We have, for any m > n 4-1, 


(2n 4 ~ 1 ) 4 ~ ( 2 n 4 " 3 ) 4 - ( 2 n 4 ~ 5 ) 4 - ■ • * 4 ~ ( 2 tn — 1 ) 


( 2 n 4 - 1 ) 4 - (2m — 1 ) 
2 


• (m — n) = (m 4 - n) ■ (m — n) . 


[If m = n4-l, then there is only one term; there are (m — n) terms.] 
Hence if a number N can be written as the sum of consecutive odd 
numbers, then it is a composite number (the product of numbers 
m 4- n and m — n). Now, any composite odd number N can be 
written as the product of two odd factors a and b y (a > 1), and 
so we can write 

TV = a b = (m 4- n)(m — n) , 

where we set m = and n = - . (Note that for b > 1, 

m > n 4-1). Hence, N = (m 4- ri)(m — n) is the sum of a sequence 
of consecutive odd numbers, the odd numbers from a — b 4-1 to 
a + b — 1. Clearly, no prime number can be represented in this 
form, since then the prime would be the product (m 4- n)(m — n) r 
whence m — n = 1, and so the series reduces to one term, the prime 
number itself. This proves the first assertion. 

Now, in the formula TV= (m 4- n\m — «), the factors m 4- n and 
m — n are either both even or else both are odd (their difference is 
even). Hence if TV is an even integer, both of these factors must 
be even. In this case TV is divisible by 4; therefore, an even number 
TV which fails to be divisible by 4 cannot be written as a sum of 
consecutive odd numbers. On the other hand, if TV = 4«, then TV can 
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be written as the sum of the two consecutive odd numbers 2 n - 1 
and 2 n + 1. 

(c) It is readily seen that 

(»*- 1 - n + 1) + («*-‘ - w + 3) + • • • + (»*-• -1) 

+ (n k ~ l + 1) + - • • + («*-■ + n - 3) + («*-« + n - 1) 
_ («*-■ - n + 1) + («*-* + m - 1) 
-2- n = n 

(all the terms of the sum are odd, since n k ~ l and n are simultaneously 
even or odd). 

87. Designate the four consecutive integers by n, n + 1, n + 2, 
n + 3. If 1 is added to their product, we have 

n(n + 1 )(n + 2)(« + 3) + 1 

= [«(« + 3)]((w + 1X« + 2)] + 1 = (n 2 + 3 n)(n 2 + 3n + 2) + 1 
= ( n 2 + 3 n) 1 + 2 (n 2 + 3 n) + 1 = (n 2 + 3n + l) 2 . 

Therefore, the product of the four numbers is one less than the 
square of the integer n 2 + 3« + 1. 

88. We shall show that the set of integers can contain only four 
different values. Assume the contrary—that among the 4 it integers 
there are five of them, a lt a 2 , a 3 , a 3 , a 5 , all distinct. Let us agree that 
a i < a 2 < a 3 < a x < a 5t 

Consider the integers a u a 2 ,a 3 ,a t . Under the conditions of the 
problem it is possible to form a proportion out of these integers 
Hence the product of the extremes will be equal to the product of 
the means. This is feasible only if 

d\d\ — d<id% 

(the equation d { a 3 = a 2 d K is impossible, since d t < a 2 and < 2 3 < a A ; it 
is clear also that a Y a 2 = a$d K is impossible). 

Now consider the integers * 2 , * a , *s. Again, if a proportion is 
to be formed, the only possibility is a.o, = a 2 d 3t Consequently, we 
must have d v d A — a x a u which is a contradiction, since a 4 * a h . 
Therefore, the set of 4 n numbers cannot contain more than four 
distinct integers, and so at least one of the integers must appear n 
times. 

89. We note, first, that the difference of two positive integers is 
odd if, and only if, one of the integers is odd and the other even; 
we obtain an even difference only from two even or two odd integers. 


Let us designate an even number by the letter e, and an odd number 
by the letter o. For four arbitrary integers A, B , C\ and Z>, we have 
the following “essentially different” possible even-odd combinations 
and arrangements; 


(1) e, e,e, e; 

(4) e,o,e,o 

(2) e, e, e, o ; 

(5) e, 0 , 0,0 

(3) e,e,o,o. 

(6) 0 , 0 , 0 , 0 


All other arrangements can be obtained by “cyclic permutation” of 
these six arrangements (that is, by moving an arrangement to the 
right, and putting the fourth integer in the first place, and so on, 
not changing the order of appearance). We shall show that, in every 
case, after not more than four steps (as described in the problem) 
we must arrive at four even numbers. First, combination (1) already 
consists of four even numbers; combination (6) achieves the desired 
effect in the first step; combination (4) becomes combination (6) in 
one step, so it arrives in the desired form in two steps; combination 
(3) becomes combination (4) in one step, so it becomes combination 
(1) in three steps; finally, combinations (2) and (5) become, in one 
step, combination (3) [for combination (5) we first employ cyclic 
permutation], so in four steps we achieve the sought combination 
(1). Thus, in every case, we arrive at a quadruple of four even 
numbers in at most four steps. 

We continue the process of forming new quadruples of numbers, and 
now we are working entirely with even integers. It is readily 
reasoned that after at most four more steps, we obtain numbers 
divisible by 4 (if some of the even numbers are not already divisible 
by 4, we divide all numbers by 2, and in four steps we have numbers 
divisible again by 2); in at most four more steps we obtain integers 
divisible by 8, and so on. If the process is continued long enough, 
we must be able to arrive at a quadruple of numbers divisible by 
any desired power of 2. Since the numbers we obtain are decreasing 
in absolute value, we must arrive at a point where we have at least 
one zero, and finally at a point where we have four zeros (this will 
occur in at most 4* steps, albeit we will usually arrive at this point 
much earlier). 

Remark : The analogous theorem may be proved for any number 2 k of posi¬ 
tive integers. For n numbers, where n is not a power of 2, the proof does 
not carry through. For example, if the members are 1,1,0, we never do 
arrive at the triple 0, 0, 0. We have: 
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1 , 1 , 0 , 
0, 1, 1, 
1 , 0, 1, 
1, 1. o, 


We note, further, that the numbers A , B, C, and D can be rational numbers— 
case not essentially different from the case in which A, B, C, and D are posi¬ 
tive integers. Here the fractions may be written with a common denominator 
and the procedure carried out as before. The proposition fails to hold for 
irrational numbers. 


90. (a) It is readily seen that if the first 100 integers are displayed 
in the following order, the condition of the problem is satisfied. 


10 987654321 
30 29 28 27 26 25 24 23 22 21 
50 49 48 47 46 45 44 43 42 41 
70 69 68 67 66 65 64 63 62 61 
90 89 88 87 86 85 84 83 82 81 


20 19 18 17 16 15 14 13 12 11 
40 39 38 37 36 35 34 33 32 31 
60 59 58 57 56 55 54 53 52 51 
80 79 78 77 76 75 74 73 72 71 
100 99 98 97 96 95 94 93 92 91 


(b) From whatever arrangement of the 101 integers has 
been presented we select the first integer, labeling it a[ u ; then (always 
moving left to right) we select the next integer al" which follows 
and exceeds a\ l) t and so on. This produces an increasing sequence 
a[ l) t ai l) r (which may conceivably end at the first integer). If 

more than ten numbers appear in this sequence (i > 10), the problem 
is solved. If, however, i < 10, we cross out the integers already 
used, and from the remaining 101 — / integers we begin the con¬ 
struction of a new sequence, following the same procedure. We 
then obtain a new increasing sequence a [ r> , , ■ ■ •, alf . Continu¬ 

ation of this process creates from the ordered set of 101 integers a 
number of increasing sequences. If any one of them contains more 
than ten integers, the problem has heen solved. Hence we need 
consider only the case in which none of the sequence we have made 
up contains more than ten integers. 

Since there are 101 integers in all, the number k of increasing 
sequences must in this case be at least equal to 11. But then it is 
possible to select from the 101 integers a decreasing sequence of 
eleven integers. A procedure for doing this follows. 

We select as the final element of the sequence to be constructed 
the final element of the final sequence af k . Then if we select from 
the previous sequence that number among those of the original 
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sequence not yet crossed out, which just precedes a\ k , that number 
will exceed ; otherwise would have appeared in the preceding 
sequence. This selected number a?~ l) is placed to the left of a\^ in 
the new sequence. Now we work with a ,■ . In the sequence just 

preceding the (k - l)st, the element which had appeared just before 
a?' 1 ' (among those not already crossed out in the original sequence) 
will exceed a/'". This number is placed to the left a?' 1 ' in the 
new sequence being formed. We can continue in this manner, 
selecting larger and larger numbers, each appearing earlier in the 
initial array of 101 numbers, and it is clear that we can make at 
least eleven such selections. 

Remark-. It can be proved in analogous way that in — l) 2 positive integers 
can be arranged in such an order that no n of them will follow sequentially 
in either an increasing or a decreasing order, but that among k > (n — l) 2 
integers a sequence of n increasing, or decreasing, numbers can be selected 
sequentially from the initial array. 

91. (a) Reduce each of the 101 selected numbers by the greatest 
power of 2 which divides it, thus obtaining 101 odd numbers. Since 
there are precisely 100 distinct odd numbers from 1 to 200, at least 
two of the 101 odd numbers must be identical. This means that 
among the 101 numbers originally selected there exist two whose 
factorizations differ only by a power of 2. The smaller of these two 
numbers must divide the other. 

Remark: A proof by mathematical induction is also possible. 

(b) The desired numbers can be selected in the following 
manner: The fifty odd numbers from 101 to 199; the odd numbers 
from 51 to 99, each multiplied by 2 (twenty-five numbers); the odd 
numbers from 27 to 49, each multiplied by 4 (twelve numbers); the 
odd numbers from 13 to 25, each multiplied by 8 (seven numbers); 
the odd numbers from 7 to 11, each multiplied by 16 (three numbers); 
and finally, the three numbers 3-32,5-32, and 1-64. These total 100 
numbers, all less than 200, and none of which is divisible by any 
other. 

(c) Assume that it is possible to select 100 integers, none 
exceeding 200, such that no one of them is divisible by any other. 
We shall show that none of the numbers 1-15 inclusive can appear 
in the selected set. 

As in the solution of problem (a), we divided out of each number 
the largest power of 2 which appears as a factor. We obtain a 
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second set consisting of 100 odd numbers, none exceeding 200. No 
two of these odd numbers belonging to the second set can be equal 
(otherwise the corresponding original numbers would differ from 
each other only by a factor which is a power of 2, and so one would 
be divisible by the other). Accordingly, the 100 odd numbers of the 
second set are 1, 3, 5, * *, 199. 

Since 15 divides 45, the integer 2*-15 of the initial set must have 
ol > 0, since otherwise 15 would divide 45*2^, which also appears in 
the initial set. This means that 15 cannot have appeared in the 
initial set. The same line of reasoning eliminates the possibility 
that 13,11, or 9 appeared in the initial set. We now consider the 
integer 7. It is clear that 7-2®, which is a number of the initial 
set, must have a ^ 1. But suppose that a = 1. Since 7 divides 49, 
which in turn divides 147, and since both 49-2^ and 147*2 V belong to 
the initial set, it is clear that 0 = r is impossible, hence not both *3 
and r can be zero. But r is certainly zero, since the initial set 
centains no integer exceeding 200. Therefore, 7-2 must divide 49*2^; 
this eliminates both 7 and 14 from appearance in the initial set. The 
same line of reasoning shows that the integers 5, 10, 3, 6, and 12 
cannot belong to the initial set. The integer 1 is automatically 
rejected, by hypothesis, and the integer 2 is rejected, since its in¬ 
clusion would give precisely the set of 100 odd numbers between 1 
and 200, a set which clearly fails to meet the conditions of the 
problem. 

There remain for consideration only the integers 4 and 8. Were 
4 to belong to the initial set, then 2® could not be a factor of any 

other member of the initial set unless a ^ 1. But this is impossible, 

since it would eliminate the appearance of the integer 3 from the 
second set (neither 3 nor 6, as has been shown, can belong to the 
initial set). By similar reasoning the integer 8 is shown to be im¬ 
possible of inclusion in the initial set. Therefore, none of the inte¬ 
gers from 1 to 15, inclusive, can appear in the initially selected set. 

Remark : It can proved, in general, that out of the first 2 n (or fewer) inte¬ 
gers it is impossible to select (n + 1) integers having the property that no one 
of them is divisible by another, but that it is possible to select n (or fewer) 
such integers. If 3* < 2 n < 3 t + I , then out of the first 2 n integers it is im¬ 
possible to select n integers, one of them less than 2 k , such that no number 
is divisible by another. But n such numbers can be selected, provided the 
least is equal to 2 k . For example, from 200 numbers it is possible to select 

100, the least equal to 16, not one of which is divisible by another. 
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92. (a) Consider the absolute values of the “least” remainders 

obtained upon divisible by 100. That is, if a number a yiedsi a posi¬ 
tive remainder exceeding 50, then increase the quotient by 1 to 
obtain a negative remainder; a - 100? - r, where now 0 < r < 50 
Since (counting zero) there exist 51 possible distinct rernamders o 
exceeding 50 in absolute value, and since there will be 52 such 
remainders obtained upon dividing 52 numbers by 100 attej two 
of these remainders are equal in absolute value If these‘w<> re 
mainders have the same sign (+ or -), then the l erenc 
corresponding dividends is divisible by 100; if they are opposite 

sign their sum is divisible by 100. 

(b) Let be given integers (in any order). 

Consider the sums 

$i = ; 

$ 2 = ; 

$3 = a { 4 - (*2 + ^3 ; 


S,00 = a, + 02 + «3 + • • ■ + a ‘°° ■ 

There are 100 such sums; therefore, unless one or more are divisi- 
bJby TO at least two of the sums must yield the same remainder 
’ „ division by TO (there being only 99 different posit,ve remainders 

possible) If we subtract the smaller of the two sums yielding 
equa'l^remainders from the larger, we obtai ,1 a sum of .be form 
a k+l + a k +■■•+«.. which is divisible by 100 . 

93 Starting with some initial day, say Monday, assume that the 
rhes's Sayer plays «, games; on Monday and Tuesday he plays * 
games- in the three-day period Monday through Wednesday he plays 
* games, and so on, by the end of the 77th day he has played « 77 
games. Consider the following sequence of integers. 

a U a U * ' > a 77 i 

a Y + 20, a 2 4 - 20 , • • ■, 077 + 20 . 

We have in all, 2-77 = 154 integers, none of which exceeds 
112 + 20 = 152 inasmuch as a„ is not, according to the imposed 
conditions, to exceed 11-12 = 132 games played in eleven weeks. Hence 
a, let*, two of these 154 integers must be equal. chess 

in^fTprs of the sequence *'*> a77 can De 4 ’ , r 

player has played at least one game every day; similarly, no two 
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the integers a, + 20, «, + 20, • ■., « TT + 20 can be equal. Therefore, 
we must have, for some k and some /, the equality 

dk — 0.1 + 20 . 

This equation states that «*-«, = 20: on a succession of k - l days- 

r0m . * oft ^ s4 * ; ° * nc ^ usive 'the chess master played 

exactly 20 games. 

94 ‘ ^irst solution. Consider the remainders obtained upon dividing 
the following numbers by TV: 

1,11, 111, •••, 1111 •• 1 . 

TV times 

Since it is possible to obtain at most TV - 1 different nonzero re- 
mainders from these TV numbers, then one of these numbers is 

divisible by TV (in which case the proof is completed), or else two 
ot them, say 

K = n y 1 and L - mi • • ■ i (/>*), 

k times /Times" 

must yield the same remainder upon division by TV. But in the 
latter case the difference 

L-K= 11 — 100 — 0 

(/ — k) k times 
times 

is divisible by N. 

If N is relatively prime to 10, then, since L — K ~ 11 •. • 1-10* is 

divisible by TV, it follows that lj^l is divisible by ~N. 

(l^k) 

times 

Second solution. Consider the decimal expansion of UN: 

jy = Q'bibz ' * * bkCLidz * * * CLi ' • • , 


where a,bj represents the succession of digits, and where a,a 2 ■ ■ ■ ai 
is the periodic” part of the decimal expansion. This can be re- 
written in the following form: 

_L_ _ bjb% • • ■ b k a x a 2 • • - a, - b,b 2 • ■. b k 

N 99 * ■ • 900 ■ • • 0 

/ times k times 
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It follows that the number A = 99 • ■ • 900 • • * 0 is divisible by N. 

I times k times 

But A = 9A lf where Ai = 11 ■ * ■ 100 * * • 0. We now consider the 

/ times k times 

number 

b = ii - • • ioo * • • on • • ■ loo — o • ■ * ii • • • ioo ■ * • o, 

/ times k times / times k times / times k times 

which is obtained if the number At is written nine times successively. 
It is clear that the number B t equal to the product of A v by 

100 ■ 0100 • ■ * 0 • • ■ 100 - • ■ 01 , 
digits digits digits 

N-^' 

8 times 

is divisible by 9 (the sum of its digits being divisible by 9). There¬ 
fore, the number B t consisting entirely of ones and zeros, is divisible 
by 9^4 1 = A, and hence by N. 

If N is relatively prime to 10, then 1 IN yields a decimal which is 
periodic, and so B will consist entirely of ones. 

95. We shall consider only the final four digits of the integers of 
the Fibonacci sequence wherever these integers contain five or more 
digits; that is, we shall deal with a sequence of integers all less 
than 10 4 . Let a k designate the (four-digit) number appearing in the 
&th place of this sequence (that is, the final four digits of the &th 
term of the Fibonacci sequence). If we know the integers a k + 1 
and a k , we can easily find a k - 1 , since the four digits composing a k ~i 
will depend only on the corresponding four digits of a k+l and a k . 
Now, if for two natural numbers k and n we find that a k — a n+k and 
a k +i = a*+ k +i, then it will follow that 

d k \. = ^arJi- l > 

O-k—2 — dn+k—it 


d\ — #» +1 

(since any number of a Fibonacci sequence is the positive difference 
between the two succeeding numbers). However, since at = 0, it 
must then follow that d n+l = 0; an integer terminating in four zeros 
will stand in the (n + l)st place of the Fibonacci sequence. 
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It will suffice to show, then, that there exists an identical pair 
among the 10 8 + 1 pairs: 


& 1, 

d 2y 

a 2t 



Cl io a » 

# 10 8 +1 

# 10 8 + 1» 

^10 8 +2 


But this certainly must occur in the set of numbers a u a 2 , a 2t ■ • •, 
a i(i 8 + 2 , since none of them exceeds 10 \ and from the 10 4 integers 
0,1, 2, 3, 4, • • ■, 999 we can obtain only 10 4 *10 4 = 10 8 distinct pairs 
(the first number can assume at most 10 4 distinct values, and the 
second number can take on only 10 4 distinct values). 

Remark : It can be shown that the first integer of this Fibonacci sequence 
which will end in four zeros stands in the 7501st place (see the book by B. B. 
Dynkin and V. A. Uspensky, Mathematical Conversations, Issue 6, Library of 
the USSR Mathematical Society, especially problem 174 and the discussion of 
it). 

96. Consider the decimal parts of the 1001 numbers: 

0-# = 0, a, 2 a> 3a, * ■ •, lOOOar 

(the difference between the given number and the largest number 
not exceeding the given number). This yields 1001 positive numbers, 
is decimal form, all less than 1. Partition the interval between 0 
and 1 on the real-number axis into 1000 intervals (we shall assume 
that each interval contains its left end point but not its right end 
point). We shall investigate how the points of the above sequence 
are distributed among these intervals of length 1 / 1000 . Since there 
are 1000 intervals and 1001 points, at least one of the intervals must 
contain two (or more) points. This shows that there exist two dis¬ 
tinct natural numbers, say p and q (neither exceeding 1000 ) such that 
the difference between the numbers pa and qa is less than 1 / 1000 . 

Say that p > q. Consider the number (p — q)a = pa — qa. Since 
pa = P + dy qa = Q + d 2r where P and Q are integers, and d t and 
d 2 are decimals pa and qa , it follows that (p — q)a = ( P—Q ) + d 2 — d v 
differs from the integer P—Q by less than 1 / 1000 . This implies 

that the fraction ——— differs from a by less than 0.001 (—-—Y 
p-q \p — q) 

97. First, it is readily seen that none of the fractions under con- 
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sideration is an integer. Further, no two of these fractions can be 
equal, for if, say, 

k(m + n) ___ l(m + n) 


(where k is one of the numbers 1, 2, ■ ■ *, m - 1, and / is one of the 
integers 1, 2, • • ■, n - 1), we would have 


which contradicts the fact that m and n are relatively prime (inas¬ 
much as l < n and so cannot be divisible by n). 

Consider now a natural number A less than m + n. The fractions 


m + n 2 (m + n) 


k(m + n) 


will be less than A, or k(m + n) is less than Am, if k is less than 

^ in . Clearly, the number of such fractions is equal to the inte- 
m + n ' ' 

gral part \ -1 of the fractions—. Similarly, the fractions 

[_m + n j m + n 


Am 

L m + n J 


m + n 2 (m + n) 


l(m + n) 


will be less than A for / < 


m + n 


The number of such fractions 


is equal to the greatest integer 


MM i 

L m + n J 


in the fractions 


The numbers and —are nonintegral, since m, n, and 

m + n are pairwise relatively prime, and the sum of these two 
numbers is A: 

Am An _ A 

m + n + m + n 

But if the sum of two numbers a and (9, neither an integer, is equal 
to an integer A, then [a] + [0] = A - 1. (The proof of this follows 
immediately from Figure 7.) Thus, 
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which implies that in the interval (0, A) on the real-number axis 
there exist precisely A — 1 of the fractions. 


Figure 7 

The proposition of the problem follows immediately. Let us first 
assume that A = 1; we see that none of the fractions is in the 
interval (0,1). Let A = 2; since there is one fraction in the interval 
(0, 2), it follows that this fraction must be in the interval (1, 2). Let 
>1=3; since the interval (0, 3) contains two of the fractions, it follows 
that the interval (2, 3) contains just one of them. Continuation of 
this reasoning completes the proof of the proposition. 

98. First Solution. If a number a is in the interval 


then there are obviously, m integral multiples of a which do not 
exceed 1000: a , 2a, 3a, * ■ ■, ma . Now, if we designate by k t the 

1000 

number of given integers which lie between 1000 and —-—, by k t 
the number which lie in the interval by h the number 

which lie in the interval and so on » then we have, in 

all, k x + 2kz + 3k, + • • * numbers, not exceeding 1000, which are 
multiples of at least one of the given numbers. But, according to 
the conditions of the problem, all these multiples are different, and so 

k\ + Ih + 3k, + • • * < 1000 . 

It remains to be shown that the sum of the reciprocals of all the 
given integers is less than 


k ' 1000 + ki 1000 + kl 1000 + 


2ki -j~ 3k, ~j~ 4/?3 
1000 
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^here we have replaced k x of the largest of the numbers by 


the following k 2 numbers by 


and so on ). Now we have 


, the following k, numbers by 


2k x + 3ki + 4&a + ■ * * 

= (ki + 2k 2 + 3k, + ■ ■ •) + (ki + kt + h + * * ■) 

= (k x + 2k% + 3£ a + • • ■) + n < 1000 + n < 2000 ; 

consequently, the sum of the reciprocals of the numbers is less 
than 2. 

Second Solution. We introduce an important variation of the fore¬ 
going type of reasoning. The number of terms of the sequence 
1,2, •••,1000 which are divisible by an integer a* is obviously the 

greatest integer [®] in Since the least common multiple 

of any two of the integers a u a 2 , ■• •,«» exceeds 1000, not one of the 
numbers 1, 2, 3, • • •, 1000 can be divisible by two of the integers 

•••,«». It follows that the number of terms of the sequence 

1,2,3, •••,1000 which are divisible by at least one of the integers 
a u a u ■•■ t a n is equal to the sum 


Since the least common multiple 


Since there are 1000 numbers in the sequence 1,2, '*-,1000, it is 
clear that 

' + [^] sioo °' 

But the greatest integer in a fraction differs from the fraction itself 
by less than 1; that is, 




, r 10001, 1000 1 ... r 10001 ^ 1000 _ 1. 

l ’ L a 2 J > a 2 ’ ’ L a n J a H 


Consequently, 






< 1000 ; 


that is, 
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1000 + 1000 + 1000 + ... + 1000 < 1000 + m< 2000> 

CL% a n 


and so 


d\ 02 


— < 2 . 
a n 


Remarks : The estimation of this bound can be made very precise. Consider 
all the multiples of those given integers which do not exceed 500. Now, k\ of 
the given integers will exceed 500; kz + ki of the integers will not exceed 500, 
but will exceed —; k* + Acs of them will not exceed —r—, but will exceed 


——; and so on. It follows, as in the first solution, that the total number of 
integers not exceeding 500, and which are multiples of at least one of the given 
n numbers, is equal to 

{ki -H ki) + 2(ki + ki) + 3 (k% + fo) + ■ ■ * , 

Therefore, 

(kz + ki) + 2(ki + ki) + 3 (ks + ky) + * ■ ■ < 500 . 

We note now that the difference 

500 — [(ki -t- ki) -t- 2{ki + ki) + •*•] 

expresses the number of integers, not exceeding 500, which are not multiples 
of any one of the given integers; and the difference 
1000 - (hi + 2ki + 3*3 + •■■) 

is the number of integers not exceeding 1000 which fail to be multiples of any 
one of the given integers. Consequently, 

500 — \(kz + ki) + 2 (ki + ki) + 3 (ks + ky) 4- ■ • ■] < 1000 — (ki + 2kz + 3ki + • * ■)> 
from which we obtain 

(ki + ki) + 2(Jfca + ki) + 3 (ki + k%) + ■ • * < 500 , 

It remains to note that 
2ki + 3ki + 4/:3 + Ski + 6/c 5 + 7 ke + ■ * ■ 

< (ki + 2ki + 3ki + 4 ki + Ski + + • ■) 

+ [(jfci + ki) + 2(ki + ki) + 3(ki + k&) + ■ • ■ ] 

< 1000 + 500 = 1500 . 

Thus, the sum of the reciprocals of all of the numbers is less than 

2ki + 3k 2 -j~ 4 ki + • * 

1000 

or less than II. 

Analogously, if initially we consider the multiples of those given integers 
not exceeding 333, we can prove that the sum of the reciprocals of the given 
numbers is less than 1 
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Note that the number 1000 in this problem can be replaced by any other 
integer. 

99. Consider the conversion of to a (periodic) decimal (see the 
footnote accompanying the solution of problem 38). 


= A'OiCli' * 'Q-kUiCli' * 'OkOriOz' ' • , 

P 

Here, A is the whole part of the quotient obtained upon division of 
q by />. We can write 

q — Ap + qi > 

where the remainder q , is less than p. Moreover, ~Aa, will be_the 
whole part of the quotient obtained upon division of 10? by p (Aa, 
is the integer composed of the digits of A followed by the digit a { ). 

10 q - AarP + Qi > 

where < p. Similarly, 

10*-(7 = Aa^arp + q 3 , • • •, 10‘-<7 = ~Aa^- • •«*•/> + qk, ■ ■ ■ ■ 

The periodic part of the decimal begins again at the point where 
division of 10*? by p yields the remainder first obtained, q k = Qu upon 
division of q by p. Thus, the number k of digits composing a period 
of the decimal is determined as the least power of 10 such that 10* •? 
yields on division by p the same remainder as did q. For this k 
it is clear that 10*? - ? = (10* - D? is divisible by p whence 10*-1 is 
divisible by p, inasmuch as p and ? are relatively prime (p itself is 

Assume now that k is even: k = 21. Since 10 21 — 1 — 0-0 — 1) x 
(10* + 1) is divisible by p, either 10‘ — 1 or 10 1 + 1 is divisible by the 
prime p. But 10' — 1 cannot be divisible by p, since if it were, it 
would yield the same remainder as does ? upon division by p, and 
the period of the fraction would be / instead of k = 21. Hence, 
we must conclude that 10 1 + 1 is divisible by p. 

1 \j l q q 

It follows from this conclusion that the sum —--1- -p 1S an 

integer. But 


10 '? 
P 


+ "7" = Aa 1^2* 

p 


'th . + 


+ A, a i02' * ’' • 
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Hence, the sum of the decimal fractions 

0, * 'd 2 id\d %'- 'Civ * * ~h 0, (Iy<X%' ' m CliCli+i’ ' '&zi * * • 

is an integer. Since each of these positive decimals has a value less 
than 1, this sum must be 1 = 0.999-which is possible only if 

di -f di+ 1 — 9 , 
di -b di+ 2 — 9 , 


d\ + d z i 


It immediately follows that 


d i ~b di -b - - - ~b dii _ _9_ 

21 ~ 2 ’ 

If k is odd, the equation 

d\ ~b di -b - ■ ■ ~b dk _ _9_ 
k ™ 2 

will not be possible, since k is not divisible by 2. 

100. The numbers of digits in the period of the fractions — and 

d />* 

-■--j v are equal to the least positive integers k and /, respectively, 

p n+ 1 

such that 10* — 1 is divisible by p n and 10* — 1 is divisible by p n + l 
(see the solution of the preceding problem). Consider the difference 

(10* - 1) - (10* - 1) = 10*(10'-* - 1) . 

Since this difference is divisible by />*, 10* - * — 1 is divisible by p n . 
We shall show that W — 1, where d is the greatest common divisor 
of / — k and k , is also divisible by p n . 

Write / — k = qk -b r; we can then write 

10*-* - 1 = 10* t+r - 1 = 10 r (10** - 1) -b (10 r - 1) . 


But 10 ** — 1 = ( 10*) 9 — 1 * is divisible by 10 *— 1 , whence by p n , and 
therefore 10 r — 1 is divisible by p n . Similarly, it may be shown that: 
10 r i — 1 (where r x is the remainder obtained upon division of k by r) 
is also divisible by p n ; that 10 r2 — 1 (where r 2 is the remainder ob¬ 
tained upon division of r by r x ) is divisible by p n \ that 10 ra — 1 (where 
r 3 is the remainder obtained upon division of r t by r 2 ) is divisible by 
p n ; and so on. (This process, by which a diminishing sequence of 
remainders is obtained, is called the Euclidean Algorithm.) 

It is readily shown that the sequence of positive integers r, r u r 2t 
•'• must include the number d\ since both l — k and k are divisible 
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by d so is r = (/-*) - qk , since both k and r are divisible by d, so 
is r,- since both r and r, are divisible by d, so is r 2 , and so on. 
Consequently, all the (remainders) numbers of the sequence we have 
been forming are divisible by rf; further, this sequence of positive 
integers is decreasing and so must terminate with 0. If the final 
nonzero remainder is r*. then n- , is divisible by r* (since the follow¬ 
ing remainder is zero); r*-, is divisible by r* (since now both r*-, 
and r t are divisible by r*); iv, is divisible by r t (since both r*-* and 
r*-, are divisible by r„), and so on. Finally, * and / * ^ e d ‘ VI ®' ^ 

by V, The inequality > d would contradict the fact that is the 

greatest common divisor of / - k and k\ hence, it e 

r k <d is impossible, since d divides r k ± 0.) . 

Now, k has been defined as the least integer such that 10 1 s 

divisible by p". Therefore, since lO* - 1 is also divisible y P ’ > 
follows that rf = *. and / - * is a multiple of *. which means that / 
is a multiple of k\ that is, l — kt, 

We can expand 10* — 1 as follows. 

10 [ — 1 — 10 tr - 1 

_ ^Qt _ l)[l0 (r “ n * + 10 (r_2)fc “h • • * -h 10* -h 1] . 

Since 10* - 1 is divisible by p\ 10* yields a remainder of 1 when 
divided by p. It follows that 10- = 10*-10* yields a remainder of 1 
when divided by p*\ 10- = 10-. 10* yields a remainder of 1 when 
divided by p'\ and so on. Therefore, each term of the parenthetical 
sum on the right, above, yields a remainder of 1 ^.^that ff 
p, and hence the remainder of this sum is r It foU( ^ s ^ at ‘ 
10* ■ fails to be divisible by P^, then the least value of / such that 
10' - 1 is divisible by p" is pk, inasmuch as 10”* - 1 is divisible by 
pn+i, but is not divisible by p (since the expression in parentheses 

is not divisible by p 2 ). 

The assertion of the problem follows. 

101. (1) If * is any real number, it can be written in the form 

* _ \ x ] + a where a is a nonnegative number less than 1. 

We write the number y as y = ly] + 0 (0 ^ £ < !)• en x + 

[x -i + \ y ] + a+0. Since a + 0, it is clear from this equation 

that [x\ + [y] is an integer which does not exceed x + y. mce 
[7+ y] is the largest integer which fails to exceed * + y. it follows 

that [x + yl § M + [J’l- . , Assume 

(2) First Solution. Write x = [x\ + a, where 0 g a < 1 Assume 

that the integer [x], when divided by n, yields the quotient q an 
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the remainder r: 


We then have 


[x] = qn + r (0 ^ r ^ n — 1) 


n n 


m 


x = qn + r + a = qn + r x ; 

where r x = r + a < n; — = g + —; |"~1 = Q = which proves 

« w |_ w J L « J 

the assertion. 

Second Solution . Consider all integers divisible by w but not ex¬ 
ceeding x. Clearly, there are — of them. Consider, also, all 

L w J r frll 

integers divisible by n but not exceeding [*]. There are of 

these. Since these two integers are the same, we have 


m 


m-[n 


(3) First Solution . Let x = [x] + Since 0 ^ a < 1, then a is 
equal to one of, or lies between two successive fractions of, the 
sequence 


n — 1 n 


n n n 


k k + 1 

Assume that the fractions in question are — and -; that is, 

n n 

that 

k ^ ^ k + 1 

— ^ ot < -. 

n n 

Now, we have 

, n — k — 1 ri( . n — k — 1 M , HI , n — & — 1 
n n n n 

— M + l, 

, n — k rll , w — h . r t k n ~ k ri (1 

x H-= [x\ + a; H-^ [*H-+-= [x] + 1 , 

n n n n 


and 
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= w +^ * + 2 ■ 

n 


It follows that 


\* + - 


< | 

r*+- 

L » 

J 


L 

< L + 

n — k~ 

| < 

... < 

L 

n 




< M + l , 

1 < [x] + 2 ; 


that is, 


M = [* + t] 

, n — 


T* + 2 v i ]* w+1 


Since after the first n-k numbers, there remain k, we have 


[x] + ••• + 


[x + iL ^ i ] = (» - 


+ *([x] + 1) = n[x] + k . 


But this is can be shown to be equal to the integral part of nx 
Since k^na<k + 1, then n* = k + 1 3. where 0 g 0 < 1. Asa result, 

[«x] = [n[x] + no] = [n[x] + A: + 0] = + * • 


This proves that 




Second Solution. Consider the left member of the given equation. 
If o ^ * < J_ then all the numbers x, x + —,•••, at + —- are less 
than 1, and”so the integral part of each is 0; also [nx] = 0. Thus 
the equation holds for such values of x. 

Now let x be arbitrary. If we multiply x by -, all the terms on 

the left are “shifted” once to the right, and the final term, 
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becomes [* + 1], which exceeds [*] by 1. This means that multiplica¬ 
tion °f x by — increases the left member of the equation by 1. The 
right member is also increased by 1 when multiplied by —. For 
x it is possible to find a number where 


0 ^ a < 


such that x differs from a by ~ where m is an integer. It follows 

Jl 

that the equality is preserved for all x . 

102. Consider all those points of the Cartesian plane having integer 
coordinates (“integer points”) x and y, where lSx^q-1 an d 1 g 
y — P ~ 1 ■ These points lie within a rectangle OABC the lengths 
of whose sides are OA=q and OC = p (Figure 8). There are 
(Q !)(/> - 1) points. Draw the diagonal OB of the rectangle. It is 



Figure 8 

clear that no integer point will lie on this diagonal, since the co- 
ordinates (x,y) of all the points of the diagonal OB are related by 
the proportion 

x_ _ OA _ q_ 

y ~ AB ~ p ’ 

and since q and p are relatively prime, there do not exist integers 

* < p and y < q such that — = -2- 

-V P ’ 
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We note now that the number of integer points whose abscissa is 
equal to k y where k is some positive integer less than q and which 
appear under the diagonal OB , is equal to the integral part of the 
length of the segment MN shown in Figure 8, Since 


this number is 


* S Hence, the sum 

[IMtMf] 


+ *** + 


(q - !)/>' 


is equal to the total number of all integer points appearing under 
the diagonal OB. There are, in all, (q — 1 )(p — 1) integer points in 
the rectangle; because of the symmetrical pattern of these points and 
the fact that OB bisects the rectangle, exactly half of these points 
lie under the diagonal (none lies on the diagonal). Therefore, 


m+m+m— 

It is shown in the same way that 


'(?-!)/>• 


~{P - l)g~ 


(g - IX* 
2 


(P - l)(q 
2 


103. First Solution. The equation is valid, trivially, if n — 1. 
Proceeding by mathematical induction, we shall show that if the 
equality is assumed to hold for an integer n , then it must hold for 
n + 1. 

If n + 1 is not divisible by k ; then 

n + 1 = qk + r (1 ^ r S k — 1) , 

and n = qk -F r f , where r f = r — 1; that is, 0 ^ r f ^ k — 2. It follows 
that the integers ^ j and coincide (both are equal to q). 
If, then, n + 1 is divisible by k, or n + 1 = qk , then 


that is, 





186 


Some Problems in Arithmetic 


Hence, 


£ k J ~ \k J ’ ** k is not a divisor of n + 1; 
£ k J ~ £xj + 1 > * is a divisor of n + 1. 


It follows that: 


+[m 




+ tn-i-i 


That is, if 


[iMi] + -♦!>]- 


tl + t 2 + * ■ • + t n , 


[»±i] + [^i] + ". + 

(b) [^M^] 


r— 1 = 

in + lj 


/, + t 2 + ... + /„ + / n+1 . 


+ ••• + (« + 1)1 


[iL+n 

in + lj 


[fMi] 


+ ••• + (« + 1 )| 


[rir] 


+ $*-H . 


That is, if 




s i + s 2 + • ■ • + S n 




+ •■• + (« + !), 


f —1 

in + 1J 


- Si + Si + ■■■ s„ + S n+1 . 


Second Solution. The number of integers of the sequence 1,2,3, 
• ■ « which are divisible by any chosen integer k is equal to ij-) 

(these will be the integers k, 2k, 3k, ■ ■ The sum obtained 

by totaling this divisor each time it appears is *[jLj ('that is, 
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k\ times^. We have the following results. 


The sum 


M+[f] 


[*]■ 


is equal to 


the number of integers of the sequence 1,2,3, which are di¬ 

visible by 1, plus the number of integers of this sequence which are 
divisible by 2, plus the number which are divisible by n. But 
this is precisely the sum t { + / 2 + t s + • * * + /* given in the problem. 


The sum 1 


[iMi] 


■[t]' 


is equal 


to the sum obtained by adding the integer 1 each time it appears as 
a divisor of a number of the sequence 1, 2, 3, *••,«, plus the integer 
2 taken each time it appears as a divisor of one of the number of 
this sequence, plus the integer 3 taken each time it appears as a 
divisor, and so on. But this is precisely the series s v + s 2 + s 3 + 


*■• + s*. 

Third Solution . An elegant geometric solution suggested by the 
second solution will be given. Consider the equilateral hyperbolas 
k 

y ——, or, equivalently, xy — k (of which we shall take only the 
x 

branches in the first quadrant, see Figure 9). 



Figure 9 


We note all the points in the first quadrant which have integral 
coordinates (integer point). Now, if an integer x is a divisor of the 
integer k 9 then the point (x,y) is a point on the graph of the hy¬ 
perbola xy = k . Conversely, if the hyperbola xy — k contains an 
integer point, then the ^-coordinate is a divisor of k. Hence, the 
number of integers 4 which are divisors of the integer k is equal 
to the number of integer points lying on the hyperbola xy — k. The 
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number t k of divisors of k is thus equal to the number of abscissas 
of integer points lying on the hyperbola xy — k . Now, we make use 
of the fact that the hyperbola xy = n lies “farther out” in the quadrant 
than do xy = 1, xy = 2, xy = 3, • • ■, xy = n — 1. The following im¬ 
plications hold. 

(a) The sum t y + t 2 + * ■ * + t n is equal to the number of integer 
points lying under (or on) the hyperbola xy = n . Each such point 
will lie on a hyperbola xy = k , where k ^ n. The number of integer 
points with abscissa k located under the hyperbola is equal to the 

integral part of the length of the segment MN [Figure 9 (a)]. That 

r ~| 

is, — , since MN — — (compare with the solution of problem 102). 

L k J k 

Thus, we obtain 

/‘ + /, + u + •■•+/* = [y] + [f] + [f ] + ••• + [f]. 


(b) Write alongside each integer point [Figure 9 (b)] the number 


equal to its abscissa; then, Si + s 2 + * • ■ 4- s n is equal to the sum of 
the integers for the integer points located under (or on) the 

hyperbola xy = n. But the sum of the integers for all such points 


for a specific abscissa k is equal 



Hence, we have 


Sl + S2 + S 3 + ’ * * + S n 


[tMtMt] 



104. It is readily shown that (2 + 1 / 2 ) n + (2 — 1 / 2 )" is an inte¬ 
ger: if (2 + i/2 ) n = a n + b n 1 / 2 , where a n and b n are integers, 
then (2 — 1/ 2 ) n = a n — b n 1/ 2 (this follows from the binomial formu¬ 
la, but may also be shown by mathematical induction). Since 
(2 — 1 / 2 ) n < 1, it follows that 

[(2 + l/T)*] = (2 + 1/~2> + (2 - VTy - 1 , 


and, consequently, 

(2 + l/T)* f(2 + i/"2>] = 1 - (2 - V"2> . 

But since (2 — 1 / 2 )< 1, we can, by taking the power n sufficient¬ 
ly high, make (2 — y 7 2 ) n as small as we wish. If (2 — 1 / 2 )" < 
0-000001, then 

(2 + VTy - [(2 + Yi >] - 1 - (2 - Yiy > 0.999999 . 

105. (a) First Solution . Since (2 + 1 / 3 ) n + (2 — 1 / 3 )* is an 
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integer (see the solution to problem 104). and since (2 - V 3 )" < 1. 
it follows that 

[(2 + i/T)»] = (2 + i/T)" + (2 - l/T) n - 1 • 

If we expand (2±V / ‘3> by the binomial formula, we obtain 
(2 + V~Sy + (2 - l/'3> = 2(2" + d2-*-3 + Cl2"- < -3‘ + • ■ 0., 

which is divisible by 2. Therefore, [(2 + V 3 )]" = (2 + V 3 )" + 

(2 — i/lT ) n — 1 is odd. _ . 

Second Solulim. The number (2 +1/ 3 )■ can be written m the 
form a, + b,V T, where a. and b. are integers. We shall show that 

a\ - 2b\ = 1 . 

The proof will be carried out by mathematical induction. First, if 
#1 = 1, then fli = 2, b y = 1, and 2 2 — 3*1 = 1. 

Now, assume that for some n 

(2 + l/T)" = a, + b.V~3 , 

where a*. - 3b*. = 1. Then for (2 + we have 

(2 + l/Tr 1 = (a. + bn l/"3 X2 + 1^3 ) = (2 a. + 3W + («. + 2*»)l/^ • 
We see that a»+i = 2a* + 36» and + 2i». Consequently, 

a ‘ +1 - 3fe* +l = (2a, + 3 b,Y - 3(«. + 2b,y = a 1 . - = 1 • 

Therefore, 0* — for any «. 

Thus, we have 

[a, + b,V~3] = a» + \b,V r 5\ = «» + [l/^J 

= a, + [l/ai — 1] = + ( fl » — 1) = 2a* — 1 • 

That is, [(2 + V~3)*\ = t fl * + 3 ^ is odd ‘ 

(b) We note that 

r— f(l + ~\/~2) n + (1 — V /_ 3’) n 1 , if » is even , 

[(1 + 1/3 )"] - + + (i - -i/T)’*. if » is °d d - 

Consequently, the expressions on ri ^' ^ 

solution to problem (a)). For n even, 0 < (1 V ) < 

— 1 < (1 - V 3 )* < o . . .. „ 

We shall investigate separately the cases for even » and odd «. 
n is even : n = 2m. Then 
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[1 + l/ 3 ) 2 "] = (1 + V 3 ) 2 " + (1 - 1 / 3 ) 2 " - 1 

= {(1 + VT ) 2 >“ + {(1 - VT ) 2 }» - 1 
= (4 + 2l/T)" + (4 - 2 i/T )- - 1 
= 2 m {(2 + VTr + (2 - VT )"} — 1 . 

But the number in the braces is clearly an integer, and so the number 
[(1 -1- VT ) 2m ] = 2 m N — 1 is always odd. Hence, if n is even, the 
highest power of 2 by which [(1 + a/ 3 )"] is divisible is zero. 
n is odd. n = 2m + 1. Then 

[(l + VT ) 2m+1 ] = (l + VT) 2m+l + (l - VT) 2m+l 

= (4 + 2VTm + VT) + (4 - 2VTm - VT) 
= 2 m {(2 + VT )"(1 + VT ) + (2 - VT )-d - VT} 
= 2 m {[(2 + VT )* + (2 - VT )»] 

+ VT [(2 + VT )» - (2 - VT )-]}. 

Let (2 + 1 / 3 ) m = a m + b m V 3 , where a m and b m are integers; then 
(2 — VT ) m = a m + b m VT . Substitution yields 

[(1 + i/T ) 2m+1 ] = 2 m {a m + + a m - b m VT 

+ l/3 (a m + b m V 3 — a m + b m V 3 )} 
= 2 m (2a m + 6^ m ) = 2 m+l (a m + 3 b m ) . 

But a m + 3 b m is odd. In fact, 

(a m + 3b m )(a m - 3 b m ) = al - 9 b 2 m = (a* m - 3 bl) - 6b 2 m = l - 6bi 

[see the second solution to problem (a)]. Since 1 — 6 b 2 m is odd, both 
factors, (a* + 3 b m ) and (a m — 3 b m ), are odd. Hence the greatest power 
of 2 by which [(1 + 1 / 3 ) n ] is divisible, for n = 2m + 1, is equal to 

” + 1 - 2 -Lz-J + 1 • 

106. Since (2 + V 5 )” — (2 — i/"5")” is an integer, and since 
— 1 < (2 — VT ) p < 0 (for p odd; see the solutions to problems 104 
and 105), it follows that 

[(2 + VT ) p ] = (2 + VT y + (2 - VT y. 

Use of the binomial formula yields 

(2 + vr y + (2 - VT y 

= 2(2” + Cp2 p_2 5 + c;2 p - 4 5 2 + • • • + cr^-SO’- 11 ' 2 ) , 
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. + C?' 1 2-5‘ p - 1,/2 ). 


3) 


cr 1 = p 

are divisible by the prime p (they are integers, and the numerators 
are divisible by the prime p, but_the denominators are not). This 
means that the difference [(2 + V 5 ) p ] - 2 P+1 is divisible by p. 
nvr r’ 1 w(w — lXw — 2 )• • •{n — p + D. Exactly one of the p 

Wt. u- p\ 

consecutive integers n, n - 1, n - 2, ■ • ■, n - p + 1 is divisible by p, 
let us designate that integer by N. Then [yj = j, and the dif¬ 
ference given in the problem takes on the form 

n(n - 1)- - <N + ! W(iV- !)•••(« - /> + !)_ _ 

' ' pi " P 

We observe now that the integers n, n - 1, • ■ ■, N + 1, N - 1, • • •, 
n _ p -(- i (the integer N being omitted) yield all the possible positive 
remainders 1,2, •••,p-l upon division by p, inasmuch as the p 
successive integers from n to n-p + 1 must yield all these re¬ 
mainders including 0, and we have left out the sole integer divisible 
by p. Now we shall show that 

- I)- ■ .(N + 1)((V - 1)- • ■(» - p + 1) - (P - D! 
is divisible by p . We write the equations 

n = kip + Oi , 
n — 1 = k% p + 0,1 , 


N + 1 — kip + Oi , 

N — 1 = ki+ip + Oi+i , 


n — p + 1 = kp-ip + o P ~i , 


so that 

[(2 + VT y ] - 2 p+i 

= 2(Cp2 p_2 5 + Cj2 p-4 5 2 + • 

All the binomial coefficients 

r i - PLP - ^ 
p 1-2 

_ t>(t> ~ 1)(P - 2)(P 

1-2-3-4 
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where a u a%, • • •, a p ~i are the integers 1, 2, •**,/> — 1 in some order. 
It is clear that if all the integers on the right are multiplied to¬ 
gether, every term of the expansion will contain p as a factor, ex¬ 
cept the term ■ *a p - i, and this term is equal to (p — 1)!. Thus, 

the difference shown is divisible by p . 

N 

If we multiply this difference by the integer —, the product still 

P 

remains divisible by p\ that is, 

n(n - !)■■*(«-/> + 1) _ N(p - 1)! 

P P 

is divisible by p. If we divide this difference by (p — 1)! [which does 
divide it; see problem 49 (a)], we obtain 

n{n — 1 )-"(n — p + 1) iV _ __ \2L\ 

P\ P n IP \' 

This still is divisible by p , inasmuch as p and (p — 1)! are relatively 
prime. 

108, Let a and 0 be two numbers satisfying the conditions of the 
problem. For some selected positive integer N we consider all the 
integers of the sequence [a],[2a], [3a], •••, which do not exceed N; 
we shall write these as [a], [2a], * • *, [net]. Since [net] ^ N, where n 
is maximal, we have [(n + 1 )a] > N, and hence net < N + 1, (n + l)a ^ 
N + 1, N + 1 > not ^ N + 1 — a, or net = N + /, where 1 > / ^ 1 — a. 

We may show, in a similar manner, that if m is the maximal 
integer such that the integers [0], [20], [30], • • •, [wz0] all fail to exceed 
N, then m$ = iV+ where 1 > /' ^ 1 — 0. Since, according to the 
conditions of the problem, we encounter in the sequences [a], [2a], 

• * -, [na] and [0], [20], * * •, [w0] each positive integer 1, 2, 3, • • *, N 
exactly once, it follows that n + m = N, This implies that 

»±± + »±z = N 

a 0 

or 





From the inequalities involving / and V it follows that 
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i + -L> — + — 


1 1 9 

— —' + a ^ * 

a p 


. . cnm 1 , X by t, and dividing all the numbers of 

Designating the sum — + n y 

the preceding inequality by N, we arrive at the inequality 


J- > 1 - 

N 


which must bo satisfied for *ny selected * this i In¬ 
ter how large. But since the first and thud mem ^ 

equality can be made as small - » ^ = Furthet , lt 

1 - / = o, from which it follows that t a 0 . 

is readily seen tha, the numbers . ^ 

that M 4 - [(T- «)e].»bieh contradicts^thelonditions of the Problem. 

that \qa\ L kp v/pu irrational numbers, and that 

Assume now that a and 0 are lrrauoi 

i + i = l, Since necessarily a > 1 and 0 > 1> 1 W1 
et 0 . araon g the integers [o'], [2a], [3a:], 

sible to find two equal numbers amo g 

•w: r. 

taneously. Let 


[(« - 1>»!] < N g [net ], 
[(m - 1)0) <N£ [m0] ■ 


These inequalities imply that 


fid — et < N, net > N » 
m0 - 0 < N - m0> N 


q r-t,n he exactly equal to N, since et and 0 are 
(neither net nor m0 can be 

irrational); that is, 

na = N 4- d , 
yyift = N + d l , 

where 0 < d < et, 0 < d' < 0- It follows that 
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n + m = — + — + 

a. a ft 0 


! w (i + + G +£)-"+(* + f). 


and, consequently, 


d d' 

- + j =n + m-N 


is an integer. But since 0 < f < i, 0 < f < 1 , we have 

^ ~ < 2 . 
a 0 

Hence we arrive at the equality 


which, since 


^ + j = l ’ 


°,K ly thC CVent th3t ° ne ° f the n ^bers d or d> is less 
than 1 and the other is greater than 1. But this means that nf th 

integers ,„«] = , W + and , [N+ ,,, i^UiL*£ 
than N, one must be equal to TV and the other must exceed N 


109. First Solution. It is readily seen that (a) ■ 


hi) 


Hence 


we can put the equation we wish to derive into the“following form 

H+iMMMf+i]-- 


Now let 


N=a n -2* + Qn—i * 2 n ~ l 


+ #i*2 + a 0 


3re 6ither ° ° r 1} be the expansion of Nin powers 
2 (as in the binary number system). We then have 


[t + t] = [ a »- 2n " 1 + + • • ■ + fll + 

= a.-2-* + a„- 1 .2»-*+ + a t + a 0 

[t + y] = [a»-2"- 2 + a n -r2 n * + ... + -£iJ 


fla + 1 
2 


+ ••• + 


l + 1 , «o 1 

2 + 4 J 


-a„-2»- 2 + 2-* + - 
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+ £ r L + 

4 


O n + On- 


tM- 


(recalling that the Oi are either 0 or 1). Hence we obtain 


r n 

i " 

r n 

1 1, 

, r n i“i 

hr + 

2 J 

+ l+ + 

tj + " 

+ L 2 n+1 + 2 J 


- + 2 n ~ 2 + • • • + 1 + 1) 

+ o n ~i(2 n ~ 2 + 2”~ 3 + + 1 + 1)+ *■* + <2i(l + 1) + Oo 

— O n * 2 W + On -1 *2 n_1 + ■ ’ ’ + 0 \ *2 + Oo = N f 
which is what we wished to show. 

Second Solution . It is obvious that the number of odd numbers 
exceeding N is equal to ~ if tv is even, and is ^ ^^ . L j _ + 1 

if N is odd—or, equivalently, Thus, the number of even 

\ 2 / r^y-i 

numbers not divisible by 4, and not exceeding N t is equal to — 

if N is either divisible by 4 or yields the remainder 1, and is equal 

to ^1 + 1 if N yields a remainder of 2 or 3 upon division by 4. 
L4J /jV\ 

In either event this number is (—). The number of integers not 

\ 4 / rjyq 

exceeding N which are divisible by 4 but not by 8 is: equal to — 

if N is either divisible by 8 or yields one of the remainders 1, 2, or 

3; or else is equal to |^p| + 1- I n either event the number is equal 


3; or else is equal to — + 1. In either 
f /N\ L o J 

( 8 )■ 

In a similar manner it is shown that: 


is the number of 


integers not exceeding N which are divisible by 8 but not by 16; 
is the number of integers not exceeding N which are divisible 


by 16 but not by 32; and so on. If we use these results to examine 
all the numbers in which we are interested, we find that 
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which is wh^t we wished to show. 

110. (a) Let a be the first digit, and 6 the last digit, of the 
desired integer N. Then the integer can be written as 

TV = 1000a + 100a + 10b + b , 


or as 

N = 1100a + 116 = ll(100a + b) . 

Since this integer is to be a perfect square, and since it clearly must 

N 

be divisible by 11, it must also be divisible by 121; that is, -yy- = 
100a + b must be divisible by 11. But 

100a + b — 99a + (a + 6) = 11 "9a + (a + 6) . 

Hence a + b must be divisible by 11. Since neither a nor b exceeds 
9, and since a is not 0, it follows that 1 ^ a + 6 ^ 18, whence 
a + 6 = 11. 

This implies that 


100a + 6 = ll-9a + 11 = ll(9a + 1) , 


N 

121 


100a + b 
11 


= 9a + 1 . 


Since TV is a perfect square, —- is also a square. But among the 

1^1 

integers of form 9a + 1, where a ranges through the integer values 
1 to 9, only 9*7 + 1= 64 is a perfect square. This means that TV = 
121*64 = 7744 = 88 2 . 

(b) Let a be the digit in the tens place of the desired integer, 
and let b be the digit in the units place; that is, the number is 
10a + b. If the order of digits is reversed, the integer becomes 
106 + a. The conditions of the problem yield 


10a + 6 + 106 + a — ll(a + 6) — k 2 , 


where k is an integer. 

It follows that k 2 (hence k) must be divisible by 11; also, a + 6 
must be divisible by 11. Since a + 6 ^ 18, this implies that a + 6 = 11, 
or k 2 = 121. Therefore, the only possibilities for the integers sought 


are 
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29, 38, 47, 56, 65, 74, 83, 92, 

all of which satisfy the conditions of the problem. 

Ill Designate by a the two-digit integer formed by the first two 
digits of the number N sought, and by b the two-digit integer formed 
by the last two digits of N. Then, N - 100. + 4, and the conditions 

of the problem yield 

100a + b = (a + b) 2 , 

which may be written 

99a = (a + bf - (a + b) = (a + bXa + b — V). () 

Thus, the product (a + bXa + b - 1) must be divisible by 99. We 

shall investigate the possible values for a and b. 

(1) a + b = 99*. a + b-l = j. Since a and b are two-digit num¬ 
bers, k g 2. The case k = 2, when used with equation (f), leads 

immediately to a — 99 and b = 99. Similarly, 

k = 1 , 
a + b = 99, 

a = a + b — 1=98, 

N = 9801 = (98 + l) 2 . 

(2) a + b=Um, a + b-l=9n, mn = a. Here we obtain 9«.= 
11* - 1. Since 11* - 1 is thus shown to be divuuUe by 9 ; ^ f ^ y 
lows that * yields the remainder 5 upon i d * V1S1 °^ y 11 9 j 1 L 1 1 S 
verified that if there were any other remainder, then 
not be divisible by 9). Hence, * = 9/ + 5, and so 9 n = 99 1 + 54, w - 
11/ + 6. We now have 

a = mn = (9/ + 5X11/ + 6) = 99Z 2 + 109/ + 30 . 

Since a is to be a two-digit integer we must have < = °; and, 
consequently, a = 30, a + b = 11* = 55, b = 25, N - 3025 - (30 + . 

cos a + 6 = 9m a + b- 1 = llw, mn = a. Reasoning as we did 
above in part (2), we have the single possibility N = 2025 = (20 + 25) 2 . 

(4) a + b = 33m, a + b - 1 = 3», or a + b = 3m, a + b- 1 - 33«, 
which is untenable, inasmuch as a + b and a + b - 1 are relatively 
prime numbers. 

(5) a + b - 1 = 99*, a + b = 


Here we will have 
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a + b - 1 = 99 , 
a + b = 100 , 

which is an impossibility. 

Therefore, the conditions of the problem can be satisfied only bv 

^trn b r 9801> 3025> and 2 ° 25 ’ 3nd thCSe do-tS tS 

112. (a) Since the numbers are to contain only even digits they 
can begin only with 2,4,6, or 8; hence we need examine only'thoS 

Sfand STL !H- a "? T’ 39W a " d 500 °- 5 ® “ d ^ 
7999 and 9000. Accordingly, the square roots of such possible four¬ 
digit integers must be between 45 and 55 or 63 and 71 nr 77 a 
84 or 89 and 95. Further, since (10, + & = 100* + 20*° + y"f t 
follows, for 0 g y g 9, that the tens digit of the number (I0r +’2 
is odd or even simultaneously with the tens digit of y (the 20,y term 
contnbutes an even digit to that place, and 100* contributes a zero 

rur“^“ thenumb ~‘ 

th esquareroots of the numbers sought must be even we 
are left with only the following four possibilities: 

68 2 = 4624 ; 80 2 = 6400 ; 

78 2 = 6084 ; 92 2 = 8464 . 

These four integers satisfy the conditions of the problem 

, ha , .. a Reasoning analogous to that used in problem (a) shows 

Md wh>h n0t , exist a °y number composed of four odd digits 
and which is a perfect square. ^ cs 

113. (a) We shall designate the hundreds, tens, and units dibits 

tT + ZT: W T r gh a by * “ d «• -lively. SO 1 ,N L 

100, -(- lOy + z. The condition of the problem, then, is 
100, + lOy + z = xl + y! + zi . 

Since 71 = 5040 is already a four-digit number, none of the digits 
n exceed 6. Consequently, N cannot exceed 700, which implies 
that no one of the digits can exceed 5 (since 6! = 720). At leas^one 

J+ y, IT mU M k C o °, therwiSe the greatest val ue obtainable for 
,!+y! + z! would be 3-4! = 72 < 100, whereas N is a three disk 
number. The possibility , = 5 can be eliminated, since inS^t 
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500, but the greatest value obtainable for xl + y\ + z\ is 3-5! = 
360. This, in turn, implies that x cannot exceed 3. Further, it can 
easily be reasoned that x cannot exceed 2; in fact, 3! + 2-5! = 242 < 
300. Now, the number 255 does not fulfill the conditions of the 
problem; if only one digit of the number sought is 5, then x cannot 
exceed 1, since 2! + 5! + 4! = 146 < 200. Moreover, since 1! + 5! + 
4! = 145 < 150, we must conclude that y cannot exceed 4. Con¬ 
sequently, 2 = 5, since we have shown that at least one of the digits 
has to be 5. Therefore, we must have x = 1, 4^y^0, and 2 = 5. 
This allows us to find the one possibility for the solution of the 
problem—a number satisfying the problem’s condition is N = 145. 

(b) The desired numbers N cannot have more than three 
digits, since in the extreme case (9 2 + 9 2 + 9 2 + 9 2 = 4*9 2 = 324) we 
obtain only a three-digit number. Hence we can write, for the inte¬ 
gers, jV= 100* + lOy + 2 , where *,y, and z are the respective digits 
of the number (from left to right, and allowing the possibility of 
* = 0, or even both * = 0 and y = 0). 

The problem then imposes the condition 

100* + lOy + 2 = * 2 + y 2 + 2 2 , 

or, equivalently, 

(100 - *)* + (10 — y)y = 2(2 — 1). ( 1 ) 

The last equation implies that, necessarily, * = 0; if this is not the 
case, we have on the left an integer not less than 90 [* ^ 1, 100 — * ^ 
90, (10 — y)y = 0], and the integer on the right is not more than 
9*8 = 72. Consequently, equation (i) can be replaced by 

(10-y)y = 2 ( 2 - 1 ). 

It is readily verified that this equation cannot be satisfied by any 
nonzero y (recall that y and 2 are digits). If y = 0, then there re¬ 
mains only the trivial possibilities 2 = 0 or 2 = 1. 

Hence, except for N = 0, there is only the solution N= 1. 

114. (a) Clearly, the numbers N which are sought cannot have 
more than four digits, since the sum of the digits of a five-digit 
number cannot exceed 5*9 = 45, and the square of this number is 
2025, a four-digit number. Further, since 4*9 = 36, and 36 2 = 1296, 
if AMs a four-digit number satisfying the condition of the problem, 
its first digit cannot exceed 1. But 1 + 3*9 = 28, and 28 2 = 784, 
whence even four-digit numbers are excluded from consideration. 
Thus can have at most three digits. Assume, now, that = 
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100* + lOy + z, where *, y, and z are digits (the possibility x = 0 is 
allowed, as is x = y = 0). 

Now the condition of the problem can be written in the form 
100* + lOy + z = (* + y + z) 2 , 
or 

99* + 9y = (* + y + z) 2 — (* + y + z) 

= (* + y + z)(* + y + z — 1) . 

It follows from the above equality that one of (* + y + z) or 
(* + y + z — 1) is divisible by 9 (not both can be divisible by 3 since 

they are relatively prime). Also, l^* + y + z^27. We shall in¬ 

vestigate all possible cases. 

(1) * + y + z — 1 = 0; 99* + 9y = 0, * = y — 0, z = 1; N = 1. 

(2) * + y + z = 9; 99* + 9y = 9-8 = 72, * = 0, 9y = 72, y = 8, z = 1; 
N= 81 [= (8 + l) 2 ]. 

(3) * + y + z — 1 = 9; 99* + 9y = 9-10 = 90, * = 0, 9 y — 90, which 
is impossible. 

(4) * + y + z = 18; 99* + 9y = 18* 17 = 306, * = 3, y = l, z = 18 — 
(3 + 1) = 14, which is impossible. 

(5) * + y + z — 1 = 18; 99* + 9y = 19* 18 = 342, * — 3, y = 5, z — 
19 — (3 + 5) = 11, which is impossible. 

(6) * + y + z = 27; 99* +9 y = 27-26 = 702, * = 7, y = 1, z = 27 - 
(7 + 1) = 19, which is impossible. 

Therefore, the conditions of the problem are satisfied only by the 
numbers 1 and 81. 

(b) The cube of a three-digit integer can contain no more 
than nine digits; hence, the sum of the digits of the cube of a three- 
digit number cannot exceed 9-9 = 81 < 100. This implies that the 
numbers sought cannot be three-digit numbers; and the same kind 
of reasoning will show that such a number cannot have more than 
three digits. The integer, or integers, sought can have at most two 
digits. 

The cube of a two-digit integer cannot have more than six digits, 
and the sum of the digits of such a cube cannot exceed 6-9 = 54, 
whence the numbers sought cannot exceed 54. However, if a number 
not exceeding 54 is cubed, the first digit of the cube cannot be 
greater than 1; but then the sum of the digits of the cube cannot be 
greater than 1 + 5-9 = 46. Thus, the numbers sought cannot exceed 
46. 

Proceeding as before, we find that if an integer does not exceed 
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46. its cube contains at most five digits, and since this cube is Jess 
than 99 999, the sum of the digits is at most equal to 4-9 + » 

The cube of’44 is a five-digit number ending with the digit 4. Hence 
the number 44 must be thrown out as a possibility. The numbers 

Tow r n mlk e e X u e : d of 3 the fact that the sum of the digits of every 
positive integer yields the same remainder upon division by 9 as does 
S “umber Leif upon division by 9. It follows that any of the 
integers sought must yield the same remainder upon division by 9 
as does its cube. This is possible only if this remainder is , > 

ThS'The 11 numbers bought do not exceed 43, and they can yield 
upon division by 9 only the remainders -1, 0, or 1. Only the fo 
lowing thirteen integers can satisfy these conditions: 

1 ; 


8, 

9, 

10; 

17, 

18, 

19; 

26, 

27, 

28; 

35, 

36, 

37. 


Of these possibilities, the following integers satisfy the condition of 
the problem: 

i (i 3 = i); 

8 (8 3 = 512); 

17 (17 3 = 4193) ; 

18 (18 3 = 5832); 

26 (26 3 = 17,576) ; 

27 (27 3 = 19,683). 

115. (a) Direct verification assures us that for * < 5 the only 

positive integers solving the given equation are X 7 ’/> 5 We 
x = 3 f y = 3. We shall show that no solution exists for * = 5. w 

note, first, that 

1! + 2! + 3! + 4! = 33 

ends with the digit 3; and 5!,6!,7!,--- all end with the digit 0 
Therefore, if x * 5. the sum 1! + 2! + ■ • - + *’• terminates with the 
digit 3 and therefore cannot be the square of any integer y. 

(b) Two cases will be considered. 
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z — 2n is an even integer. This case is readily reduced to problem 
(a), inasmuch as y 2n — (y n ) 2 . For even integers z the solutions are 
x = 1; y — 1; z is any even number; 
x = 3; y = ±3; z = 2. 

z is an odd number . For z — 1 any value of x, and the correspond¬ 
ing obvious value of y, will suffice. Let z ^ 3. We note that 

1! + 2! + 3! + ■ • • + 8! = 46,233 . 

This number is divisible by 9, but not by 27, whereas for all n ^ 9 

the number 9! is divisible by 27. The sum 9! + 10! + • • • + x\ is 

therefore divisible by 27; and so, for x ^ 8, the sum 1! + 2! + • ■ • + 
x\ is divisible by 9, but not by 27. In order for y z to be divisible 
by 9 it is necessary that y be divisible by 3, but then y z must be 
divisible by 27 (for z ^ 3). Consequently, for x ^ 8 and z ^ 3 the 
given equation has no solution in integers. 

It remains to consider the case for x < 8. We have 1! = 1 = T, 
where z can be any integer 1! +2! =3 (which does not provide an 

integer solution for z ^ 3), 1! + 2! + 3! = 3 2 (a solution arrived at 

earlier, but not for the case of odd z) and 

1! + 2! + 3! + 4! = 33 , 

1! +2! + +5! = 153 , 

1! +2! + ••• +6! = 873, 

1! +2! + +7! =5913. 

As can be easily verified, none of these integers is an integral 
power (^3) of any natural number. Thus, for odd z we have only 
the following additional solutions: 

x — 1; y — 1; z = any odd number; 
x = any natural number; y = 1! + 2! + + jc!; z = l. 

116. Let 

a 2 + b 2 + c 2 + d 2 = 2" . 

We shall designate by p the greatest power of 2 which divides all 
four integers a, 6, c, and d. Upon dividing both sides of the above 
equation by (2 P ) 2 = 2 2p (an even power of 2), we obtain 

a\ + b\ + cl + d\ = 2™~ 2p , 

where at least one of the four integers a u buc u di is odd. If exactly 
one, or if exactly three, of the integers a u b u c u di are odd, then 
a\ + b\ + cl + d\ is odd, and in this event the equality is impossible. 
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If two of the integers are odd, say a v - 2k + 1 and b i 21 + L and 
two are even, say c v = 2m and d, = 2n, then we may wri e 

a \ + b \ + + d\ = 4k 2 + 4k + 1 + 4/ 2 + 4/ + 1 + 4m 2 + 4n 2 

= 2[2(k 2 + k + / 2 + / + w 2 + n 2 ) + 1] > 

which is a contradiction that A + « + A + A = 2-' cannot have an 
odd divisor (the expression in brackets cannot be 1 except for k - 
“Vo- Cr=V = 0 and c = rf = 0). If all four integers are 

Idd that is, ’* = 2* + 1, 6. = 2/ + 1, * = 2m + 1. * = ■*■ + ^ We 

have 

a\ + b\ + c\ + d\ = 4** + 4* + 1 + 4/ 2 + 4/ + 1 

+ 4j n 2 + 4m + 1 + 4w 2 + 4w + 1 

= \{k{k + 1) + Id + 1) + m ( m + !) + + 1) + • 

Now the product of two consecutive integers must be an even 
integer, and so the expression in the brackets immediately above i 
odd Under the circumstances, its value can be only _ _ 

implies that n — 2p = 2, n = 2p + 2, and k = l = m = » = 0, 

C ‘ Therefore,if » is an odd number, then 2" cannot be written as 
the sum of four squares; if n = 2p is even, then 2" can e expresse 
as the sum of four squares only in the following way: 

2 2, = (2*-i) 2 + (2 p - ‘) 2 + (2 P_1 ) 2 + (2 p - 1 ) 2 • 

117. (a) First Solution. The equation 
x i + y 2 + z 2 = 2 xyz 

i, satisfied by x = , = r - 0. It is obvious that no other^solution.is 
available which involves zero value for any one of x.y. or 
we may assume that none of them can vanish. We can write 

x = 2®*i , 

y = 2^1 , 

Z = 2?2i , 

where *i,y„zi are odd (if any one of x,y,z is initially odd, then the 

exDonent for 2 can be taken to be 0). 

Since x.y, and z enter the equation symmetrically, we may assume, 
witlT^nerality, that-SjSr We shall now determine by what 
power of 2 the left member of the equation is divisible. 

® If * < 0 S r, or else if « - t = r. then after factoring out 
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(2 a) 2 — 2 2af , there will remain the sum of an odd and two even 
numbers, or else the sum of three odd numbers—that is, an odd 
number. 

(2) If a = ft < r, then it is possible to write 

x = 2<*(2k + 1) , 
y = 2*(2 1 + 1) , 

2 - 2*-2 m . 

In this case, 

x 2 +y 2 +z 2 = 2 2 *[(2A> + l) 2 + (21 + l) 2 + (2m) 2 ] 

= 2 2 *(4& 2 + 4k + 1 + 4/ 2 + 41 + 1 + 4 m 2 ) 

= 2 2 *+ i [2(fc 2 + k + l 2 + l + m 2 ) + 1] ; 

after factoring out 2 2 ® +1 , there remains in the brackets an odd number. 

On the other hand, the right member of the equation is divisible 
by 2* + P +y+1 . Also, the right member must be divisible by the same 
power of 2 as is the left member. 

For case (1) we must have 2a = a + ft + r + l- Since a < ft ^ r, 
we arrive at the untenable inequality 2a ^ 3a + 1. 

For case (2) it follows that 2a+l=a + ft + r + l. Since a = 
ft < Ty the following inequality is implied, which again is impossible: 
2a + 1 > 3a + 1. 

Therefore, there fails to exist any solution in integers for x 2 + 
y 2 + z 2 = 2 xyz, except the trivial one x = y = z = 0. 

Second Solution. Since the sum of the squares is to be an even 
number, it may be reasoned that either all three of the numbers x 2 y 
y 2 ,z 2 (hence also x,y, and z) are even, or one of them is even and 
two are odd. But in the last event, the sum would be divisible only 
by 2 and the product 2 xyz would be divisible by 4. Hence we must 
conclude that x,y, and z must all be even: x = 2x iy y = 2y u z = 2z x . 
If we substitute these into the given equation and divide through by 
4, we obtain 

X\ + y i + z\ = 4xiy\Z\ . 

As above, this equation implies that x ly y lr and z v are all even 
numbers, and so we can write x t = 2x ly y i = 2 y 2r Zi — 2z ty which 
yields the equation 

x\ + y\ + zl = 9x 2 y 2 z 2 , 

which, in turn, implies that also x 2y y 2y and z 2 are all even numbers. 
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Continuation of this process leads to the conclusion that the fol¬ 
lowing set of numbers are all even: 


y, 





Z3 






(the numbers x k ,y k ,z k satisfy the equation xt + yt + zl - 2 k+l x k y k z k ). 

But this is possible only if x = y = z — 0. 

(b) As above, it may be proved that the only integer solution 

of the equation x 2 + y 2 + z 2 + v 2 — 2xyzv is x = y = z — v — 0. Here, 
it suffices to make the special investigation for the case where the 
highest power of 2 which divides x t y f z, and v is the same, that is, 
when 

x = 2*{2k + 1) , y = 2“(2/ + 1), 

2 = 2®(2 m + 1), v = 2*(2 n + 1) , 


where a: is a nonnegative integer, and k, l, m, and n are integers. 
Then 


x z _|_ v z _(_ z 2 4 . = 2 2 *[(4k 2 + 4k + 1) f (4 1 2 + 4/ + 1) 

+ (4 m 2 + 4 m + 1) + (4 n 2 + 4n + 1)] 
__ 2 2 <*+ 2 (k 2 + k + l 2 + / + w 2 + m + n 2 + n + 1 ) 

= 2 ^[kik + 1) + /(/ + 1) + w( m + 1) + n(n +!)+!]. 


Now, the last expression in brackets must be odd (the terms which 
are products of two successive numbers are even). Therefore, the 
greatest power of 2 which divides the left member of the equation 
has exponent 2 a + 2. But, in the original equation, the highest power 
of 2 which divides the right member is 2 , ® +l . Accordingly, we must 
conclude that 2« + 2 = 4« + 1, which is untenable for any integer ar. 

Remark'. A second solution of problem (b), which is analogous to that of 
problem (a), is left to the reader. 


118. (a) Let x, y, z be any three nonnegative integers satisfying 
the equation 
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x 2 + y 2 + z 2 — kxyz . 

We shall show, first, that it is always possible to assume 

x<^ y<kxz kxy 

- 2 ’ y= * 2 ’ Z ~ 2 


( 1 ) 

( 2 ) 


(none of the integers on the left of (1) can exceed half the value of 
\xy nght member )- To show this, assume, for example, that z > 
2 ■ Then consider not x,y, z, but the lesser integers x,y, and z t = 
~ z < which clearly also satisfy equation (i): 


x l — v 2 - (kxy — z) 2 = kxy(kxy — z). 


If any integer of this new triple is greater than the product of the 
other two multiplied by we again make a similar substitution 
until the conditions of (2) are satisfied (after which the process will 


' ' -- Huivn LHC ULCbb Will 

tail to yield decreasing numbers for x,y 9 z). 

Assume now that * g y g z. First, since y g z g it follows 


that 


1 <kx_ . 

~ 2 ’ 

kx § 2 . 

Equation (i) can be restated in the form 

Since z g , if i n the left member z is replaced by y g z, the 

numerical value is increased (or remains the same if y = z ); con¬ 
sequently, 

*+? + (!f - i e&L, 

This yields the inequality 

* 2 + 2y 2 ^ kxy 2 . 

Further, it follows from x ^y that 

y 2 + 2y 2 £ kxy 2 ; 


that is, kx ^ 3. 
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Hence, we have 2 £ kx ^ 3; that is, kx is equal to 2 or 3. But if 
kx = 2, then equation (i) assumes the form 

x 2 + y 2 + z 2 = 2yz , 
or 

* 2 + (y - zf = 0 ; 

thus x = 0 and kx = 0 instead of 2. Therefore, kx = 3, which means 
that k can have only value 1 or 3. It is readily verified by examples 
that these values for k are possible [see the solution of problem (b)]. 

(b) Reasoning similar to that employed for problem (a) is 
used here. There we had x 2 + 2y 2 ^ kxy 2 ; since kx = 3, this inequality 
can be rewritten in the form 

* 2 + 2y 2 ^ 3y 2 , 
or 

x 2 ^ y 2 . 

However, we assumed x ^ y; consequently, x = y. Assume now 
that in the basic equation, (i), x = y, kx = 3. We obtain 

2x 2 + z 2 — 3xz , 
or 

(z — x)(z — 2x) = 0 . 

Thus, z = x or z = 2x. Since 

^ kxy _ 3y __ 3x 

“ 2 2 2 ’ 

it is impossible for z to be equal to 2x. Therefore, z = x. 

Accordingly, for condition (2) to be fulfilled, we must have x = 
y = z. But, inasmuch as kx = 3, x can be only 1 or 3, and we obtain 
two solutions for equation (1); 

x = y = z = 1 (k — 3) ; 
x = y = z = 3 (A = 1) . 

In the solution of problem (a) we saw that any three integers x, 
y, z which satisfy condition (i) can produce other solutions, by suc¬ 
cessive replacements of the form z i = kxy — z of (2). But if Zi = 
kxy — z, then z = kxy — zr, hence every solution of equation (1) can 
be obtained from the least solution by successive substitutions of 
form z i = kxy — z. In particular, we obtain in this way the following 
solutions for equation (1) (up to 1000): 
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(1) For k = 3: 

.£ y_ z 

i i T 

1 1 3 

1 1 2 

1 2 5 

1 5 13 

1 13 34 

1 34 89 

1 89 233 

1 233 610 

2 5 29 

2 29 169 

2 169 985 

5 13 194 

5 29 433 

(2) For k = l: 

_£ y_ z 

3 3 T 

3 3 6 

3 6 15 

3 15 39 

3 39 102 

3 102 267 

3 267 699 

6 15 87 

6 87 507 

15 39 582 

th3t S ° lutions corre sponding to k = 1 can be obtained from 

hZ 3 hY Simple mul tiP*ication by 3 follows 
from he fact that the least triple (3, 3, 3) satisfying the equation for 

* ~ 1 13 related t0 the least triple for k = 3 by the factor 3. 

thfnmhll the *' elati ;' ely P rime Pair x,y is to meet the conditions of 
the problem, the following equations must be solvable in integers: 

x 2 + 125 = uy , 
y 2 + 125 = vx . 
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We shall show that a solution of these equations produces not merely 
the relatively prime pair x and y satisfying the conditions, but two 
other pairings x, u and y, v which satisfy the same conditions. That 
is, we shall show that x 2 + 125 is divisible by u and u 2 + 125 is 
divisible by x, and also that y 2 + 125 is divisible by v and v 2 + 125 
is divisible by y. 

First, x 2 + 125 = uy means that x 2 + 125 is divisible by u . The 
equalities yield 

u 2 y 2 = x 4 + 250a: 2 + 125 2 ; 
u\vx - 125) = a; 4 + 250a: 2 + 125 2 , 

and, finally, 

x(u 2 v - a: 3 - 250a:) = 125(« 2 + 125) , 

from which it follows that u 2 + 125 is divisible by x (which is rela¬ 
tively prime to 125, otherwise x and y would not be relatively prime). 
Also, the integers x and u are relatively prime, for if x and u had 
a common divisor of d t then 125 = uy — x 2 would also be divisible by 
d (that is, d = 5), and, consequently, y would be divisible by d (since 

= vx — 125). It may be shown, in exactly the same way, that the 
integers y and v are relatively prime, and the square of either when 
increased by 125 is divisible by the other. 

We redesignate our integers x, y t u, v as follows: x = x Q} y = x lt 
u = x-u v = x 2 . If u 2 + 125 = x~ 2 x f then the pair of integers u f x~ 2t 
that is, x- lf x- 2 , also satisfy the conditions of the problem. Thus, if 
v 2 + 125 = x 3 y, then the pair of integers v, * 3 , that is, x 2r x 3 , also 
satisfy this condition. Hence, beginning with an integer pair satis¬ 
fying the conditions of the problem, it is possible to construct an 
infinite double-end array of integers, 

■ • X- 2f X-u X Q , Xi f X 2t 

where neighboring pairs satisfy the equation 

xl + 125 

— Xa -l, 

■Wi 

xl +i + 125 _ 

— a:«+2 . 

x« 

Further, in the given array the ratio of the sum of a pair neighbor¬ 
ing an integer to that integer is constant: 
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Xq-\ ~1" Xq+i _ Xq-iXq+i ~f~ X/t+i _ (Xq 125) Xqt+i 

Xq XqXq+i XqXq+i 

_ + (x!-h + 125) X a 4- X«X,+ t _ X„ -f Xq+i 

XqXq +1 XqXq\\ Xq+i 

This observation is helpful in extending the double-end array of inte¬ 
gers above: it we designate by /, we will have 

Xq 

Xq +i = tXq — *«-! , 

Xq -1 — tXq Xq+i . 


Now we must develop a procedure which will help us determine 
all such arrays which yield solutions of the problem. We note, first, 
that if x*+i ^ x a , then 


xl+i + 125 xl+i 

Xq+2 - >- 

X a Xa 


and if x a -i ^ x a , then x*- 2 > Xa-u hence every chain of integers 
augments in both directions from some least integer (or equal pair 
of least integers, and two neighboring numbers of the chain can be 
equal only if both are 1). 

Let Xa be the least integer of the solution-chain: 

X\ ^ X 0 , X-i ^ X 0 . 

We shall show that x Q < yT25 < 12. 

We first observe that the number /, referred to above, is an integer 
exceeding 2. In fact, it follows from the equation 


Xa-i + Xq+i Xq + 


that / is an integer. Hence x a and x a+l are relatively prime, and 
consequently 

^ Xq—i Xq +1 


cannot have in its denominator a divisor of Xq+ 1 , and 

t = Xq + Xq +2 
Xq + l 


cannot have in its denominator any divisor of x a . Further, 
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_ Xa + xl +1 + 125 ^ Xa + e£t+i_ ^ 2 , 

XqXq+1 XqXq+l 

or Xa + Xa +1 ^ 2XqXq+l (sinCC xl + xl + l - 2XqXq+l = (Xa - Xq + l)* ^ 0). 
Thus, t ^ 3. Now, since 

(Xi - Xo)(x~i — Xa) = XiX-i + xl - XqXi - X Q X-i 

= XiX-i — xl — X 0 (X 1 — Xq) — *o(X-i “ X °} 

^ X\X— i Xo = 125 , 

it follows that at least one of the (nonnegative) integers x, - *o and 
x-i — Xo fails to exceed 11. Suppose that x, — x ° — ” e ave 

, xl+JL± 125 . 

t — 1 > 

X 0 Xi 

£ + x? + 125 - 2x a x t = (x, - x,) 2 + 125_ 

^ — XjXi Xo[x 0 + (Xl — Xo)] 

But / ^ 3 and so / - 2 ^ 1; consequently, 

(x, - Xo) 2 + 125 § Xo 1 + Xo(x, - Xo) , 

which is impossible if x, ^ 12 > (x, - *.) [since here xl > 125, 

X °u' remains ( now to test for x 0 all integers that are less than 12 and 
which are relatively prime to 125; for such an x 0 , x, is an integer 
such that xo + 125 is divisible by x t (that is, x, is a divisor of 
xl + 125), and x? + 125 is divisible by x 0 . Since x 0 + 125 - x,x-„ we 
may use the fact that x, is the smaller of the neighbors of x 0 to 

obtain _ 

Xo ^ Xi ^ A + 125 . 

It is not difficult to verify that all pairs x„ x, satisfying the con¬ 
ditions of the problem can be expressed as follows: 



= 45) 
= 25) 
= 23) 


1 , 2 (/ = 
i,e(/ = 
i,9(/ = 
6,7(/ = 


1 ! 

+ 

2 2 + 

125 



1*2 


1 st 

+ 

6 2 + 

125 



1-6 


11 

_+ 

9* + 

125 



1*9 


6* 

_+ 

72 + 

125 


6-7 


= 65); 
= 37 ); 
= 23) ; 
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This yields the following solution arrays: 

15,001, 126, 1, 1, 126, 15,001, •••• 

•••, 4094, 63, 2, 129, 8383, ■■■; 

1889, 42, 1, 3, 134, 6027, 

15 > 261 > S 88 * 21, 1, 6, 161, 4341, 

10 - 828 - 449. 18, 1, 7, 174, 4343, .... 

7389 > 321 > 14, 1, 9, 206, 4729, 

22 ’ 658 > 9 87, 43, 2, 3, 67, 1538, •••’• 

•••, 2501, 522, 109, 23, 6, 7, 29, 138, 661, 3167, .... 

Pr ‘7r i,iVe , ess 

I2 I J T® 522 lffl 

“ | “ J 'S " 

42 ^ “ 7 l 

1 ; " 1 29 138 

3 134 n 9 138 661 

566 21 987 43 

21 1 43 2 

18 2 3 
6 181 3 67 

tote Jv'Srl’X/Xto. “ the ,0ll0Win8 s «'“> °4 aquations 
integers (where x ,y, z, u are the integers sought): 

x * + y + z + u = ( x + v ) 2 , 

y t + X + z + Us= (y + w y f 
xl + X + y + u = (z + t y , 

U 1 + X + y + z = (u + s ) 2 


y + z + u — 2vx + v 2 , 
x + z + u = 2wy + w 2 , 
x + y + u = 2tz + / 2 , 

z+y + z = 2su+s 2 . 
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(2v — 3)* + (2 w — 3)y -F (2/ — 3)2 + (2s — 3 )u 

+ v 2 + + t 2 + s 2 = 0 . (2) 

Note that in equation (2) at least one of the numbers 2v — 3, 2 w — 3, 
2/ — 3, 2s — 3 is negative; otherwise there would be on the left of 
the equation the sum of positive integers. Let us assume that 
2v — 3 < 0; This is possible only if v = 0 or v = 1. In the first 
event, the first equation of system (1) yields y + z + u — 0, which is 
untenable for y, z , u all positive. Hence it must be assumed that all 
the integers v 7 iv 7 t,s are positive, and that v = \. In this event 
equation (2) can be rewritten in the form 

x — (2 w — 3)_y -F (2 1 — 3)2 + (2s — 3 )u + iv z + t 2 -F s 2 + 1 . (3) 

We now consider the several possibilities. 

The numbers x t y,z,u are all distinct . Here, the integers v 7 iv,t,s 
are also all different; if, for example, v = w, the difference of the 
first two of the equations (1) yields y — x = 2v(x — y), which is im¬ 
possible for positive v and x =£ y. Further, if we assume v = 1, the 
first of equations (i) yields 2x = y + z -F u — 1, 



1,1 1 


which is inconsistent with equation (5), where the coefficients of y f 
2, u in the right member are positive integers (since w, /, or s cannot 
be equal to 1 because they are distinct from v which is equal to 1). 
Therefore, this case is not possible. 

Precisely two of the integers x, y , 2, u are equal. Here we must 
separately investigate two cases. 

If 2 = u, then t = 5. Equation (3) and the first of equations (i) 
now yield: 

x = (2 w - 3 )y + 2(2 1 - 3)2 + w 2 + 2/ 2 + 1 ; 

2x = y + 2z — 1 . 

As before, these equations are inconsistent. 

If x — y 7 then w = v = 1 . Equation (2) and the first of equations 
(. 1 ) yield, respectively, 

2tX = (2/ — 3)2 -F (2s — 3 )u -F t 2 -I- s 2 -F 2 ; 

X = 2 + u — 1 . 
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Substituting the second equality in the first, we have 

(2 1 - 5)z + (25 - 5)w + / 2 + s 2 + 4 = 0 , (4) 

from which it follows that at least one of the two members 2/ — 5 
or 2 s — 5 must be negative. Assume 2 / — 5 < 0 ; since / > 0 and / =£ 1 
(for v = 1, / =£ v, since z =£ x) f it follows that t = 2 . Now, if twice 
the first of equations (i) is added to the third equation, we obtain 

4z + 4x + 6 = 4x + 2z + 3« , 

3 

that is, z = — u — 3. Substituting this into equation (4), along with 
/ = 2 , we have 

(45 - 13)« + 25 2 + 22 = 0 . 

Clearly, 45 — 13 < 0. Since 5 > 0, 5 =£ 1 , 5 4= 2 , we must have 5 = 3. 
If these values are now substituted into equations (i), there results 
a system of three linear equations in three unknowns: 

JC + Z+ tt = 25 + l, 

2x + u — 4z + 4 , 

2x + z = 6 m + 9 . 

We easily find that x( = y) = 96, z = 57, u = 40. 

The integers x,y,z,u are ttvo pairs of equal numbers. Assume that 
x = y and z = u. In this event, the first of equations (i) yields x = 
2 z — 1 ; if this is substituted in ( 2) f we obtain 

x = (2/ - 3)z + / 2 + 1 , 

and so 

(2/ - 5)z + / 2 + 2 = 0 . 

It follows that 2t — 5 < 0, and since / > 0, t 4= 1, we have / = 2. 
Equations (1) may now be written 

x + 2 z = 2x + 1 , 

2x + 5 = 4z + 4 , 
whence x(= y) — 11 , z(= u) = 6 . 

Three of the integers x, y t z, u are equal . It is necessary to consider 
two cases. 

If y = z — u, then equations (3) and the first of equatians (i) take 
on the form 
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X = 3(2 w - 3)y + 3w* + 1; 

2 * = 3 > - 1 , 

and these, clearly, are inconsistent. 

If x = y = z, then the first of equations (i) is 

2x + u = 2x + 1 , 

from which we find x = 1. The last of equations (I) becomes 

3x = 25W + 5 2 = 25 + s 2 ; 

_ 5(5 + 2) 

*" 3 

^ y u, 3 x 

equations (1) yields 3x — ^x ■+■ 
solutions for the problem. 

x = y = %, 2 = 57, * = 40; * = y = ll, z = u = 6; 

x=y = z = k( 3* ± 2), * = 1 ; x = > = a = 

121. Let x and y be the numbers sought: 

x + y = . 

or, 

xy — x — y + l = l. 

(x - l)(y - 1) = 1 ■ 

Since 1 may be expressed as the product of two whole numbers 
in only two ways, we must have 

x-i=i. y-i= 1 ; 

that is, x = 2, y = 2, or else, 

x- 1 = -1, y-l = -* 1; 

that is, x = 0, y = 0. 

122 We shall show, first, that at least one of the positive integers 
x,y x'the sum of whose reciprocals is equal to 1, must be less than 

4. In the equation 
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T + 7 + t = 1 . 

«t L h V“T + T 1 4 7 eed 4 ’ th “ - - i + j- + ± 
-»„« « pos 4 b ; 4 valu rr ln ; rv hat " 

- > . ^se Iwc possibilities wl.l t ™ 


x — 2, then — _l -L = i 


2 * ^ we use a common de¬ 


nominator for — _l _L_ l _ n 

cohdition: ' ‘ 2 -0. We find the following necessary 

y* - 2y - 2z = o, 

-V*-2y-2z + 4 = 4 

or, 


(y - 2)(z - 2) = 4 . 

Since y and 2 must exceed 1 neither v 9 
negative, and o„, y t he following a - 2 can be 

^ ~ 2 = 2 ’ 2 ~ 2 = 2 ; > = 4,2 = 4 

^-2 = 1, 2-2 = 4; > = 3 , _y = 6 ' 

If * = 3 , then — + -L = i _1 2 

_V z x 3 » or 

- 3y - 32 = 0 , 

4>2 — 6y — 62 -f- 9 = 9 f 
(2> - 3)(22 - 3) = 9 ’ 

Since y £ . _ 3, 2 y - 3 is 3, and 2 a - 3 £ 3, there is only one possibility: 


2>-3 = 3, 22 


3; > = 3 , 2 = 3 . 


Therefore. aU solutions of the problem are given by the equations 


y + T + 4 _ = 1 ; 

y + y + y = 1 ; 
y + y + y = 1 . 
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123. (a) If — + — 

X V 

dition 


—, then we must have as a necessary con- 
a 


ax -f ay = xv , 


or, 

xy — ax — ay + a 2 = a 1 , 

(x - a)(y - a) = a 2 . 

The last equation has 2/* — 1 solutions, where jj. is the number of 
divisors of the integer a 2 (including 1 and a 2 as divisors). To obtain 
all of these solutions, we may write the 2/i possible systems of form 

x — a — d y y — a — —r and x — a — —d y y — a — —(where d is a 
d d 

divisor of a 2 ), and discard the system x — a = — a f y — a = —a t which 
leads to the unsatisfactory result x = y = 0. 

If a = 14, then a 2 = 196, and the divisors of a 2 = 196 are 

1, 2, 4, 7, 14, 28, 49, 98, 196. 

We obtain the following seventeen solutions to the problem, which 
correspond to the above. 


X 

y 

15 

210 

16 

112 

18 

63 

21 

42 

28 

28 

42 

21 

63 

18 

112 

16 

210 

15 


x 

y 

13 

-182 

12 

-84 

10 

-35 

7 

-14 

-14 

7 

-35 

10 

-84 

12 

-182 

13 


(b) The given equation may be converted, as in the solution 
to problem (a) to the form 

(x - z)(y - z)~ z z . (I) 


Let t represent the greatest common divisor of the integers x f y t and 
z\ that is, x = xdy y = yd, z = z x t y whence x u y u and z x are a relative¬ 
ly prime set (that is, there is no nontrivial divisor for all three). 
Further, let us designate by m the greatest common divisor of the 
integers x x and z u and by n the greatest common divisor of y x and 
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I': an?f v’ Z WritC X ‘ T 3,1 = where 

relatillv n *• ^ relatlvely P rim e. The integers m and « are 
• h - ^ w im if’ ^ 1! ? ce x,,yi ’ and 2 > have no common divisor. Since 
* T S dlvlslble **** b y « and by we may write *, = mnp 
If we now substitute into the basic equation (1) * = mXit v = nv , t 
z = mnpt, and divide by mnt\ we obtain 

{x 2 — np)(y 2 — mp) — mnp 2 . (2) 

difisor^f^r 1311 ^' 7 Pr T t0 p ’ f ° r W is the greatest “>mmon 

b ar^ ta! f num . bers Xl ~ mx * and = mnp; analogously, y 2 and 

see that x Z- Up ° n expanding the left member of (2), we 

anH *7 4 * y ‘ 7 xmp + y * np 1S divisible by p. It follows that p = 1 
and the equation takes on the form 

(*2 — n)(y 2 — m) — mn . 

Now * 2 is relatively prime to n, for the three integers = mXl 

rAi 3nd Zl = mn arC relative, y Prime. Consequently, x 2 - n is 
Ve - y P rime t0 «- whence y t - m is divisible by n. Analogously, 
2 “ " is dlvlslbIe by m. Thus, - „ = ±m> yt _ m = 1’ 

+ n . Therefore, ’ 2 

* = m{m + n)t , 
y = ±n(m + n)t , 
z = mnt , 

where m, n, t are arbitrary integers. 

124. (a) It is readily reasoned from the equation x v — v* that thA 
prime divisors of , and y must be the same: 

* = PVP?- • -Pl k ; 
y = Pf'Pp- ■ -Pi *; 

where p lt p u -••,/>* are prime numbers. In view of this, and the 
equation, we have 

~ PiX, y = fi 2 X, ■ • •, Ci k y = Qtf t 

We shall assume y > x. It follows that 

< Pi, #2 < fa, < Q k . 

Consequently, y is divisible by *, or y = kx, for some integer k We 
may rewrite our equation as 
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= (ifor)* . 

If we take the *th root on both sides, we obtain x k = kx, or x k ~ l = k. 
Since y > x, then k > 1, which implies x > 1. But 2 Z_1 = 2, and for 
k > 2 we always have x k ~ l > In fact, if k > 2 and * ^ 2, then 

jt-i ^ 2*- 1 > £ , 

since already 2 3_1 > 3; and for k = 2, x > 2, 

= x > 2 = k . 

Therefore, the only solution of the problem, in positive integers, is 
x = 2, £ = 2, y — kx = 4. 

(b) We shall designate the ratio by &, whence y = If 
we substitute this for y in the equation, we obtain 

x 1fcl = (kx) x , 

or, taking the *th root on each side and then dividing by x f we 
obtain 

x*- 1 = k , 

from which we obtain 

_ ^Jfc/[A-1) 

Write the rational number . - as a fraction — in lowest terms. 

k - 1 q 

Substituting this expression for - -• into the formula, we have 

k — 1 


* = 1 + A == A±i 


^ = (t±±y +q)}q 


Since p and q are relatively prime, in order for x and y to be 
rational numbers we must be able to extract the <?th roots of p and 
of p + q. But since, for q ^ 2 and p = n q , we have the following 
inequality 


n q < p + q < (n + 1)< = n q + pn q ~ l + 


gfe-.Duf-g 

2 




we must conclude that q — 1 is necessary. 
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Therefore, all positive rational numbers satisfying the given equa¬ 
tion are given by the formula 



where p is an arbitrary integer other than 0 or 1. 

125. Let n be the number of eighth-grade students who participated, 
and let m be the number of points assumed by each of them. The 
total number of points won in the tournament is then nm + 8. This 
number clearly is also equal to the number of games played. Since 
there were, altogether, n + 2 players in the tournament, and each 
played (n + 1) games (one with each remaining player), there was a 
in + 2 )(n + 1) 

total of --^- - games played (two players to each game, 

hence we divide by 2). Therefore, we have 



Now, n is an integer, as is the number in parentheses (since m is 
either an integer or a fraction having denominator 2). 

Since n must divide 14, n can be only one of the numbers 1,2,7, 
or 14. We must discard the possibilities n = 1 and n — 2, since in 
either of these cases the total number of participants could not have 
exceeded 4 and the two seventh graders could not have amassed as 
many as 8 points. 

There remain the possibilities n = 7 and n — 14. If n = 7, then 
7(7 + 3 - 2m) = 14; m = 4. If n = 14, then 14(14 + 3-2 m) = 14; 
m — 8. Hence, there are two answers: n — 7 and n — 14. 


126. Let n be the number of ninth graders who participated, and 
let m be the number of points won by them. Then there were 10 n 

9 

tenth-grade students, and they won a total of — m points. In all, 

2 n 

then, there were 11 n participants in the tournament, and — m points 
were won. 

The total number of points won is, clearly, equal to the number 
of games played. But since each of the llw players played each other 

once, there was a total of games played, and so we have 

the equation: 
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ii lln(ll - 1) 

T mas -2 

and thus, 

m = n(lln - 1). 

« each SS 

r .L 1— on, if th = 

— * 

and he won ten points. . 

Vp{p -«)(/>- b *P-*> = 2p • 

, . _ a + b + c t e j. 

where a, b, and c are positive integers, and p - 2 • 

p - a = x, p-b = y,**A P-c^z. Then the above equation be- 

comes 

VOc + y + z)xyZ = 2 (x+y + z). 
or, upon squaring both sides and simplifying, 
xyz = 4(x + y + 2 ) . 

Here. «.y. and a are 

r ”L. i <*. ;n,^ 

the left member of the equatmn .s necessarily mtegers. 

member is an i ^nation yields 

Let us assume that x ^ y ^ 2 . 

4y + 4z . 

x -- 4 > 

yz — 4 

consequently, 

4y + 4 y ' 
yz ~ 4 

We multiply this inequality by ,«z - 4 (it is meat that ya - 4 > 0, 
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be n ' gative) and the resulting 


that is, 


y*z - 8y - 4z g 0 , 


(y - yJ(y - y t ) z 0 , 


8^4/1 Q n f, thC r °° tS ° f thC quadratic equation in y, zy 2 - 

y 42 ~ 0 ( 2 bemg assumed fixed): y 

y, = 4 + t/16 + 42* 

2 

y 2 = 4 — t /16 + 4 2* 

2 

" e Suio her H ”' hiCh mea " S that > 0 
validity of i„e®uelity(j)'is tto e " y ' * neceasar >' “rnmion for 

y-yt^o, 

y <g 4 + t /16 -f 4 p 

7 


Hence, we must have V2 < 4 4- i/T k , jtt u- 
1/16 + Az t (f or 2 c + , 1/16 + 42 > wh ich implies z 2 - 4 <. 

we obtain ^ SqUaru, « b ° th members of this last inequality, 

z* - 82 s + 16 g 16 + 4z x; 

■2* ^ 122 2 , 

which can hold only for 2 ^ 3 . 

We shall consider the three possibilities. 

( 1 ) 2 = 1. v <: .4 + 1/16 + 4 ^ j . 


* _ 4y + 42 _ 4jy + 4 
^2 - 4 ■" y — 4 ' 

(Tor y < “ POS ‘ ,iVe in ' eger <OT * °“ ly in th « Mowing cases 

^ = 5 (here, x = 24), 

> = 6 (here, * = 14) , 

^ = 8 (here, * = 9) . 
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(2) 2 = 2, y g 4 + ^.±±1 < 5 ; 

- 4y + 4z __ 4y + 8 _ 2y + 4 
* yz — 4 ~ 2y — 4 ~ y — 2 ‘ 

This produces the integral x only if y = 3 (yielding * = 10) or y = 4 
(yielding x = 6). 

(3) 2 = 3, y = 4 + + 4 - 9 - < 4 . For 2 = y = 3, x = 

3 yz — 4 

will fail to be integer. 

These possibilities yield the following five solutions of the problem. 


X 

y 

z 

x + y + 2 = p 

a 

b 

c 

24 

5 

1 

30 

6 

25 

29 

14 

6 

1 

21 

7 

15 

20 

9 

8 

1 

18 

9 

10 

17 

10 

3 

2 

15 

5 

12 

13 

6 

4 

2 

12 

6 

8 

10 


128. (a) The problem clearly involves the solution, in integers, 
of the equation 

x 2 ~h y 2 = z 2 . 

If t is the greatest common divisor of x, y, and z, we may factor 
out t 2 from both sides of the equation to obtain an equivalent equation 
(having the same solution triples *,y, z); hence, we shall assume from 
the beginning that there is no common divisor for x f y,z. This will 
imply that each pair of integers is relatively prime, since if two of 
the integers have a common divisor, that number must also divide 
the remaining integer. 

Since now x,y,z are assumed to be relatively prime, it follows 
that at most one of these unknowns can be even; if two them, for 
example, are even, then the third must be even, and hence they 
would not be relatively prime. Further, if x and y are both odd, 
say x = 2 k + 1 and y = 21 + 1, we must have 

* 2 + y 2 = (2k + l) 2 + (21 + l) 2 = 2[2(£ 2 + l 2 + k + /) + 1] . 

Now, the square of the integer z is odd if z is odd, or divisible by 
4 if z is even. Since the expression on the right for x 2 + y 2 is not 
divisible by 4, we must conclude that x 2 -f y 2 must be an odd number, 
and so one of the integers x, y is even and the other odd; also z is 
odd. We may, with generality, assume that x = 2x x is even. 
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The equation may now be written in the form 

(2*i) 2 = 2 2 - y 2 , 

or, 

2 _z+y z-y 
X ' ~ ~2 2 ’ 

Let —= u and —~ v > then z = u + v and y = u — v. The 

integers u and v (recall that z and y are both odd) must be relatively 
prime (otherwise z and y would not be relatively prime). Hence 
since their product is a perfect square, each of them is a perfect 
square; that is, u — a 2 and v — b 1 for some integers a and b. Finally, 
we have 

z = u + v = a 2 -\-b 2 y 
y = u — v = a 2 — b 2 , 

Xi = 1 /uv = ab , 

or, if now we relieve the condition that x y y, z be relatively prime 
x = 2 tab , 
v = t(a 2 — b 2 ) , 
z = t(a 2 -I- b 2 ) , 

where a and b arbitrary relatively prime integers, a > b y and / is an 
arbitrary integer. 

These formulas yield all solutions of the problem. 

(b) We shall designate the sides of the triangle by x y y y and 
z (z being the side opposite the 60° angle). Using the law of cosines 
from trigonometry, we have z 2 = x 2 + y 2 — xy. 

We must solve this equation in integers. It is convenient to use 
a rather indirect method; we can put the equation into the format 

[4z + (x + v)] 2 = [2z + 2(x + y)] 2 + [3(x — y)] 2 , 


where u = 2z + 2(x + y), v = 3(x — y), and w — A z + (x + y). Now the 
result of problem (a) can be used to obtain 

u = 2 tab , 
v = t(a 2 — b 2 ) , 
w = t(a 2 + b 2 ) , 
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where a and b are some relative,y prime numbers and , is a„ arbitrary 
integer. 

Therefore, we obtain 

4 z + (x + y) = W ’ 

2 z + 2 (x +y) = 2 <a* ’ 

3(x -y) = K« 2 - W ■ 

Solution ot this system of equations in three unknowns yields 
6 z = 2 t(a l + * 2 ) " 2/a* ’ 

3(* + 31) = 4 /a* - /(a 2 + * J ) > 

3(* -y) = ~ br} ’ 

and finally, 

* = \tK2a - *), 

y = — ia( 2 b - a) , 

3 

Z = J-/(a* + * 2 -ab) . 

3 

In order for the values of x,y, and 2 ^ te divisible 

may be*expressed in the form 

x = /, b( 2 a - b ), 
y = / ,a(2* a) , 

2 = + * 2 - AW • 

n fl + b is divisible by 3, then either a = 3d + 1. b - 3b ' + 2> an 
x = /(3*, + 2X2ai " M - 
_y = /(3a, +1X2*i - fli + 1) - 
2 = /(3a? + 3 b\ - 3a,*, + 3*> + D ■ 

or else a = 3a. + 2, b = 3*, + 1, and 

x = /(3ft, + lX2fli - bi + D . 
y = t(3ai + 2X2*. - a ,) , 

2 = /(3a? + 3*? - 3a,*, + 3a, + D -1 


ohtain are to be meaningful, it is necessary 
If the equations we obtain are 
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that 2 a> b and 2 b > a; that is <h , 

saw s ss-te 

(C) Udngttehwoi^^^ 
z z ~ x 2 -f y 2 + xy , 

<W-- «■» I** angle and , and 
This relationship can be rewritten in the form 

^ + (x-y)Y = l 2 z + 2 ( x - y)] > + [3(x+y)]2 
As m problem (b), we find 

* = y/a(a - 2 b ), 

v = ~tb( 2 a - b), 

2 = y'(« 2 + b 1 - ab), 

p :n sts-s r—- 

angles are, respectfvety “V’ *' c and whose °pposite 

-« + .M K a„d, S The " c - 

b _ sin nA 
a sin A ’ 

-L _ sin (n + l)A 
a sin A 

(a) n — 2 . Since 

sin 2A -2 sin A cos A , 
sin 3/1=4 cos 2 A sin A — sin A , 

~ — 2 cos A , 


we have 
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— =(2cos/l) 2 -1 . (2) 

a 

But 2 cos A — - , and so in the integral triangle 2 cos ,4 

be a 

will always be rational. Let 2 cos A = —, where p and q are inte- 

Q 

gers. Then, by (i), we have 

a : b : c — q 2 : pq : (p 2 — ^ 2 ) . 

If p and are relatively prime, then the three integers q 2 y pq y and 
p % — q 2 do not have any common divisor other than 1. It follows 
that in all triangles satisfying the given condition B = 2A and having 
least integral sides (not having a common divisor) the lengths of the 
sides are expressible by the formulas 

a = q 2 , 
b = pq , 
c = /> 2 - q 2 > 

where p and q are relatively prime integers. 

In order actually to determine the triangle, where B — 2A y the 
numbers p and q must satisfy the following condition: the angle A = 

arccos-—- must be such that 0 < A < 60° (A must be less than 60°, 
2 q i 

since A + J9 + C = 3A + C = 180°). Since cos 0 = 1 and cos 60° = —, 

P ^ 

this condition can be rewritten as 2 > — > 1. The least integers p 

Q 

and q satisfying this condition are p = 3, q = 2. It follows that the 
smallest triangle with integral sides satisfying the condition B = 2A 
will be the one having sides a = 4, b = 6, c = 5. 

We proceed now to problems (b) and (c). Here it will be necessary 
to use trigonometric functions of A to express sin5A, sin6A, and 
sin7A. Successive applications of the identity involving the sine of 
the sum of angles [or using the general formula of problem 222 (b) 
given in the “Problems” section] yields the following identities: 

sin 5A = (2 cos A ) 4 sin A — 3(2 cos A ) 2 sin A -f sin A , 
sin 6 A = [(2 cos A ) 2 — 1][(2 cos A ) 2 — 3]2 cos A sin A , 
sin 7 A = [(2 cos A ) 2 — 2][(2 cos A ) 2 — 3]4 cos 2 A sin A — sin A . 

The calculations are then carried out exactly as in problem (a). 
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Assume that 2 cos A = (Plq), where p and q are relatively prime 
integers; It follows from the identities for sin 5 A, sin 6A, and sin 
7 A that triangles with integral (nonreducible) sides whose angles 
satisfy the condition B—nA y where n — 5 or 6, have sides satisfying 
the following formulas: 

(b) For n — 5, 

a = q % , 

b = q(p* - 3p 2 q 2 + q 4 ), 
c = P(P 2 - q 2 )(P 2 - 3**); 

(c) For « = 6, 

a = , 

6 = - <? 2 )(/> 2 - 3? 2 ), 

c = PKP 2 - 2<? 2 )(/> 2 - 3q 2 ) - ^ . 

(Here, p and q are relatively prime integers.) 

In order that a triangle be actually determined by these numbers, 
and where B = nA t the integers p and q must be such that: 

(b') For n — 5, 


0 < arc cos < 30° , 


(c') For n = 6, 


0 < arc cos ■$- < 


25°43' . 


Since cos 30° = V ^ ~ y i nte £ ers p and q t for n — 5, must satisfy 

the condition 2 > > 1 / 3 = 1.732 **• . The least integers p and 

Q 

q which satisfy this condition are p — 1 and q = 4 (q cannot be less 

than 4 because — differs from a whole number by less than -^-). 

q 3 

Therefore, the smallest triangle with integral sides, in which B= 

5 A t will be the triangle with sides 

a = 1024 , 
b = 1220 , 
c = 231 . 


For n — 6, the integers p and q must satisfy the condition 


Solutions (130) 
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2 cos ~ 2 cos 25°43' * 1.802. 

Therefore. »e find that. necessarily, 2 > f > !«■ ™ **‘"; 

teeers P and , satisfying this condition are q - 6. P - ” , Subs ' h 

smt -:-Mi - 

triangle with sides 

a = 46,656 , 
b = 72,930 , 
c = 30,421 . 

w. Given a right triangle with integral“jllUy^ 
with hypotenuse a. where a also is an integer. It » readily 
I»ned Tat and a are relatively prime, and so 

X* = 2 ab , 

/ = a* - p , 

z = a 2 + b* , 

, . h are relatively prime numbers, and a > b [see the solu- 

G« r of pitll ™ <a)l. t” second of these equations can be re- 

written as 

a 2 = b* + y 2 , 

whence and y can he erased by means of the formulas 

b = 2 tu , 

y = t* ~ M 2 , 

a t 1 + m 2 , 

where I and . are relatively prime integers lagain using the results 
Of problem 128 (a)]. We obtain 

** = 2(2 a + u 2 )2tu; 

=tun a + m j ) ■ 
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is to be a perfect square, each of the factors must separately be 
perfect squares: 

i = x\, 
u=yl , 
t* + u 2 =z\ m 

The last equation says that the under the initial assumption there 
exists a right-angle triangle with sides t — x\ and u = y\ and hypo¬ 
tenuse Z\j where x if y u and z l are again positive integers and, of par¬ 
ticular importance, < z [since, further, zl = (t 2 + u z ) z =a z <a z +b z =z]. 
Hence, if there exists any right-angle triangle each of whose legs 
are squares of integers, and whose hypotenuse is an integer, then 
there exists another such triangle which has a smaller hypotenuse. 
Employing the same reasoning we can construct a succession of these 
triangles with decreasing hypotenuse. Since all such hypotenuse 
lengths are integral, we must arrive at a triangle whose hypotenuse 
is of length 1. But this is a contradiction since 1 cannot be a sum 
of squares of two positive integers. 

131. We shall designate the left member of the equation by A 
and the right member by B. Then A — B follows from: 

nl-A = 1-2-3 - ■• n-A = (2w)! , 
ii!*S = (2*-n!)-[l-3-5---(2w-l)] 

- (2-4-6 • ■ • 2«)*[l-3 • ■ • (2 n- 1)] = (2»)! . 

132. (a) If we employ the identity 

1 1 1 
k(k + 1) k k + 1 ’ 

we obtain 


J_ = J__ J_ 

2- 3 ~ 2 3 ’ 

1 = 1 _ 1 

3- 4 “ 3 4 ’ 

1 1 1 

(n — 1 )n n — 1 n 

Adding together all these equations, we obtain 


Solutions ( 131-132 ) 
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j_, j_+...+ i — = i 

1-2 + 2-3 + («-!)« 


(b) Using the identity 

1 1 [ ^_ 

k(k + V){k + 2) 2 IKk + 1) 

(which can be readily verified), we obtain 


j_rj_1_1 

2 [_k(k + 1) (*+l)(*+2)J 


1 

1 ( 

1 


1-2-3 

2 \ 

,1-2 

2-3/ ’ 

1 

u 

' 1 

_JJ\ 

2-3-4 ~ 

2 ' 

,2-3 

3-4/ ’ 

1 

J_| 

f 1 


3-4-5 

2 ' 

(3-4 

4-5/ ’ 


1 

r 

1 

n — l)n 

2 

L(« 

- 2)(« - 1) 


nhsl- 


Adding together all these equations, we obtain 


rfT + 2iT + 3T5 + + (n-2)(n-l)n 


1 — 1 . 
2 L 2 (* - 1>U 


(c) We use the identity (whose validity is readily established)^ 


k(k + 1)(&+2)(£+3) 
This yields 


ir_ i 

- 3L*(* + 1) 


l)(* + 2) ,(k + 1)(A + 2)(k + 3)J 


1-2-3-4 

Yl 

a-2-3 

2-3-4 ) 

1 

Jl/ 

' 1 

1 > 

2-3-4-5 

3' 

,2-3-4 

3-4-5, 

1 

J_| 

( 1 

1 ' 

3-4-5-6 

3 * 

^3-4-5 

4-5-6. 


_ l __ 

(m - 3)(» - 2)(m - 1)» 

l r_l__ l - 1 . 

= YL («•— 3)(« - 2)(w — 1) (» — 2 )(m — l)»j 
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Adding together these equations, we obtain 


l-2-3-4 + 2-3-4-5 + 3-4-5-6 + 

= _I_ 1 

3 L 6 (n — 2)(n — l)wj 


in — 3 ){n — 2 )(n — 1 )n 


Remarks'. If we “guess at” the results we expect to obtain (which is often 
quite feasible, if we try a few small values for n), we can often prove the 
general validity of a formula by using mathematical induction (see, for ex¬ 
ample, the solution of problem 133). 

It is possible to prove, also, that in general 

_ i _+_ i _ 

1-2-3 ... p ^ 2-3-4- • -(p + 1) 


+ ■•• + 


(n - p + l)(n - p + 2)(n — p 4 - 3) * • -n 


—r—-— 

p — 11_ 1-2-3- • -(p — 1 


p-l|_l*2-3--*(p — 1) (w — p + 2))(n - p + 3)(n — p + 4) ■ ■ • n J 

[the proof being analogous to that of problems (a-dash)]. 

133. These identities are most conveniently proved by mathemati¬ 
cal induction. We leave the verification of (a) and (b) to the reader, 
but we give here the proof of the more general equation (c) of which 
(a) and (b) are merely special cases. 

The equation is valid for n — 1, since 

1 9 9 A T2-3 ■ - • p(p + 1) 

^ + 1 


Assume now that the equation is valid for some n: 

1-2-3 •••/> + + n(n + 1) •••(« + />- 1) = + ^ " ’^ n + ^ ■ 

Then we have 

1 * 2*3 *■•/> + 2*3 p(p + 1 ) 

+ * ■ • + n{n + 1) •■•(«+/>— 1) + (« + 1) ■••(« + /> — 1)(« + P) 
= n(n + 1 )---(n j ^) + (w+ ... {n + p) 

P + 1 

_ m(m + 1) (w +/>) + (/> + l)(n + 1) • • ■ (w + />) 

/> + ! 
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(« + !)•••(« + />)(w + /> + !) 

~~ p+1 ' 

By mathematical induction we conclude that the equation holds 
for all n. 

134. First Solution, (a) We write the sequence of equations 

l 3 = l 3 , 

2 3 = (1 + l) 3 = l 3 + 3-1 2 + 3-1 + 1 , 

3 3 = (2 + l) 3 = 2 3 + 3-2 2 + 3-2 + 1 , 

4 3 = (3 + l) 3 = 3 3 + 3-3 2 + 3-3 + 1 , 


(n + l) 3 = w 3 + 3« 2 + 3 m + 1 . 

Adding all these equalities, and cancelling equal terms on both sides, 
we arrive at 

(n + l) 3 = l 3 + 3(P + 2 2 + 3 2 + ■ ■ • + « 2 ) 

+ 3(1 + 2 + 3+ ••• +«) + w. 

It follows that 

l 2 + 2 2 + 3 2 + - - - + w 2 

(n + l) 3 - 1 - 3(1 + 2 + 3 + • • ■ + w) - n 
3 

2n 3 + 6w 2 + 6 n — 3 n 2 — 3w — 2n _ «(2w 2 + 3« + 1) 

= " 6 6 

_ m(m + l)(2w + 1) 

6 

(b) We write the sequence of equations: 

P = 1‘. 

2* = (i + 1 y = P + 4-P + 6-P + 4-1 + 1 , 

3* = (2 + l) 4 = 2 4 + 4-2 3 + 6-2 2 + 4-2 + 1 , 

4* = (3 + l) 4 = 3 4 + 4-3 3 + 6-3 2 + 4-3 + 1 , 


(n + l ) 4 = n 4 + 4-n 3 + 6-m 2 + 4 n + 1 . 


Adding all of these equalities, and cancelling equal terms on both 
sides, we obtain 
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(n + l) 4 = l 4 + 4(1 3 + 2 3 + ■ ■ • + m 3 ) 

+ 6(1 2 + 2 2 + ■ ■ • + n 2 ) + 4(1 + 2 + • • • + n) + m . 

We now use the result of problem (a) to obtain 
I s + 2 s + ■ • • + n 3 

= t[ ( ” + 1)4 ~ 1 - 6 — + - ^ (2w + ^ - 4 w(w 2 + ^ - nj 

= 4-([(» + D* - !]•[(« + l) 2 + 1] ~ «(« + D(2 n + 1) 

4 

— 2 n(n + 1) — n} 

= -7-[(« + 2)(n 2 + 2n + 2) - (n + l)(2w + 1) - 2 (n + 1) - 1] 

4 


^-[(n + 1 )(n 2 + 2n + 2 - 2n - 1 - 2 ) + (» 2 + 2 « + 2 - 1 )] 
4 

w(w + 1} [(« 2 - 1 ) + (»+ D] = n - i{n +1} - 
4 4 


(c) Proceeding as in problems (a) and (b), and using the ex¬ 
pansion (k + l) 5 = k* + 5k A + 10& 3 + 10k 2 + 5k + 1, we obtain 

(» + l) 5 = l 5 + 5 (1< + 2< + • ■ • • + »«) 

+ 10(1 3 + 2 3 + • * ■ + n 3 ) + 10(1 2 + 2 2 + ■ • • + n 2 ) 

+ 5(1 + 2 + * ■ * + n) + n , 


from which we find, using the formulas from problems (a) and (b), 
14 , 04 i . „4 _ »(» + l)(2n + 1)(3»* + 3n - 1 ) 

i + ^ - 30 

(d) We write 

S„ = l 3 + 2 3 + 3 3 + • • • + n 3 = ” i( ” + 1)3 

4 

[see problem (b)]. We then obtain 

l 3 + 3 3 + 5 3 + • • • + (2« - 3 ) 3 + (2n - l ) 3 

= [l 3 + 2 s + ■ ■ ■ + (2») 3 ] - 2 3 II 3 + 2 s + • • • + «•] 

= S ln _ 8S „ = (2«) 2 (2« + l) 2 _ g w 2 (w + l) 2 

4 4 

= n\2n + l ) 2 - 2» 2 (n + l ) 2 = m 2 [( 2 m + l ) 2 - 2 (n + l ) 2 
= m 2 (4« 2 + 4m + 1 - 2m 2 - 4m - 2) = m 2 (2m 2 - 1). 
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Second Solution, (a) Consider the following table. 

1st row 
2nd row 
3rd row 

kth row 

wth row 

The sum of all the integers of any row is equal to 1+2+3- •+«, 
that j s> + 1 -1 > and so the sum of all the integers of the table is 

equal to n • Now let us sum up the numbers within any 

region bounded by lines. For the region bounded by the *th row 
and fcth column we have the sum 



1 + 2 +•■■+(*- 1) + k-k 


(k - Dk 
2 


+ * 2 = 




Summing up all the regions in this way, we obtain 

JL(p + 2 2 + ■ ■ • + « 2 ) _ + 2 + • • • + n) = " > 


from which we obtain 


2 f nHn + 1) n(n + 1)1 _ m(m + 1)(2« + 1) 

p + 2 2 + •■•« 2 = '3-[- 2 4 J 6 


(b) Consider the following table 

1st row __1L| 2 2 I 3 2 I k' m 2 

2nd row l 2 2 2 j 3 3 * 2 * 2 

3rd row l 2 2 2 3L * 2 » 2 

fcth row l 2 2 2 3; _*1 

wth row l 2 2 2 3 2 __«1 
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The sum of all the integers of any one row of the table is 
P + 2 2 + 3 2 + • ■ • + w 2 , 


that is, 


n(n + 1)(2 n + 1) 


[see the solution of problem (a)]. Hence the 


sum of all the integers of the table is equal to 


n%n + 1)(2 n 4- 1) 


However, the sum of the integers in the region bounded by the kth 
row and kth column is equal to 


l 2 +2 2 +•■•+(*- l) 2 + k-k 2 = 


(k - l)k(2k - 1) 


This yields 


—b 3 _L&2 4- — h 

3 * 2 H + 6 * ' 


-(l 2 + 2 2 4- * ■ ■ 4- w 2 ) 


+ --(1 +2 +■••+«) = 
o 


= n\n + l)(2n 4- 1) 
6 


from which, after some manipulation, and using the result of prob¬ 
lem (a), we obtain 

P + 2 3 + ■ • • + » 3 = ■ * — - 1 ! 2 _ 

4 


4- n % — ■ 


(c) This problem can be solved in a method quite analogous to 
that used in problems (a) and (b) by employing the integers P, 2V ■ -n\ 
It is left to the reader to carry out the details of the proof. 

Remark : If we could “guess at” the results of problems 134 (a - d) by 
considering small values of n, mathematical induction would serve to establish 
the validity of the formulas. 

135. If we add 1 to the left member of the given equation, we 
can write 

[(1 4~ a) 4- b(l 4~ a)] 4- c(l 4- #)(1 4- b) 

4- ■■■ +/(l+<z)(l+6)--‘(l+A0 
= [(1 +a)(l+b) 

4- c(\ 4- a)(l 4- b)\ 4- d( 1 4- a) (l 4- b)( 1 4- c) 

4- 4- /(I +a){ 1 4- b) ••• (1 4- k) 

= [(1 + «)<! +«(1 +c) 


Solutions ( 135-136 ) 
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= (1 + a)(l + b)( 1 + 

+ ...+/(1 + «)(1 + « • • ■ (1 + *) 

= (1 + a)(l + b){ 1 + c) (1 + 0, 

which proves the proposition. 

If a = b = c ■ ■ • = /, then we have 

a + a(l + a) + + + a ^ 

+ • ■ • + a(l + a)"~‘ = (1 + fl ) n ~ 1 ’ 

where N is the number of integers writing l + a = x, 

whence a = x — 1, we have 

( x _ 1)(1 + X + x 1 + • • • + -*" -1 ) = x n — l , 
which is the formula for the sum of a geometric progression. 

136. (a) We add 1 to the sum we wish to determine, and we ob- 
tain 

(11 + 1-10 + 2-2! +3-31+ +»•*'■ 

= (2!+ 2-2!)+ 3-3! + ■■• +»■»'■ 

= (3! + 3-3!) + • • • + nn\ = 4! + • • • + nn\ 

= (m! + n-n\) = (n + 1)!; 

therefore, . 

1-1! + 2-2! + 3-3! + ■ • • + n-n\ = (ft + D- 1 • 

Remark: This result can be obtained from the formula of problem 135 by 
substituting a = 1, b = 2, c = 3, • * ■ ,1 - n. 

(b) We add to the summation under consideration the term 

ci +1 = 1. If we employ the fact that 

Cm 4“ Cm — t^m + l > 


we obtain 


(Ci+, + C«+l) + Ci+2 + Ci+3 + • • • + C n+k 
= (CU 2 + CUl) + CU 3 + • • ■ + Cn+k 

= (C1+3 + cU>) + • • ■ + 

i. fc 


therefore, 


Ci + , + C»+2 + CU 3 + • • • + = C " + * +1 1 ' 
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Remark: This result can be obtained from the equation of problem 135 by 

. 71 + 1 , 71 + 1 71 + 1 , 71 + 1 

, etting » =— 6 = — c = — = — . 

137. From the definition of a logarithm we obtain 


log* a 


log a b . 


^In fact, if logic = y, then b y = a, or a vfy = b , whence — = log a 6.^ 
The equation can therefore be written in the form 


log^2 + log^3 + ■ ■ • + log^lOO — log^ (2-3 * • • 100), 


from which the desired conclusion immediately follows. 

138. It will be shown by mathematical induction that the sum we 

seek to determine is equal to-i-. First, the proposition is 

2 ’ * * an 

obviously valid for n = 1. Now, assume that the assertion is valid 
for n — 1 positive integers, and consider the sum S of the given frac¬ 
tions for n integers. From each of the nl terms of the sum S, we 

can factor out the fraction---, since this final factor 

fli + at + • * ■ + a n 

has as its denominator the sum of all the n positive integers (the 
order of the addition being unimportant, since no integer is omitted). 
Further, grouping in the parentheses separately the (« — 1)! terms 
corresponding to those permutations of indices where the index 1 is 
missing, the (n — 1)! terms corresponding to the permutations where 
the index 2 is missing, and so on, we arrive at n separate sums, to 
each of which we can apply the induction hypothesis, since each 
comprises (n — 1) integers; for example, a 2t <z 3 , • ■ ',a n , or a u a u ■ • 
and so on. 

Summing these, and using the induction hypothesis, we obtain 


—i— + —i- 

a n \a 2 a 3 * * ■ a n a\a$ • * • a n a 


——) 
1#2 ’ * * &n-i / 


1 

/ 

ai + a 2 + ■ ■ 

• + a n \ 
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[(' - IX 1 + DK 1 + iX 1 + iiX 1 + i) ■"X 1 +) 
=[(' - IX 1 + DK 1 + iiX 1 +) ■+ + +* 

++X 1 +)]( 1+ +++) 

= ...=( 1 --T r )( 1 +^r) = l-r ITT - 


Therefore 


( 1+ IX 1+ TX 1+ ii)'X 1 + 3*-) 

= 1 +fr 1 +( 1 -+)- 


_ 1 - (1/3) 2 V 3* / 

(b) If we multiply by sin a, we obtain 

(sin a cos a) cos 2 a cos 4 a ■■■ cos 2 n a 

= + (sin 2 a cos 2a) cos 4 a cos 2* a 

2 


= + (sin 4 a cos 4 a) 
4 


cos 2 n a 


i sin2" +1 fl! 

... = -isin 2"a: cos 2"a: = —^ ■ 


Therefore 


cos a cos 2 a cos 4a: ■ • • cos 2"a - 


sin 2» +l a: 
2 n+l sin a; ‘ 


>“• s, -“ 

it follows that the number 2- - 1024-° cannot 
have fewer than 31 digits. However, 


/1025 y°_ /HY 1 
\ 1000/ \40/ 


41 41 41 41 41 41 41 41 41 

= 40 "40'40' 40 ‘ 40 ' 40 40 40 40 40 

41 40 39 38 37 36 35 34 33 32 

40 39 38 37 36 35 34 33 32 31 

+ <“• 
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Solutions {141) 
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Then, 


A t = i!. i!, 
n 2 2 4 2 


from which we obtain 


p 32 — 1 52 — 1 99 2 1 

32 ' 4 2 6 2 100 2 


< A 2 < 


2 2 — 1 " 4 2 — 1 6 2 — 1 


99 2 

100 2 - 1 ’ 


„ we factor the factors of the numerator on the left and the denomi- 
nator on the right as differences of two squares, we obtai 


1 2^ 

Y 2 'T 4 6-6 100 100 1-3 3-5 5 / 


99 99 
99-101 ’ 


or, after simplification, 


— < A* < -rjr ; 

200 101 


1 . 1 1 
To72 <A< i/ioT < 10’ 

which is what we set out to prove. 

Remark : A more general relationship may be proved in exactly the same 

way : 1 13 5 a» -1 _L_ 

2y/jT < " 2 " ' 4 ' 6 " ' 2n V2n 
(b) We first show that if « > 1. th en 


2m-1 


V3« + 1 * 


This may be done conveniently by mathematical induction. If n-1, 
we have 1 

~2 = 1/3 • 1 + 1 ' 

Assume now that for some n 


1 3 _5_ . gMjzJ. < - — . 

~2 " 4 " 6 2n ~ ^ /3w + 1 

If both sides of this inequality are multiplied byf^. it becomes 
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— • — . — 2n ~ 1 2 « + 1 on + 1 

2 4 6 2n ' 2n + 2 ~ + 2)y 3 m + T ■ 

Now, 

r — ~ n+1 t (2«+ D 2 

L ( 2 m + 2 )i/3m + 1 J 12 m 3 + 28m 2 + 20 m + 4 

__ ( 2 m + l ) 2 _ 

( 12 m 3 + 28m 2 + 19m + 4 ) + m 
( 2 m + l ) 2 1 

(2m + 1) 2 (3m + 4) + m < 3 m + 4 ’ 

and it follows that 

_ 2 n + 1 1 

(2m + 2)v 7 3m + 1 < i/ 3 m + 4 ' 

Thus, we obtain 

i- . A . A 2 m - 1 2 m + 1 j 

2 4 6 2w 2 m + 2 < V3(m + 1) + 1 ' 

every ^ ** pdnci P le of mathematical induction, that for 

— ~ 1 ^ 1 
2 4 6 2 m = 1 / 3 m + 1 ' 

(We note that equality holds only for n = 1 .) 

If now we let m = 50 in this last inequality, we find 

^ ^ ^ 09 1 1 1 

2 4 6 100 1/3-50 + 1 ~ v / 15T = 12.288... ’ 

which proves the assertion of the problem. 

142. We start with 

—pso _ 1-2-3 ... 100 

2 ‘»° 100 2 50 (l-2-3...50)-2 5o (l -2-3...50) 

__ 1 ‘2-3 ... 100 1 - 3-5 99 

(2-4-6 ... 100)-(2-4-6... 100) “ 2-4-6 ... 100 ’ 
and apply the results of problem 141 (a). 

143 It suffices to determine which is the larger: 101’* - 99 -* or 100 - 
Consider the relationship 100 • 


Solutions (142-144 ) 
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101" - 99" __ (100 + 1)™ - (100 - 1)» 

100 " 100 ™ 

2(CM00*- 1 + cl- 100™- 3 + ■■■) 

100» 

» / n n(n - 1 )(n -2) \ 

\ 100 3! * 100 3 /* 

It is clear that the fraction on the left exceeds 1 if n ^ 50. We 
show that this ratio exceeds 1 also for n = 49. We have 

o/ 49 49-48-47 \ / 49 18,424 \ 

V 100 ^ 3! * 100 3 ^ ‘ * / V 100 ^ 100 3 j 


'49 

18,424' 

, 100 + 

100 3 , 

49 

100 2 \ 

,100 + 

100 3 / 


Now we show that if n — 48, the ratio under consideration is smal¬ 
ler than 1: 

/ 48 48-47-46 48-47-46-4S-44 \ 

"\100 + 3!• 100 3 + 5!* 100 s + / 


100 (1 - 2-3)-100 3 ^ (1 -2-3)(2-3)100 5 


+ (l-2-3)(2-3)(2-3)100 7+ 

2 fiL + Af«.y + ±/JL' 

L 100 6 V 100/ 6 2 \ 100 


100 9600 ^. 

i _ _L/J8.Y 9616 ‘ 

1 6 V 100/ 


Clearly, now, the ratio is also less than 1 for all positive integers 
less than 48. 

Therefore, we finally obtain: 99™+ 100” is greater than 101™ if «^48 
and is less than 101™ if n > 48. 

144. We first show that the product of n consecutive natural num¬ 
bers is greater than the nth power of the square root of the product 
of the first and last of these numbers. Let the n integers be 
a, a + 1, • * -, a + n — 1. Then the kth number from the beginning 
will be a + k — 1, and the &th number from the end will be a+n—k. 
Their product is 
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{a + k — l)(a + n — k) = a 1 + an — a + (k — l)(n — k) 

^ a* + an — a = a(a + n — 1), 

where the equality is obtained only for k = 1 or k = n. That is, the 
product of two positive integers equidistant respectively from each 
end of the sequence (for odd n, these two integers are taken to be 
the common middle one) always exceeds the product of the two ex¬ 
treme (first and last) integers. But then we have, for the product of 
all the numbers, 

a{a + 1) ■ ■ • (a + n - 1) 

^ [a(a + n — l)] n/2 = [i/a(a + n — 1)]", 
where the equality holds only if n = 1 or n = 2. 

We shall show now that 300! > 100 300 . We have 

1 ■ 2 • • - 25 > v"25^ = 5”; 

26 • ■ • 50 > 0/26^50)“ > 35“; 

51 • • - 100 > (i/5i100) 50 >70 50 ; 

101 • ■ • 200 > x/100 100 ■ i/200 100 = 10 200 • 2 50 ; 

201 • • • 300 > 1/200^ ■ x/300 100 = 10 200 • 2 50 * 3 50 . 


If we multiply together all the left members of these inequalities 
and compare the result with the product of all the right members, 
we obtain 

300! > 5“ • 35” • 70 50 • 10 400 - 2 100 * 3 50 

_ 550 . . 550 . . JQ400.2 100 .350 

= 10 500 * 7” * 14 50 ■ 3 50 

= 10 500 • 21“ • 42 25 . 14“ > 10 500 * 20“ * 40“ • 14“ 

= 10“° ■ 2“ * 4“ • 14“ = 10“° ■ 112“ 

= 10 600 • 1,12” > 10 600 = 100 300 . 

Remark. A more general result is shown in problem 148. 

145. We first show that, for any natural number k S n, 



n n 2 


We use mathematical induction. The proposition is obviously true 
for k = 1. Assume now that the proposition holds for a particular 
value of k. We shall show that it then holds for k + 1. We have 


Solutions ( 145-148) 
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_ 1+ i±i + ±> 1+ A±i. 

We do not need here the fact that hence the inequality is 

valid for any integral value of k. Assume now that k g n. Then. 

( I + ir=( 1 + i)'( 1 + iH 1+ » + 5X 1+ ») 

k+\ , k* + 2k + 1 k + 1 , fe! 

- 1 + „ + n 2 M 2 

k + 1 (k + l) 2 n(k + 1) - fe 2 

= 1 + n + « 2 « 3 

k + 1 ^ (* + l) 2 
^ 1 - 1 - - . 


since n(k + 1) > k* if n ^ k. 

If we now substitute k = n in the inequality, we obtain 


2 = l+ „<(l + <1 + 


146. In view of the result of the preceding problem, we have 


(1.000001) 1 


147. It is clear that 


1 , 000,000 


( 1001) 999 

(1000) 1000 


1000 / 1001 


= 1 + 


1000 ) 1001 


(see problem 145), and, consequently, 

1000 ,o “° > 1001 999 . 

148. Assume that the given inequality is valid for some natural 
number n. To prove it valid for n + 1, it suffices to establish the 
validity of the following inequality: 


n + i y + 


(W 


^ n + 1 ^ 
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Upon division by n + 1 these inequalities become 

which follow from the inequalities 2 ^ ^1 < 3 • 

It remains only to note that for n — 6 the validity of the assertion 
of the problem follows, since 


[f) = 36 = 729 ’ 

6! = 720 , 


= 2 6 = 64 . 


149. (a) By the binomial theorem we have 


l + i)'- 1 + *± + c± 

n) n n 2 


m-i 1 , 1 


n n ~' n " 


, , „ 1 . »(» - 1) 1 . »(w - 1)(« - 2) 1 

, • • • 2 1 «(« - 1) • ■ ■ 1 1 
(n — 1)! n n ~ l n\ n * 


S 1-- 1-- 


nl\ n 


and, analogously, 


( 1 + ^n =1 + 1+ -2;( 1 -7rh') 


+ 3! V n + 1 


+ ■ + U l - BrX 1 - Si) ■■(‘ - S) 


(* + 1)!V n + 1/V n + 1 


n + 1 / \ n + 1 


Comparison of these expressions shows that 
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and the assertion of the problem follows immediately, 
(b) We write 


• + 4 -r (sir 

(1 + S)‘ ■ (S)* 


(w + i) n+i (» - p* _ /»* - i\ a n + 1 


(srsMsysvX 


However, for n ^ 2 


/ i \« 1 n(n - 1) 1 n(n - l)(w ~ 2) _L 

+ _ 2! 3! * 8 

w( w — l )(w — 2)( w — 3) _1__ 

-MSXSXS)S' 

^ 1 “ T 2 «* 2 w s 


On the other hand, 


Consequently, (l - ^)"(l + v) < *• which meana 

(-S)" 

(*S)“<(‘ + S)’- 

from which the statement of the problem follows. 
150. A proof by mathematical induction is given. 
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We show first that, for any natural number «, 




This inequality clearly holds for n = 1: 1! = 1 > —. Assume that 

e 

inequality (1) holds for some positive integer n\ we must show that 


(n + 1)! > 


n + iy+ 


In view of problem 149 (a), we have 


(-*)• 


i+j-y 

n 


From (i) we obtain 

(n + 1)! = (n + 1 )n 


* > (f)■ 


n -f i \»+ 1 e 


\ (n + l\ n+1 n n e 

(M + 1) = (—) oT+i)= 

_ ( n + i y +1 

1V \ e ) ■ 


It follows, by the principle of mathematical induction, that (i) is 
valid for all natural numbers «. 

We now deal with the inequality 


n\ < ^) 

We show that this inequality holds for all integers n > 6. With the 
aid of logarithm tables (natural logarithms are used here) it is readily 
verified that inequality (2) is valid for n — 7: 

Mi)'. 

that is, 6! < for In 6! = In 720 * 6.58, and In (^jj = 7(ln 7-1) 


Assume now the validity of (2). By the results of problem 149 (b), 
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1 \ n+1 

i + —) > 

n) 


that is, 


(> - ir 


But now, by (2), we have 


(« + 1 )! = (» + 1 )«! < (» + D” (- 7 ) 


(m + 1) 


(n + 1 ) 


fi + l\ B+1 tt” +1 g 

T ~) (n + 1)" +1 
■ „ + l\ n+1 e 


_«—< (n + 1 ) ’’ 

/ l \»+‘ \ e / 

( 1 + ^) 


matical induction that it will hold for all n exceeding . 
pletes the proof. 

151. We note that in the sum 


S = x k + x k ~ l + x k ~ 2 + • ■ ■ + x + 1 , 


if x > 1, then the first term is numerically the greatest, but if *<1, 
then the last term is greatest. It follows that 

(k + l)x* > S > k + 1, if x > 1; 

(. k + l)* 4 <S < k + l, if * < 1 • 

If both sides of these inequalities are multiplied by x-1, it is found 

that for x =£ 1 

(k + l)x k (x - 1) > -!>(* + " 1) * 

Assume now that x = we 

(k + Y)# /> fe+i - (p_-z^ ri > . 

(p — i) fe+i (p — i)* +i ^ ^ 

Analogously, if we assume that x — - > we °btai 
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(k + !)(/> + 1)* (/> + l)* +l - />* +1 (k + l)ft* 

/»*+! />*+' > />*+* 

It follows that 

(/> + 1)* +1 - />* +1 > (Ar + l)/>* > />* +l - (p - 1)* +1 , 

or, letting p successively have the values 1,2,3, •••,«: 

2* +1 - l*+‘ > (k + 1)1* > l* +l - 0 , 

3* +1 - 2* +1 > (k + 1)2* > 2* +1 - 1* +1 , 

4* + ‘ - 3* +l > (k + 1)3* > 3* +1 - 2* +1 , 
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1 T 3w 4- 3m + • • ■ + —1 

2 I 2n z + 2n z 2 ^ 2 J 

I -V 1 

(n + 1) times 

1 33131 

= - 2 '( M + 1) 2 n = T + 4M < l’ + n ’ 

which proves the assertions of the problem, 
(b) It is first noted that 


i. 

3 « + 3 n + 1 2 w 2 n n 


It follows that 


^TT + 7T2 + + 3n-1 + ^3» + 3» +1 

II, .i + i = ^ = 2. 

< n + n + n n n 

(2m - 1) times 


On the other hand, we have 


_I -1- — 5—+ •••+-=- 

m + 1 n + 2 3n 


TT = i[(^ + 3 ^) 


1 ,1-W-L 

n + 2 3m/ Vm + 


+ • • ■ + 


H7T2 + 3^ T V» + 3 + 3»-l/ 1 ‘’" t V3» + ! 

(2m + 1) times 
1 ., 4m + 2 _ i 

= Y (2M + 1) 0T+ij i 

153. (a) We first prove that 

ViT+T- 2vTT< ^ 4 2v ' T_ 2l/;prT ' 


rrr + »+i)] 


We write 
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2v / ^+T - 2 V~n = 2(l/w + 1 ~ r r H){Vn + 1 + V~n) 

V n + 1 + V n 

2 _ 2 1_ 

Vn + \ + V n l / n + V^n 1 / n 

The second part of the inequality is shown in an analogous manner. 
Now we have 

1 + i/T + \7T + "' + 1 / 1 , 000,000 > 1 + 2 VV 3 -V2) 

+ (i/T - i/T) + ■ • • + 0 / 1 , 000,001 - i/l,000,000)] 

= 1 +2 0 / 1 , 000,001 - V~2) > 2 • 1000 - VT + 1 

> 2000 - 3 + 1 = 1998 . 


Analogously, 


l + vt + vr + 


+ 7l3OTor <1 + 2[(l/2 -« 


+ o/T - i/T) + • • • +1/1,000,000 - 1/999,999)] 

= 1 + 2(1/1,000,000 - 1) = 1 + 2-999 = 1999 . 
Consequently, the integral part of the sum 

1 + i/T + i/T + + 1/1,000,000 


V 2 v 3 1/1,000,000 

is equal to 1998. 

(b) A technique similar to that used in problem (a) yields 

l /10,000 + 1/10,001 + + 1/1,000,000 

> 2K1/IOT - l/lMOO) + (l/10^002 - 1/10,001) 

+ • • ■ + ( 1 / 1 , 000,001 - 1 / 1 , 000 , 000)1 

= 2(1/1,000,001 - 1/10,000) > 2(1000 - 100) = 1800 


1 / 10,000 + i/To7xn + + 1 / 1 , 000,000 

< 2[(i/Tp00 - i/9999^) + (i/lo^ol - l/TMOO 
+ • ■ • + 1 / 1 , 000,000 - 1 / 999 , 999 )] 

= 2 ( 1 / 1 , 000,000 - 1 / 9999 ) 


Solutions ( 154) 
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= 2000 - 1/3^996 < 2000 - 199.98 - 1800.02 . 
Therefore, the sum 

vTOSS + 7VSW + - + VTm&r 

i, equal to. with precision to within 0.02, the number 1800. 
154. We note, by comparing the two equations 




f o i \3 1 4 1, _8_1_ 

( 1 + T IT) =1 + 2 V + T n‘ + 27 n» 


that for every natural number n 


( 1 + |-i)’ > ( 1+ »)' 

L . 1 . 2 /i + —Y /3 ; multiplication by 

From this we obtain 1+f rt > V n) 


yields 


and finally, 


Analogously, 


n m + > (n + 1) 2/3 , 


2 


/ o i \ 3 1 41 ^ is + — 

(l-f V)= 1 - 2 V + ’3"S'27»' >1 2 » f 

/ 1 1 8 _1_ 1, _1 A- ^ o^j from which it follows 

(since — * w ," 2 7 ‘ w 8 > 3 n 2 3 w 3 / 

that 1 v 

i-i). 

1 3 w V »/ 


M t/s _ > (n - l) w *. 

o 
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1 3 

y~n < 2 [ ^ ” 2 ~ -T>] . 

Now we can write 

i_. i j 

^ 4 ^5 + + > 1 , 000 ^ 000 "' 

> yK VS 1 - VT>) + (yg* _ ^ 

+ ••• + (raoo.ooF- yiTOJ00T)j 

=1 (vmmmmr- m > f-• 10,000 - 

> 15,000 - 4 = 14,996 . 

However, 

1 1 j 

^4 ^5 + + v 1,000,000- 

< -f-K VP - VP) + (V& - ^ 4 ?) 

+ •••+( ^ 1 * 000 * - ^ 999399 ’)] 

= y( ^Woopow - yT) < -§-(10,000 - 2) = 14,997 . 

Thus, the integral part of the sum 


1 , 1 

V* + ^T + 


*1,000,000 


is equal to 14,996. 


155. (a) It is readily seen that 


10 n) + (n~4 


+ ••• + 


1 1 
1000 1001 


J_ i 
10 1001 


> o.l - 0.001 = 0.099 , 


and, analogously, 


10- + 11. + •+ i o5o.< 9 1 10 + 1 i r+ ... + _I__ 


(o io) + (io~h) 
< 0.112 - 0.001 = 0 . 111 . 


+ ... + 


~L_LV I 1 

999 ioooy“ 9 ~iooo 


Solutions (155-156) 
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Consequently, the sum -^7 + ^7 + 

0.006, is equal to 0.105. 

(b) We note, first, that 


+ jQQQi, with precision to 


10! + 11! + 12! + " ’ + 1000! > 10! 3,628,800 ~ O- 000000275 ■ 

But, also 

Tof + Tn + 12T + + iooo! 


9 110! 11! 12! ^ 1000!J 

1 f 10 — 1 11 - 1 12- 1 1000 - 1 1 

: 9 \ 10! + 11! + 12! +'"+ 1000! J 

9 \9! 10! 10! 11! 11! 12! 


+ + 


>99! 1000! J 


9! 1000 !) 9 9! 3,265,920 


0.000000305 . 


Therefore, the sum 


10 ! + 11 ! + 


1000 ! ’ 


with precision to 0.00000015, is equal to 0.00000029. 

156. We shall show that the sum 

i + | + | + ... + _4 + JL 

2 3 n — 1 n 

can be made greater than any given number N. Let N be some 
chosen integer, and take n = 2 ZN . Then 


1 + t + t + i + 


+ (i + i + y + i) + ' 


_!^JL = i + J. + (i. + _L) 

n — 1 n 2 V 3 4/ 

')+ "• +( 2 2*-i + i + 2 2Ar_l + 2 


2 2N ~ l 2 zN 


>i+ i + i + i + -- + i >Ar+i 

2N times 


[every sum in parentheses is greater than — ; see problem 152 (a)]. 
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J57 D Tl "" 01 Pn*fc» 152 (b) 

& -a jm*:; i n ;: b " 7 - M Wee „ 

(all of which lie between — Lri' 1 ^ + 2 , . ll>? + *' 1«? + 9 

88 deleted when ,h„e JL^fZtZZT 

crossed «. If j is one of ^ ^ « 

additional fractions — 1 1 

It follows that 109> 109 + v ’ 1^ + 9 Wiu also be deleted. 


Since «„ - 8 (of the fractions 1, 


«* = 9n. 
a J 1 


2 ’ 3 ’ 


II ,1 

8 ’ 9 ’ onl y-j is deleted), 


ft, = 8 ■ 9 = 72; 

ft2 = 8- 9 2 ; 


fit = 8 • 9* . 


Now consider, for * < i 0 ~., the sum 

1 + Y + T + ••• + 

Add this to the sum 


1+ 2 + T + --+io^rT. 

af^ throwin, out al, those fractions havin* . dig ,t 9 in the deno- 

( ! + T + T + "■ +i) 


'(io + n + ^ 

Y-L + -l_ + 
\ 100 + 101 + 


± , J_ 

18 + 20 + 


101 + ’ + 888/ + ’ ’ ’ +1 


' + * ‘ • + - 


On + 1) times 


Solutions ( 157-158) 
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<1 - n ‘ + W n ' + To6- n > 


1 _L 1 

1/Vm 1 * ^ 77l ‘ l • 

10 m—1 10 


If we replace each summation in parentheses by the product of the 
largest term contained therein and the number of terms in those 
parentheses, we obtain 

1,Wo + To'” 1 + W” 2 + '’• + To^‘ + W ‘ 

/ 9 02 qtn-1 Om \ 

= 8 V + Io + To r + + To^ + ToV 


= 8- --^—- < 8 •-= 8-10 = 80. 

1 - — l — — 

10 10 

This verifies the assertion of the problem. 

158. (a) Assume that in the summation 1 + - 7 - + "^"+ + —the 

4 9 n 2 

integer n is less than 2* +1 . Consider the summation 

1 H—+ "TTT + * * * + /Al, 11 7ZT I 


-L + -L+...+-!- 

2 2 3 2 (2* +I - l) 2 ' 


and, as in the solution of problem 156, group the terms in the fol¬ 
lowing manner: 


1 + ( 2* + 3 2 ) + ( 4 2 + 5 2 + 6 2 + 7 2 ) 

+ •" + [ ( 2*)2 + ( 2 * + l) 2 + " ‘ + W 


- l) 2 ] < 1 + ( 2 2 + 2 2 ) 


(1 

1 1 1 \ 

r 1 1 

1 1 

(t> + 

42 + 42 + 4 z) + ‘ ■ 

' + L ( 2 i ) 2 h ( 2*) 2 + ' 

’ + ( 2‘) 2 J 


= 1 , l+l + ... + Lj^mnn = 2 _L <2 

1 + 2 + 4 + + 2* _1_ 2 2* <2, 

1 ~ 2 

This verifies the assertion of the problem. 

Remark : It is possible to show, by similar techniques, that if a is any 

number exceeding 1, then for any natural number n 

.1,1. . 1 . 2* - 1 
1 _l_ ■ -j- ■ -j- ... -i- ■ ■ , 

2* 3* n* 2*- 1 ~ 1 


This sum is bounded, and its bound is independent of n; that is, n can be 
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arbitrarily large. Problem 156 showed, on the other hand, that if a ^ 1, the 
sum 1 -1- — + — 4 - • • • + — can be made as large as we wish by taking n large 
enough. 

(b) It is readily seen that 
1111 J_ 

2 2 + 32 + 42 + 52 + ' - + „2 

< (^2 ■ _ t) + 2^3 + '34 + T5 + '" + (m - 1)m 

= (JL + J_ + J_ + ... + —L\_ _L 

ll'2 2'3 t 34 + ^ (n —!)«/ 4' 


However, by problem 132 (a), we have 


1*2 2*3 3*4 


+ + 


(n — 1 )n 




and, consequently, 

1 + i + i 




which proves the assertion of the problem. 
159. we shall show, first, that 

2 3 4 n — 1 n 


( 1 + y + i 


-rr )( 1 + — - 


"v 1+ P, + 7 t + '" + P k J’ 

where k is an integer such that 2 * ^ n < 2 k+l , and pi is the greatest 
prime not exceeding n. For this investigation we consider the va¬ 
rious factors in parentheses of the right member of the inequality. 
Since every positive integer m from 1 to n can be written as the 
product of powers of primes 1,3,5, we may write 


m — 2 *i ■ 3 ®a ■ 5*3 


where all the exponents ot u are nonnegative integers not 

exceeding k (zero [exponents being, of course, allowable). We en¬ 
counter as terms every fraction 1 , * 7 T> * • ■ > —r, — as well 

2 3 4 n — 1 n 


Solutions (159) 
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as some additional positive — ““ ' he ^ me "" 
C““L e orJh sides of the inet.ua,itv. we hud 


log ^ l +"|'+3 + 4 + + « — 1 + *' 

< iog[(i +1+1+ - +?)(* + l + i + 4) 


*( 1 + i + tf + '" + p‘ 


+ ... + 


lj)]=log(l+| + | 
■+ ••• +■?) 


i)+log(l + l + l+'" + 3> 


But for any integers k and P S 2, 


/ 1 1 _u 1 

log(l +J + J* + p* 


1\ ,2 log 3 
+ • " + **) ^ ft 


Consequently, we have ^ __1_ 

i + "r + -r5+" - + u ) * — j_ i i 

p p 1 P P 

- 1 + 7 ^T- 

1, follows from the results of problem 145 that 


1 P' 1 -- 


: ( 1 + p - i) 


p -1 ’ 


and, clearly. 


Hence we conclude that 


2 log 3 ^ log 3 

"" p~~ P - 1 


/ 1 IN 21 og 3 + 2 Jog 3 + 

log (l + y + • ■ • + M ) < 2 3 


L^ < 2i^3 + 2 -i^+ 2 - i f^+ +2J jr 
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-,o g 3(| + | + | + ... + J-). 

If there existed a natural number N such that for every positive 

integer / the sum l+-^ + -^- + 4“ + ■*• + — would be less than N, 
2 3 5 p 

then for all positive integers n the following inequality would have 
to hold, 

log ( 1 + ! + i + i + ... + _L + _L) 

<21og3(-|- + -|- + y+ < 2(N — 1) log 3 , 

from which it would follow that 

1 + 4-+4+t+ ••• <y(M = N '> 

2 3 4 ft — 1 n 

where N x is independent of n. But it was shown in problem 156 
that such an Ni does not exist; consequently, no number N can exist 

such that, for all /, 1 + + -- + 4" + * * * + — < N . 

2 3 5 pi 

160. We have 

b — c c — a a — b _ b z c — be 2 + ac 2 — a 2 c + a 2 b — ab 2 
a b c abc 

_ c\a — b) + ab(a — b) — (ac + be) (a — b) 
abc 

{a — b)(c 2 -f ab — ac — be) __ {a — b) [c(c — a) — b(c — a)] 
abc abc 

(a — b)(c — b)(c — a) _ _ (a — b) (b — c) (c — a) 
abc abc 

We shall now investigate —^— + —-— + — ^—r- . Let a f = b — c, 

b — c c — a a — b 

b f = c — a, and c' = a — b. Then 

b' — c { = c — a — (a — b) = b c — 2a . 

From the condition a + b + c — 0, we have b + c = — a, from which 

V - c> = - 3a , 

b f — c f 


2AI 

Solutions (160-162) 

In an analogous manner we also obtain 



It follows that . 

/, c 1 fb'-C, c^_aL,?Lz±-\ 

+ —^- + — £ -t=-'3 b' + C ) 

b-c c-a a-b a 

Using the above formula, we obtain - 

1 r (a' - b')(b' - c )(g — SJ. 

+ —^- + — 1 = 
b — c ^ c — a a-b *L 

Consequently, if a + b + c = 0, then 



aftc J 


(a - «(& - c)Cc - a)J 


161. We have 

0 = {a + b + c y=a>+b > + c‘ + 3 a*ft + 3a** 

+ 36*a + 36 ! c + 3c’a + 3 c'b + 6 abc 
= + b> + c* + 3 ab(a + b) + 3ac(a + 0 + 3 bcib + e) + 6 abc 

= + 6 s + c s - 3af>c - 3 abc - 3abc + 6 abc 

= fl » 4- b* + C 3 - 3abc . 

It follows that a’ + b* + c 3 = 3abc, which is what we set out to 
prove. 


162. (a) First Solution. We have 

a 3 +b> + 3 J - 3a2>c 

= «. + 3 ab(a +b) + b* + c 3 -3abc- 3 ab(a + b) 

= a 3 + 3a‘f> + 3a* 2 + » + “ 3a#e + a + b) 

= (a + b) 3 + c*-3ab(a + b + c) 

= [(a + b) + c]\{a + b) 3 - (a + b)c + c*l - » + + c) 
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= (a + b + c)[(a + b) 2 — (a + b)c + c 2 — 3 ab] 

= (a + b + c)(a 2 + 2 ab + b z — ac — be + c 2 — 3 ab) 

= (a + b + c)(a 2 + b 2 + c 2 — ab — ac — be) . 

Second Solution. If in problem 161 we substitute x for a , we have 
x 2 + b 3 + c 3 — 3 xbc = 0, if x + b + c = 0. Consequently, the equation 
x 3 — 3 bex + b 3 + c 3 = 0 has a root x — —b—c, from which it follows 
that the polynomial x 3 — 3 bex + b 3 + c 3 is divisible by x — (~b — c) = 
x + b + c. If in this result we resubstitute a for x, we find that 
a 3 + b 3 + e 3 — 3 abe is divisible by a + b + c. Ordinary division pro¬ 
duces the other factor: 

a 3 + b 3 + c 3 — 3 abe = (a + b + c)(a 2 + b 2 + c 2 — ab — ac — be) . 

(b) First solution . We have 
[(a + b + c) 3 — a 3 ] — ( b 3 + c 3 ) 

= [(a + b + c) — a] [(a + b 4- c) 2 + a(a + b 4- c) + a 2 ] 

- (b + c)(b 2 — be + c 2 ) 

= (b + c){[(a + b + c) 2 — b 2 ] + a(a + c) 

+ (ab -1- be) + (a 2 — c 2 )} 

= (b + c){[(a + b + e) — b] [(a + b 4- c) + b] + a(a 4- c) 

+ b(a + c) + (a + c)(a — c)} 

= (b -h e)(a ■+■ c)(a -\-b-\-c~\~b-\~a-\-b-\-a — c) 

= 3 (b + c)(a + c)(a + b) . 

Second Solution. Substitute, in the given expression, x for a : 

(x 4- b + c) 3 — x 3 — b 3 — c 3 . 

If x = — b, the expression vanishes; consequently, the equation 
(x + b + c) 3 — x 3 — b 3 — c 3 = 0 has as a root x = — b> and so U+6+c) 3 — 
x 3 — b 3 — c 3 is divisible by x + b. Resubstituting a for x , we can 
conclude that (a + 6 + c) 3 — a 3 — b 3 — c 3 is divisible by a + b. 

It is similarly shown that (a + b + c) 3 — a 3 — b 3 — c 3 is also divisi¬ 
ble by a 4- c and by b + c. We can write (since the three factors 
are clearly relatively prime) 

(a + b + c) 3 — a 3 — b 3 — c 3 = k(a + b)(a + c)(b + c) . 

In order to determine the factor k , it suffices to equate, in this 
equality, the coefficients of any like term from each side: for example, 
the coefficient of a 2 b . If we set a = 0, b = c — 1, then we find k = 3. 


I 


Solutions (163-166) 
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“ ( : r-rsrsr 

V~a, V b , and V c , respectively; we then have 

(V~a + V~b + V~c )(¥“' + Vb % + J/c 2 - 
-Vac - Vbc) = a + b + c-3 Vabc . 

It follows that 

1 + ^ y - + l rj* - Vjdjz % ac ~~ ^. 

JfTTYb^nrc - a+ b + c-3Vabc 


Now it is not difficult to eliminate the radical from the denomina- 
tor of the fraction on the right: 

l V~a\ + VW + VF - Vab - ~ ¥-!>£ 

VT+ VT+ ¥c~~ (q + b + cf - 27abe 

X [(a + b + cf + 3 (a + b + c) Vabc + 9 VaWc* ] . 

164 We saw in problem 162 (b) that (a + b + c) 3 — a b c 

differs from the product (a + b)(a + c)(b + c) only by a constant fac¬ 

tor; hence it suffices to show that 

(a + b + c) 3335 - a 3333 - b 3333 - c 3335 

is divisible by « + 6,. + «. and S + c. BM this can be shown by 

exactly the same proof used in problem 162(b). 

165. We have 

(a 3 ) 3 - 1 _ a 13 ~ 1 
a 10 + a 3 + 1 — ai _ i a 3 — \ 

ia 3 ) 3 -1_ - (a * ~ 1 )(g ‘ 2 + fl9 + * + t i> 


- i)(a* + a’ + fl 2 + a + 1) (« - DC* 4 + a 3 + «* + * + D 

(a* + a + iKa 12 + a 9 + a 3 + a 3 + D. _ 

= a* + a 3 + a 2 + a + 1 


But division yields 


a iz + g 9 + a 6 + a 3 + 1 
a* + a 3 + a 2 + a + 1 


a 7 + a b — a* + a 3 — a + 1 . 


Consequently, 

a ,0 + + ! = (a i + a + l)(fl 8 -a 3 +a 3 -a'-a 3 + a 3 -a + \). 

166. First Solution. Designate the dividend polynomial by B and 
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the divisor by A. Then 

B - A - (x»”» - *») (*"'»«» - x*) + (*"" - x 7 ) + (x MM - x s ) 

+ (*“ 58 — * 6 ) -|- (*4444 _ * 4 ) + (*3333 _ * 8 ) 

+ (x 2211 — x 2 ) + (x nn — x) 

= Jf 9 [(jf 10 ) 999 - 1] + ^[(x 10 ) 388 - 1] + x 7 [(*'°) 777 - 1] 

+ ^[(x 10 ) 888 - 1] + x 5 [(x 10 ) 555 - 1] + * 8 [(*‘°) 888 - 1 ] 

+ * 3 [( 10 ) 333 - i] + x 2 [(x io y™ -1] + *[(*‘°)'“ - i]. 

Eac^ difference in parentheses is divisible by jt 10 — 1, and so by 
A = ~ x _ \ • Therefore, B - A is divisible by A, which means that 
B must be divisible by A. 

Second Solution. We have 

X» + X» + X 7 + X 8 + X 5 + X 8 + X 3 + X 3 + X + 1 

(*- D(x - g t )(x - g 2 )(x - fl 3 ) •••(x-g„) 

x-1 X-l 

= (x - a t )(x -at) ■■■ (x- a ,), 

where a k = cos -—j- + i sin^^ (* = 1, 2, • • • , 9), since the roots of the 

equation x 10 - 1 = 0, (that is, the ten tenth-roots of unity are of this 
form (see the discussion of Section 9, Complex Numbers, preceding 
the statement of problem 222). Consequently, in order to prove the 
assertion of the problem, it suffices to verify that 

*9999 *8888 _|_ *7777 + *6666 _|_ *5555 _|_ *4444 

+ X 3333 + X 3332 + X 1111 + 1 

is divisible by each of the factors (x — g,), (x — at), ■..,(* — a9 ). 
This, however, is equivalent to the assertion that 

*9999 + *8888 + *7777 4 - *6686 _|_ *5555 *4444 

+ X 3333 + X 3333 + X 1111 + 1 = 0 (i) 

has as roots a,, a 2 , a 3 , •••,a 9 . We shall verify that these are roots 
of equation (I). Since g? = 1 (* = 1,2, 3, ■ • • , 9), it follows that 

ar = ar + " = (al°r°al = at; 
ar = ar +8 = {a?r*al = a\; etc. • • • 

a r + ar + «r + ar + ar + «r + ar + ar + ar +1 

= at + a!i + al + at + at + at + a* + a\ + a k + 1 = 0 

(* = 1,2, ••■,9) . 


Solutions (167) 
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167. We shall find two numbers a and b to satisfy the equation 
x 3 + px + q = x 3 + a 1 + b 3 — 3 abx . 

To do this, we must solve for a and b the following two equations 
in two unknowns: 


a 3 + b 3 = q, ab — , 

or, equivalently, 

a 3 + b 3 = q, a 3 b 3 = - ^ . 

Now, it is easily verified that a 3 and b 3 are roots of the quadratic 

A3 

equation z 2 — qz — — 0, and, consequently, we will have 1 



Now, in view of the result of problem 162 (a), we have 
x 3 + px + q = x 3 + a 3 + b 3 — 3 abx 

— (a + b + x)(a z + b 2 + x z — ab — ax — bx) . 

Therefore, the solution of the cubic equation reduces to the solution 
of the first-degree equation 



t Formulas ( 1 ) are obtained from the formula displaying the roots of a quad- 

02 p3 qZ 

ratic equation. The roots are real if S 0; if + -r < 0, then we will 

4 17 4 17 

be involved with the cube roots of imaginary numbers, and a and b will be 
imaginary numbers. They may be found using the formula developed at the 
beginning of Section 9, which enables us to find the nth root of a complex 


number. For each of the three cube roots a, obtained from the number 


/l _ 2 i 

V 4 + 2 


^ , the corresponding b can be obtained from the relation ab = 


P_ 

3 * 
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and the quadratic equation 


x 2 — (a - 1 - b)x + a 1 - 1 - b 2 — ab = 0 , 


from which it follows that 

v. - a ± t ^(a- b) l/T , 

2 ' 2 * * 

a + b _ (a- b)V T , 

3 - - 2 - g * ‘ 

where a and b are determined by formula ( 1 ). 

168. First Solution . We designate Va -f x by y, thereby obtaining 
a system of two equations: 

T /a + x = y , — y = * . 

We square these equations to obtain 

a + x = y 2 , a — y = x 2 . 

If the second equation is subtracted from the first, the result is 

* + y = y 2 - * 2 , 


*2 _ y 2 - 1 - x + y = (x + y) (x — y + 1 ) = 0 . 

Two possibilities arise. First, 

* + y = 0 ; 

then y = — x and x 2 — x — a — 0 , which yields 




x — y - 1 - 1 = 0 ; 

then y = x + 1 and x 2 + x + l — a = 0, from which we obtain 


• 4 = _ T ± / a -T- 


These possibilities for the roots of the given equation must be 
tested in order to eliminate any extraneous roots. 

Remark : If only positive roots are considered, it may be readily ascertained 

1 / -o" 

that the equation will have the single root = — —- + y a - — provided a 1, 


Solutions ( 168-169) 

but will not have a root for a < 1. 
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Second Solution. We clear the radicals from the equation in the 
usual way: 

a — \/ a + x — a 2 , 

(a - a 2 ) 2 = a + * , 
x 4 — 2 ax 1 — a + a 2 — a = 0 . 

We now have an equation of degree 4. However, this equation is 
quadratic in the letter a; we shall use the device of solving for a in 
terms of a: 

a 2 - (2a 2 + l)a + a‘ - x = 0 , 

2a 2 + 1 ± t/4a 4 + 4a 2 + 1 - 4** + 4* 
a - 2 ~ 

2.r- + 1 ± i/4a* + 4a + 1 _ 2a 2 + 1 ± (2* + 1) 

-- 2 2 

«, = ** + * + 1 , a 2 = a 2 - a . 

The equation 

a 2 - ( 2a 2 + l)a + x* - x = 0 

has the two roots 

a, = a 2 + a + 1 , ai = x 2 — x , 
and so we can write 

a 2 - (2a: 2 + l)a + x* - x = (a - a,) (a - a 2 ) 

= (a - a 2 - x - 1 )(a •- a 2 + a) . 

Therefore, we can write the quartic equation in the form 

(a 2 — a — a) (a 2 + a — a + 1 ) = 0 . 

This is readily solved to yield 


+ a ~ 2 •-/ a + '4" 


+ a — 1 


Y±/« 
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Then the equation takes on the form 

y=yi- 

We express x in terms of y x \ calculation yields 

2 „ 1 

* = yi + 2 ayi + . 

We note that x is expressed in terms of y x by a quadratic formula 
having exactly the same coefficients as that giving y in terms of x. 
It follows that if we graph the functions 

y = x 1 + 2 ax + “ 

>. = + 

then the two graphs (parabolas) will be symmetrical with respect to 
the line bisecting the first quadrant (See Figure 10; every point x= 
x 0f y — yo of the first curve has an image point x = y 0> y i = x 0 on the 



Figure 10 


second curve). The points of intersection of these two curves have 
^-coordinates for which y =y these coordinates yield the roots of 
the equation. These points must lie on the axis of symmetry of the 
two curves, satisfying the conditions 


Solutions (169) 
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y = x = yi. 


If we solve the equation y — x t that is, 


x 2 + 2ax = x , 


we obtain 


1-2 a , // 1 - 2 a\ 2 T" 

2~ ± y\ 2 ) 16 


It is left to the reader to convince himself that for 0 < a < 4 

both these roots are real and satisfy the given equation. 

Second Solution. The problem can be solved in a more conventional 
way. If we clear radicals in the usual manner, we obtain 

(x* + 2ax + a + -^) = a 2 + x - , 

or, upon expansion and the collection of terms, 

x 4 + 4 ax 3 + (4a ! + 2a + -|-) + (^ + \ a ~ *)* 

a 1 1 _ n 

+ _ 8 + 16 + 16 2 “°- 

The left member of this equation can be grouped and factored as 
follows: 

[*‘ + (2 a- l)* 3 + Ye* 2 ] 

+ [(2a + l)x 3 + (4« 2 - l)* 2 + (f + Tg) x ] 

+ [( 2a+ iD* !+ ( 4a! + f 

= [x ! + (2a- 1)* + +( 2a + + (^° + • 

This yields the solutions 

x* + (2a - D* + 72 = 0 - 


Xi.i = 




-2aV J_. 
2 ) 16’ 
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x 2 + ( 2 a -+■ 1 )* -+■ 2a -+■ — 0 , 

lo 


* 3,4 = — ‘ 


1 + 2 a 


■ // I -2a V o 17 
' V \ 2 ) 2a 16 


If 0 < a < —, the first two roots are real and satisfy the initial 
equation; the last two roots are complex numbers. 


170. (a) To yield a real number for the left member, for real 
values of *, the expressions under the radicals in the left member 
must all be positive. Let us designate these radicands, respectively, 
starting from the innermost one (from 3*), by y\,yl, •• '>yl~ u yl\ we 
then have 


3x = * + 2x = yl; 
x + 2 y t = yl , 
* + 2 y 2 = yl r 


X + 2y n -2 = JVn-1 , 

* + 2y n -i = yl , 

where all the numbers y lt y 2 > • • •, y n are real and positive. The initial 
equation takes on the form, in the new designation, 

y n = x . 

We shall now prove that y v = x. Assume that x > y u Then a 
comparison of the first and second equations shown above will indicate 
that yi > y 2 . Similarly, the second and third equations will imply 
that y 2 > : Va; we can continue, in a similar manner, to find 

y 3 > y< > • • • > yn -1 > yn . 

Hence if x > y if then x > y n , which contradicts the equation y n = x. 
The assumption x < yi will lead, by analogous reasoning, to a similar 
contradiction. Hence we must have yi = x. 

Since yl = 3x , it follows that 

3x = x 2 , 

and so we may set down two possible values for x: 

*i = 3, *2 = 0. 

Both values satisfy the given equation. 


Solutions (170) 
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Remark: We can use another technique to solve this equation. We write 
it as 

Sx + + 2 7% + ■ ■ • + 2 Sx + W = x - (1) 

n radicals 

If we replace the final x of the left member by the entire expression for * as 
given by (Jf), we have _ 

x — /x + 2/x + 2/x + * ■ • + 2/g + 2x 
2 n radicals 

If we again repeat this substitution, we obtain new equations of the same form, 
except that we have, successively, 3», 4n, ••• radical signs. Thus we arrive 

at 

X = X + 2/a: + 3.'a; + ■ • ■ 

= lim y y x + ‘Wx + 2 \'x + • • ■ + 2 x + 2* (2) 

__ ^ 

N radicals 

It follows that 

x — x + 2(, / x + 2 y/x + ■ ■ * 

= >'x + Ay' x + 2V% + 2^ x + .7J = * /x + 2x ’ ( 5 ) 

which yields x = /3*7a: a = 3a;; consequently, xi = 0, a; 2 = 3. This shows that 
the roots of equation (1) do not depend upon n [since the roots of (2) are in¬ 
dependent of n]. 

The reasoning used here cannot be considered a legitimate solution to the 
problem, inasmuch as the existence of the limit shown in (2) has not been es¬ 
tablished and hence cannot be legitimately employed for (3). However, the 
reasoning can be rigorously justified by a more advanced discussion, which is 
not undertaken here. 


(b) We make successive simplifications of the fraction in the 
left member: 



x + 1 
x 


1 * _ 2* + 1 . 

1 + 7+T ~ 1 + * + i “ * + i ’ 

X 

1 x + 1 3* + 2 

1 + 2FTT ~ 1 + 2x + 1 _ 2x + 1 ’ 
*+ 1 
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We finally arrive at an equation of form 

ax + b 
cx + d ~ X ’ 

where a, b r c, and d are some integers (depending upon n). This 
equation is in fact a quadratic equation x(cx + d) = ax 4 - b, which 
implies that the given equation can have at most two roots and hence 
cannot be an identity (since then all values of x would satisfy it; in 
particular x = 0 fails to satisfy the equation). 

Without an assignment of value for n we apparently cannot de¬ 
termine these roots. However, let us assume that 



The successive simplifications of the fraction yield 




and we finally arrive at the identity x — x. Hence, under the assump¬ 
tion, the roots of 1 + = x, or x 2 — x — 1 = 0 , that is, 



satisfy the given equation. Since the equation has at most two roots, 
and we have found two roots for it, these represent the complete 
solution of the problem. 


Remark : We display still another method for solving the equation [compare 
this with the remark following the solution of problem (a)]. 

We substitute for the final x shown in the “multi-storied” fraction* its 
expression as given by the equation itself. We then have an equation of pre¬ 
cisely the same form, except with 2 n fractional designations.** ' Continuation 
of the process leads finally to our writing 


* Continued fraction is the terminology usually used for this concept [Editor]. 
tt Literally, “twice as many stories” [Editor]. 
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= lim - 

1 + 


. + 1 + J 


The fraction bar is 
repeated N times 

where on the left we have an infinite continued fraction. 
This yields 


u + - l 


that is, we obtain the quadratic in x, 

1 

x = —— , 

1 + X 

which we assumed in the first solution of this problem. This proof now shows 
that the solution of the equation does not actually depend upon n (a fact we 
might have adduced at the conclusion of the previous solution). 

The reasoning here is not rigorous, inasmuch as the existence of the limit 
of which we made use has not been proved. However, a rigorous proof can 
be given by more advanced mathematics. 

171. We have 

x + 3 — 4i/ x — 1 = x — 1 — 4i/ x — l + 4 _ 

= a/* -1 ) z - 4i /x-T + 4 = <y x - r - 2)* 


and, analogously, 


x + 8-6Vx~l = *- 1 - 61 /*- 
= (i /T^T - 3 ) 2 


1 +9 


Hence, the equation can be written in the form 

(l/(i/* - 1 - 2) a + V”(l/*- 1 - 3 ) 2 = 1 
or, since it has been specified that only positive roots are to be con- 
sidered 
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— 2 | + li/x^T - 3 | =1 , 
where | y | means the positive numerical value of y. 

We consider the several possibilities. 

First, if V * — 1 — 2^0 and Vx — 1—3^0, that is, if V * — 1 ^ 3 , 
x — 1 ^ 9, * ^ 10 , then |i/F—T— 2 I = Vx — 1 — 2 , \ ]/x 3 | = 

\/x — 1 — 3, and the equation takes on the form 


Vx - 1-2 + Vx -1-3 = 1 . 

Hence, 

2 l/F=T= 6 

*—1=9, 

* = 10 . 

If t/* — 1 — 2^0 and i/* — 1 —3 ^ 0 , that is, if Vx — 1 ^ 2 , x ^ 
5, but i/* — 1 ^ 3, x ^ 10 , then | i/*— 1 — 2 | = i/*— 1 — 2 , \V x — \ — 
3 | = — Vx — 1 + 3, and the equation becomes the identity 

Vx=T- 2 - Vx -T+ 3 = 1 . 

Therefore, the equation is satisfied by all values of x between *=5 
and x = 10 . 

If Vx — 1 — 2 ^ 0 , Vx — 1—3^0, that is, if Vx — 1 ^ 2 , * 5; 5, 
then |i/* — 1 — 2 | = — i/* — 1 + 2 , | l/* — 1 — 3 | = — V x — \ + 3, 
and the equation becomes 


- Vx — 1 + 2 — Vx -1+3 = 1 . 


It follows that 


*-1=4, 
x — 5 . 

The case Vx — 1 — 2 ^ 0 , Vx — 1 — 3^0, is impossible. 

In summary, all values of x between 5 and 10, inclusive, that is, 
5 ^ * ^ 10, are solutions of the given equation. 

172. We shall first look for the real roots lying in the interval 2 
to oo, then in the interval 1 to 2 , then 0 to 1 , then —1 to 0 , and 
finally — oo to — 1 . 

Let * ^ 2 . Then* + 1>0, * > 0, * — 1 > 0, * — 2^0; hence |*+1| = 
* + 1 , |*| =*, I* — 1 | = * — 1 ; | * — 2|=* — 2, and we have the 
equation 
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* + 1 - * + 3 (* - 1 ) - 2 (* - 2 ) = * + 2 , 
which is an identity. 

Accordingly, all real numbers greater than 2, and 2 itself, are 
roots of the given equation. 

Let 1 ^ * < 2. Then * + l>0, *>0, * — 1^0, and * — 2 < 0, 
which implies 

| * + 1 I = * + 1 , 

|*|=*, 

l*-l| =x-l, 

I * — 2 | = — (* — 2) . 

We obtain, for this case, the equation 

* + 1 - * + 3(* - 1) + 2(* - 2) = * + 2 . 

This yields 4 * = 8 , or * = 2 . This value lies in the interval pre¬ 
viously considered. Consequently, there is no additional root found 
between 1 and 2 for the given equation. 

Let 0 ^ * < 1. Then | * + 1 | = * + 1, | * | = *, I * — 1| = — (* — 1), 
and | * - 2 | = - (* - 2). We have 

* + 1 - * - 3(* - 1) + 2(* - 2) = * + 2. 

This yields *= -1, but since this lies outside the interval which 
we used to set up the equation, it must be discarded. 

There exists no additional root for the equation in the interval 
0 ^ * < 1 . 

Let — 1 ^ * ^ 0. Then | * + 1 | = * + 1, | * | = —*, I * — 1 I = 

—(* — 1 ), and | * — 2 | = —(* — 2). We have 

* + 1 + * - 3(* - 1) + 2(* - 2 ) = * + 2 . 

This equation is contradictory; hence there are no roots between —1 
and 0 , inclusive. 

Finally, let * < —1. Then | * + 1 | = —(* + 1), | * | = —*, | * — 1| = 

-(* - 1), and | * - 2 | = — (* - 2); We have 

-(* + 1 ) + * - 3(* - 1) + 2(* - 2) = * + 2 , 

*= -2 . 

We obtain the root * = —2 from this interval. Therefore, the equa¬ 
tion is satisfied by — 2 , by 2 , and by all real numbers exceeding 2 . 

Remark : The results obtained for this problem become vividly clear if we 
graph the function 
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y = | * + 1 | — | * | +3 ] * — 11 —2 | x — 2 | — (x + 2) . 

Figure 11 shows in light lines the functions y\ = | x + 1 |, y% = — | * |, y% ~ 
3 | x — 11, y* ~ —2 | x — 2 |, and y% — — (x + 2), and in heavy lines the function 
y = y\ + yz + y% + y\ + ys (by “composition” of graphs). It is clear from the 
figure that y crosses the axis at x = — 2 and at x = +2, and thereafter remains 
on the x axis for x > 2. 



Figure 11 


173. From the first equation of the given system we see that 
y 2 = x 2 , y = zt x . 

If we substitute for y 2 in the second equation, we obtain 

(x - a) 2 + - 1 , ( 1 ) 

which, as a quadratic equation, in general yields two possible values 
for x . Since each value of x can be associated with two values of 
y, the system will have at most four solutions; This will reduce to 
at most three solutions if one of the values of x is zero, since this 
value will go with only one companion value for y, that is, y = 0 . 
If we substitute x = 0 into equation (I) we obtain 

a 2 = 1 , a = dh 1 . 

The system can, and will, have precisely three solutions only for 
these values of a . 
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The number of solutions of the system reduces to two if the quadra¬ 
tic equation involving x has only one solution (a “double root ). 
The quadratic equation 

(x — a) 2 + x 2 = 1 , 

or, 

2x 2 — 2ax + a 2 — 1 = 0 

will have one root if and only if the discriminant (B 2 - ±AC) vani¬ 
shes; that is, if 

a 2 - 2(a 2 - 1 ) = 0 , 

or, a 2 = 2; that is, a = ± V 2 . 

174. (a) Formal solution of the system yields 

a 1 - 1 

X = 1 - 7 , 

a 1 — l 

—a 2 + a 

If a + 1 * 0 and a - 1 * 0, then the system has the single solution 

_ a 2 + a + 1 


* = ITT ■ 

If a = -i, or if a = +1, then the formulas are meaningless; in the 
first instance we arrive at the system 


f-x + y = 1 , 
l x-y = 1 , 


which is a contradictory system. In the second instance we have 

ix + y = 1 , 

\x + y = 1 , 

which has an infinite number of solutions (for example, for x arbit 
rary, y = 1 — x). 

(b) Solution of the system yields 

a 1 — 1 

x " a 2 - 1 ’ 

—a 3 + a 
y a 2 — 1 
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Here, if a 2 — 1 =£ 0, the system has the single solution x = a 2 + 1, 
y = ~ a - For a = — 1 and a - 1, we obtain the systems 

j-* + y = -l, 

*■ X — y = 1 

and 

(x + y = 1 , 

\x + y = l, 

both of which have an infinite number of solutions. 

(c) We obtain from the first two equations 

y + 2 = 1 — ax 

and 

ay + z = a — x . 

If we consider this as a system of two equations in two unknowns 
y and z , we obtain 



Hence, if a * 1, then y = 1 + * and * = -(1 + a )x. If these values 
are substituted into the third equation, we find 

x -I- (1 + x) —a( 1 -f- a)x = a 2 , 

x(2 -a- a 2 ) = a 2 - 1 
—x(a + 2)(a — 1 ) = a 2 — 1 . 

Therefore, if a — 1 ^0 and a + 2 + 0 , the system has the single 
solution 


x — 


° 2 - 1 ___ a±± 

(a + 2)(a - 1 ) a + 2 ’ 


y = 1 + * = 


1 

<2 + 2 


z = - (a -h l)x 


(a + l) 2 

(I ~h 2 


For — 1 and # — — 2 , we obtain the systems 
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x + y + z — 1 , 
^+^+ 2 = 1 , 
* + y + z = 1 
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and 

— 2 jc + y + z = 1 , 
x — 2 _y + 2 = — 2 , 
x + y — 22 = 4 , 

The first of these systems has an infinite number of solutions, and 
the second has no solution (from the first two equations we obtain 
—x — y + 2 z — — 1 , which is inconsistent with the third equation). 

175. If we subtract the second equation from the first, and the 
sixth from the fifth, and equate the two expressions for x 2 — x 3 , we 
obtain 

ct\(ctz — afs) = ct 4 (ct 2 — a 3 ) , 
or, 

(ct i — ct 4 )(a 2 — a 3 ) = 0 . 

Similarly, if we obtain the two expressions related by Xi — x 2 and 
also by x { — x 3 , we find two more relationships: 

(tfi — a 2 ) (or* — flf 4 ) = 0 , 

(oci — a 3 )(a 2 — a 4 ) = 0 . 

The first of these three relationships implies that either oci = a 4 
or a 2 = a 3 (possibly both). Let us suppose that a 2 = u 3 = ol . Then, 
from the second relationship, = a or else a 4 = a. Either of these 
possibilities makes the third equation an identity. Hence, for the 
system to be consistent, it is necessary that three of the four quanti¬ 
ties u u a 2 , a 3 , ct 4 be equal. 

Suppose now that ct v = ct 2 — u 3 = a and that u 4 = 0. Recalling 
those expressions for the differences x x — x 2r x k — x 3 , x 2 — x 3 , with 
the aid of which we obtained the relationships just exploited between 
a lt a 2 ,ot 3i and a 4t we find that 

Xi = x 2 — x 3 . 

Designating Xi = x 2 = x 3 by x, and x 4 by y, we find that the six 
equations in four unknowns reduces to two equations in two un¬ 
knowns: 


2x = a 2 , 
x + y = a0 , 






280 


Miscellaneous Problems in Algebra 


from which we find that 



Remark : Analogous reasoning shows that the more general system 

3?i + 3/2 + * ■ * + 3/m — l ~l~ Xm — #i#2 ■ * • ctm — lO'm , 

+ 3^2 + ■ ■ • + Xrn—l + X m+ 1 — «iff2 ■ * ■ «w-l% + l , 

' Xn+m-i + 3!n + 7rt-2 + ‘ * * + X n -i + X n = Ctn+m-i<* n +m -2 ■ ■ * , 

consisting of C™ equations in n unknowns (n > m + 1), will be solvable only 
in the following two cases: 

«i = «2 — ■ * ■ = «7t-i = a, a n = f} ; 

here, 

Xl = 3 2 = = 3fn-i =—, Xn = ff a -‘ (fl . 

71 ' 71 / 

n “ 77i + 1, or more, of the quantities a u are zero (here, ^ = 

* • ■ ==X n = 0). 

176. From the first of the given equations, 

x — 2 — y. 

Upon substitution into the second, we obtain 

2y-y* -z 2 = 1 , 
or 

2 2 + y‘ - 2y + 1 = 0 , 
or 

2 2 + (y - l) 2 = 0 . 

Each of the two terms of the last equation is nonnegative, hence 
both must vanish. Hence 2 = 0 and y = 1 , which implies x = 1 . 
Therefore, the system has precisely one real solution. 

177. (a) First we note that if x 0 is a root of the given equation, 
then — Xq is also a root. Consequently, there are as many negative 
roots as there are positive roots. Moreover, the number 0 is clearly 
a root of the equation. It suffices then to find how many positive 

roots there are. Now if = sin x, then 


■v 
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| x | = 100 | sin * | ^ 100-1 = 100 , 

and so no root can exceed 100 in absolute value. 

Let us partition the x-axis from 0 to 100 into segments each of 
length 2/7 (except for the final segment, which will be shorter); we 
shall examine each interval separately to find the roots in it. (See 
Figure 12 ). 



Figure 12 

There exists one positive root in the interval from 0 to 2/7; in 
each of the following intervals (excluding the final one) there 
are two positive roots. To find how many roots may be contri¬ 
buted by the final interval, we examine it separately. Now, is 
a number between 15 and 16 = 6.666 * • • > 27r;-^= 6.25 <2/7^ ; 

consequently, we have 15 segments each of length 2/7 and one final 
segment of length 100 —15-2/7 > 5 > /7. This final segment is long 
enough to contain the complete upper half of the sinusoidal period, 
and hence it also contributes two roots. 

Therefore, in all we have 1 + 14*2 -f 2 = 31 positive roots for the 
given equation, an equal number of negative roots, and, in addition, 
the root 0; therefore, the equation has 63 roots. 

(b) The solution is quite similar to that of problem (a). First, 
if sin x = log x, then x ^ 10 (inasmuch as sin x ^ 1). Since 2 -2k >10, 
the interval on the x-axis between x = 0 and x = 10 contains one 
complete period of the sine curve plus part of a second period. The 



Figure 13 
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graph of log x intersects the first wave of the sine curve at pre¬ 
cisely one point (see Figure 13). Further, since 2/7 + — < 10, then 
5/7 

at the point x = we have sin x = 1 > log x, which means that 

the graph of log x intersects the first half of the second positive wave 
of sin x. Since, at x = 10, log x = 1 > sin x> the graph of log x must 
intersect this second wave another time. Therefore, we conclude 
that the equation sin x = log x has exactly three real roots. 

178. It is readily verified that the proposition of the problem is 
valid for n = 1 and n = 2: 

Xi + x 2 = 6 

x\ + x\ — (xi + x 2 ) 2 — 2x x x 2 = 6 2 — 2-1 = 34 . 

(The sum of the roots of a quadratic equation is equal to the negative 
of the coefficient of x). 

Further, we have 

X\ + X 2 — (aTi + X 2 )(X\ 1 + X 2 l ) XiX 2 (x* 2 + ATa 2 ) 

= 6wr l + *r l ) - l-wr* + *r 2 ). 

or 

+ *? = 5 ur l + *r l ) 

+ tur 1 + *r l ) - (*r 2 + xr 2 )] ( 1 ) 

It follows from this formula, first, that if jtf _3 + xl" 2 and x*~ l + xj“ l 
are integers, then Xi + xl is also an integer; thus, by mathematical 
induction x* + x\ is shown to be an integer for all natural numbers 
n. 

Now, let n be the least positive integer such that Xi + x 2 is divi¬ 
sible by 5. It follows from (1) that, in this case, the difference 

wr 1 + *r ! ) - (xr 2 + *r 2 ) 

is also divisible by 5. But if we replace n in (1) by n — 1, we obtain 

tf- 1 + xr 1 = 5(*r 2 + xr 2 ) 

+ (xr 2 + xr 2 ) - (.xr 3 + xr 3 ), 

from which it follows that 

^n-3 + x n-i = 5(x n-2 + ^ 

- [(xr l + xr 1 ) - (xr 2 + xr 2 )] 
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is also divisible by 5. This contradicts the assumption that n is the 
least integer such that x? + xT is divisible by 5. Hence we mus I con ^ 
elude that there cannot exist a positive integer n such that x\ + x 2 
is divisible by 5. 

179. Let us say that there are n positive numbers (and hence 
1000 — n negative numbers) among the numbers au & 2 >' * *>#iooo. Then, 
in the expansion given, the “mixed products'' aiaj of the n positive 

numbers j^there will be n ^ n of these products J and the mixed 
products of the 1000 - n negative numbers [there will be 

(1000- n) (1000 - » - 1) 

2 


of these products] will be positive terms, and the product of positive 
by negative numbers [there will be w(1000 — n) of these] will be 
negative. The condition of the problem requires that 

n( ~ n - ^ , (1000 - m)(1000 - n -,11 _ n ( 10 00 - n) , 

2 2 


w* - n + (1000 - nf - (1000 - n) 
2 

999,000 

2m 2 - 2000w + ^— 


1000n — n 2 , 


1000 ± vX 000,000 - 999,000 _ 1000 ± l/lOOO 


which is impossible. 

For the analogous problem posed, we obtain by similar reasoning 
the requirement 

10,000 ± V 10,000" _ 10,000 ± 100 
n = — - 2 - 2 


Here it is possible for the expansion to contain an equal number of 
positive and negative mixed products. For this, it suffices if the 

initial polynomial contains 10>000^+ 100 _ c^q positive numbers and 
10,000^— 100 _ 4950 ne g a tive numbers (or vice-versa). 

180. First, we have 


(V 2 - l) 1 = l/ 2 - 1 ; 

(l/T - l) 2 = 3 - 2V~2 = VT ~ • 
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The proof will proceed by mathematical induction. Assume that 

(l/T - l)»-« = BVT -A = V2B 2 - VW 

can be put into the form VW - VN- 1, that is, that 25 2 - A 2 = l. 
We shall show that (replacing k by k + 1) 

(l/T - l) 2 *+> = B'VT - A' 

also comes into such a form, that is, that 25' 2 - A' 2 = 1 We can 
write 

0/T - i) 2 *+> = (i/T - l) 2 

= (5i/T - A) (3 - 2t/T) 

= (35 + 2A)VT - (45 + 3A) ; 

consequently, 

5' = 35 + 2A , 

A' = 45 + 3A , 

and 

2 B’ 2 - A' 2 = 2(35 + 2A) 2 - (45 + 3A) 2 

= 185 2 + 24A5 + 8A 2 - 165 2 - 24A5 - 9A 2 
= 25 2 — A 2 = 1 , 
which is what we wished to show. 

Therefore if the number (VT - 1) 2 ‘ = C - DVT can be put into 
the form J /N 1 /jV— 1, then also the number ( 1 /2 — 1) 2 * +2 = 
C' — D'V 2 can be expressed in this form. 

The assertion of the problem follows by mathematical induction. 

181. If (A + 5 V 3 ) 2 = C + DV 3 , then C = A 2 + 35 2 D = 2A5 

(A - BV T) 2 = A 2 + 35 2 - 2A51/T = C- DV T . 
Consequently, if 

(A + 5]/T) 2 = 99,999 + 111,111 VT , 

then also 

(A - 5i/T) 2 = 99,999 - 111,111 VT , 

which is an impossibility inasmuch as the left member of this equa¬ 
tion is positive and the right member is negative. 

182. Assume that = fi + qVT (p, q, and r rational). If both 
sides are cubed, we obtain 
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2 = p 2 + 3, p 2 qV r + 3 pq 2 r + q 2 rV r , 
or, 

2 = P(P 2 + 3 q 2 r) -f q(3p 2 -f q 2 r) l/ r . 

We shall now show that our assumption that V 2 = p + qV* r 
implies that V 2 is a rational number. First, if q = 0, then V~2 = 
p is rational. If q 0 and if 3 p 2 + q 2 r *= 0, then from the last of 
the above equations we obtain 


from which we find 




2 - p(p 2 + 3 q 2 r) 
q(3p z + q 2 r) 



V 2 = p + q 


2 - p(p l + 3 q 2 r) 


" " “ K r * q(3p z + q z r) 9 
which states that V~2 is rational. If 3 p 2 + q 2 r = 0, then 


q'r = -3 P 2 , 

2 = />[/>’+ 3(-3/> 2 )] = -8/>\ 


and V 2 = —2 p is again a rational number. 

It remains to prove that V 2 is not a rational number. If V~2 

were equal to an irreducible fraction — then we would have 2 = 
tn 2 ^ 

——, or m 2 = 2 n 2 . In this event m 2 (and hence m) would have to be 
n 2 

an even number, and therefore would be divisible by 8. We could 
m 2 yyi 2 

then write n 2 = ——, and, since--— is even, then necessarily n 2 (and 

u dt 

therefore n) would have to be even. This contradicts the assump¬ 
tion that — is irreducible, and the contradiction proves the statement 
n 


of the problem. 


183. (a) Designate 1.00000000004 by ac f and 1.00000000002 by g. 
Then it is readily seen that the two numbers of the problem can be 

written as -—- and , - : . Since a > g, it is clear that 

l+ar + o: 2 1 + g + g 2 



P , 
1 + g ' 


1 -ha-ha 2 _ a 2 g 2 1 + g + g 2 

1+a + l + a + l + g 2 1 + g 
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and, finally, 

1 + a 

1 + a + a 2 


. / l + a + g« \ / I +g + _ 1 

A l+a ’l 1 + 0 )~T+ 


+ $ 

0 + 0 2 ' 


Therefore, the second number is greater than the first. 

(b) If we designate the two expressions given in the problem 
by + and B, respectively, we obtain 

■ 1=1 +__ 

A 1 + a + a 2 +■■■ + a*~ l 


1 1 

a n a n ~ l ’ ~ l_ 


B~ l + 


1 + a + a 2 + - 

■ * + a n ~ l 

1 


1 + a + a 2 + • • 

. + a n-i 

a n 


1 



It follows that > -1 or B > A . 

A B 

184. Let X be an arbitrary number. Consider the difference 
(X — a) 2 — (x — a) 2 . We note that 

(X - a) 2 -(x- a) 2 = X 2 - x 2 - 2a(X - x ). 

We can now write the difference 

[(X - a,)* + (X - a t ) 2 +■■•+(*- a,)*] 

- [(* - atf + (x - a t ) 2 + ... +( x - 
= n(X 2 - x 2 ) - 2(a l + a 2 + ■ ■ ■ + a n )(X - x). 

If in the right member we substitute — + + ' ‘' + f or x th en 

n 

that member will be nonnegative; in fact, we shall have 
[(AT — ai) 2 + (X — <z 2 ) 2 + • • • +(A" — a„) 2 ] 

- [(at - a,) 2 + (x- a t ) 2 + •••+(*- a„) 2 ] 

= n ( x2 -x 2 )- 2nx(X - x) = n(X 2 - x 2 - 2Xx + 2* 2 ) 

= n(X — x) 2 ^ 0 . 

It follows that the sought-after value of x must be 

di ~t~ dz + * • • + a n 
n 

185. (a) We have, in all, only three essentially different arrange- 
ments insofar as 0 is concerned: 


Solutions (184'185) 
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(1) a u a*, a 3t a 4 \ 

0i = («i — a 2 ) 2 + (a 2 — dzY + («3 — a 4 ) 2 + (a 4 — a L ) 2 . 

( 2 ) d\j dzy d 2 , d 4 \ 

0 2 = (ax — dzY + (at — d 2 y + (a 2 — a 4 y + (a 4 — dxY . 

( 3 ) d\ % di, a 4f dz' 

0 3 = (dx — a z y + (d 2 — d 4 y + (a 4 — dz) 2 + (dz — dxY . 

Now, it is readily seen that 

@z — = —2 a 2 a 4 — 2a v dz + 2 a 2 dz + 2dxd 4 

= 2 (a z — a l )(a 2 — a 4 ) < 0 ; 

03 — 0 2 = — 2dxdz — 2dzd 4 + 2dzdz + 2dxd 4 

= 2 (dz — dx)(a 2 — a 4 ) < 0 , 

Consequently, the arrangement we seek is 

d\y doj d 4 , dz . 

(b) First Solution . Consider the expression 

0 = (di v - di 2 y + (di 2 - di 3 y + ***.+ (di n _ l - a in y + (a in - a iv y , 

where di r di 2> are the given numbers in the required order. 

Consider two of these numbers a i(t and where a < /3. We claim 
that if di a is greater than (or, respectively, less than) then 
is greater than (or, respectively, less than) «i j8+1 . (We assume 
^). 

If we assumed the contrary, that is, if 

(«ic ~ < 0 » 

then the permutation which reverses the order di oc+lf d\ a+2 , * • *, «^ 
would decrease the value of the sum 0, since the difference of the 
new sum 0 / and the initial sum 0 would then be 

0' — 0 — 2di a _ l dip 2Gi a dip +l + + 2 GipGifl + 

= 2(d ia - ~ «ip + 1 ) • 

This observation enables us to find the full solution of the problem. 
First, since a cyclic permutation of all the given numbers (the permu¬ 
tation which preserves the relative positions of the numbers—for 
example, writing them in a circle and merely rotating the circle) 
does not change the value of 0, we can assume that a il is the smallest 
of the numbers, that is, i v = 1. It is then possible to assume that 
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a> 2 and a Xn follow in order of magnitude. In fact, if for example, 
a 'P < a n (0 ^ w )» then we w °uld have (.— ai p+l ) < 0 , and 
if a ifi < a in (0 =*= 2 ), then we would have (a^ — to^iton — flip) < 0 . 
Since it is possible to change the order of the "links” of the chain 
a^, di v * • •, to n , ai v to the reversed order without changing the 
value of 0, we can assume that #t 2 < ai n , i% = 2, and z n = 3. 

Further, we assert that the numbers ai 3 ,ai n _ 1 follow in this order 
in magnitude, within the pattern of the numbers a^,^, #; n already 
considered. In fact, if, for example, a» s > (0 =£ 1, 2; n — 1, «), 

then we would have (a » 3 — top)(to 2 — a< p+l ) < 0. But since we have, 
moreover, (a^ — ton-fan “ it follows that a < 3 < that 

is, a iz = <z 4 and ai n _ 1 = a 5 . 

It is similarly shown that a * 4 and a tn _ 3 follow in magnitude after 
< a i n -2 (** = 6 , z "-2 — 7), that the numbers a * 5 and #,- n _ 3 follow in 
magnitude after the previously determined a ,* 5 < a * n _ 3 (z 5 = 8 , z n - 3 = 9), 
and so on. Finally, we can set down the following scheme. 

If n = 2k (even), then 

/ a 2 a^ fie 

to 

\a 3 a 5 

if « = 2k + 1 (odd), then 

/to Q>\ to * ■ * a n -1 

to I 

a$ a~i * ■ ■ — a n 

(The schema represents the order of the numbers; for example, for 
even n we have the order a u a 2} a i} a 6 , * • •, # n - 2 , a nj a n - 1 , * • •, a lt a if a 2 ). 

Second Solution . If the order obtained in the first solution could, 
in some manner, have been guessed at, the verification could be 
made by mathematical induction. In fact, for n — 4 the proof is 
quite simple [see the solution of problem (a)]. Assume now that for 
some even n the sum 0 n in the arrangement given by part (a) for 
the numbers a x < a 2 < - ■ • < a n is less than the sum corresponding 
to any other order. We shall prove that the sum 0 „-u corresponding 
to the scheme shown in part ( a ), as it concerns the n + 1 numbers 
a x < a 2 < ■ • ■ < a n < a n + i, is less than the sum^i+i corresponding to 
any other ordering of the n + 1 numbers. We have 

0 n +i - 0n = (to - to + 1 ) 2 + (a n + 1 - a n ~i) 2 — (a n - a n -iY 

— 2 fln + l 2anOn + l 2 fln — l#n + l "f" 2 fln—l^n 

= 2 (fl n + i #n)(fln + l Qn-l) • 

III 
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On the other hand, if in the order answering to a sum®» + , the 
number a.+, were to stand between two numbers a* and ap, and if 
<Dn answers the array of n numbers obtained from the array of n + 1 
numbers leading to a sum®»+i by striking out the number a n + 1 , then 

<Dn+l — <Dn = (a a — On+lY + (fln + l — a p)* _ _ a p ) 2 

= 2a«+i — 2a*«»+i — 2ap0«+i + 2«*flp 

= 2(a n +i — to)(to+i — 00 ) ^ 0»+i • 

Thus, 

0 n + 1 - ®l+l = [<bn - K] + [(®» + l - ®») - (®»+‘ _ - 0 

(the first pair of brackets parentheses encloses a nonpositive number 
by the induction hypotheses; the second pair does so by the proof). 

; ;re if the sumCi differs from <D n+u then either 0„ - <D„ < 0 (and, 

consequently, ®„ + , - ®Ui < 0), or (#,+i - ®») - (®-+i ~ ®») < 0 (and - 
consequently, <D n+ , < ®Ui). The transition from » to » + 1 is carried 

out in a similar manner for odd n. 

Third Solution. This problem has a less involved geometrical so¬ 
lution. We represent the numbers at < a 2 < a 3 < ■ ■ ■ < a„ by points 
A A, A, ■■■ An on a number axis; we designate the intervals 

IX, -42-43, • --jAn-iAn, respecti^vely, by d u d 2 , • ■ •, d n -i- Then the 
sum 

<D = (flj 1 - fli 2 ) 2 + (a h - fli 3 ) 2 + • • • + ~ ai »y + ( ai » - a h) 2 

= A~a! 2 + A h A 2 h + • • ■ + Ai n i4?, 

is equal to the sum of the squares of interval lengths, or “links” 
Ai Ai Ai ■ ■ • i4,- n i4»„Aii [all of which lie on the one straight line; 

see Figure 14 (a)]. 



A, A t A, X *2 A > ^ 

a k 

Figure 14 


Since the closed overlying curve covers the whole segment A x A n , 
each of the segments A^T, = d k enters at least twice into its com- 
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position (once in the direction from Ak to A k +i and again in the 
reverse direction). Therefore, regardless of the order in which we 
take the points, the expanded sum 0 when expressed in terms of the 
lengths d lt d 2 , ■ • - t d n ^i must contain all the numbers^; that is, 
2d\ t 2d\, • • ■, 2dl~i. Further, let A k -iA k = d k -\ and A k A k +1 = d k be 
two adjacent segments. It is clear that if the link of the overlying 
curve which covers the segment A k A k+l going from A k to A k+l 
commences at the point A kj then the link covering this segment in 
the reverse direction cannot terminate at the point A k . Therefore, 
in all cases there must exist a link which simultaneously covers the 
segments A k -iA k and A k A k +i. It follows that the sum 0 must in all 
cases contain all the numbers 2d k -id kt that is, 2did 2f 2d 2 d 2f ’ ■ *, 2d n -zd n -i. 

Now we need only note that if the points are ordered as in the 
first solution of this problem, then 

0 = 2d\ + 2d\ + • • * + 2d\~\ + 2d\d 2 + 2d 2 d$ + • * • + 2d n - 2 d n ~i 

[see Figure 14 (b)]. It follows from this, and from what has been 
said above, that the sum 0 will be least for this ordering. 

186. (a) First, we may assume that the numbers a u a 2 , ••*,«« 
and b lf b 2 , are all positive, since if some of them are negative 

it is clear that the inequality will be exaggerated. Consider the 
broken line A 0 AiA 2 * • ■ A n in Figure 15, where the lengths of the 





Figure 15 

projections of the segments A Q A U AiA 2 * • *, A n -iA n onto the *-axis 
are denoted by a u a 2 , * * ■, a n , and onto the y-axis by b u b 2j • • *, 
Then, by the Pythagorean theorem, we see that 


Solutions ( 186-187 ) 


291 


AqAi = V a\ + b\ , 

AiA 2 = a\ + b\ , 

.» 

An-lA* =-Va n +bn , 

AaAn = l/(«i + Oi + ' ' • + «») Z + (&o + *i + ■•■ + t>nf , 

from which the inequality given in the problem follows immediately. 

The broken line AoAzA* ■■■ A n can be equal in length to the seg¬ 
ment 7&T. only if it is a straight-line segment. This can occur 
only if «!- _ = ... = and then we have the equality. 

(b) Let h be the height of the pyramid; let a u au ■ ■ ■, a» be 
the lengths of the sides of the base (a, + a 2 + ■■■ +a n = P, the base 
perimeter); and let b u b*, be the lengths of the perpendicu¬ 

lars from the foot of the altitude (the center of the inscribed circle, 
for a right pyramid) to each of the base sides, respectively, 
(then + \ajn + ■ • ■ + = S, the base area). Now, the 

lateral surface area 1 of the pyramid is equal to 

Y«i Vb\ + W- + ja 2 Vbl + h 2 + ■ ■ • + ja n Vfo + h 2 . 

However, by part (a), 

22 = 

The equality here holds only if : a*b 2 : * * ■: a n b n = a x h . a 2 h . * • • . o-nh 
that is, b x = b 2 = ■ * ■ = b n . 

The statement of the problem follows immediately. 

187. We shall investigate separately the cases for which n is 
even and n is odd. 

The integer n is even. Construct the broken line (Figure 16) con¬ 
necting” points 4A, a ^ 

such that the segments A^Au A 2 A 3 , • • •, An+iA n+2 are o uni , 

and they are successively perpe ndicula r (as shown in Figure lb, 
where n = 4). On each segment AiAi+i (i = 1,2, • • •, n + )* or on 
its extension, we place a point B, such that the length of the seg¬ 
ment BJU 7, is equal to (we shall assume that a, +l is equal to a lt 


/ (a,fc,) 2 + (aM 2 + V(a 2 bzf + (aM + ■■■ + V (anbn ) 2 + («»*) 2 
/\aM + ajh + • • • + + (fli* + + 1 •' + 

/4S 2 + WP 1 , 
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Figure 16 


that is, B n+l is selected such that B n +iA n +z — fii). In doing this, we 
place Bi to the left of (or below) the point A i+l if ai > 0, and to the 
right of (or above) the point A i+l if ai < 0 (in Figure 16, 0 < a x < 1, 
0 < a z < 1, a 3 > 1, a A < 0). We now connect the points Bi to form the 
broken line B X B% B n + 1 . By the Pythagorean theorem, 



is equal to the length of the broken line B X B Z B n +i . 

It is obvious that the length of the broken line B X B% ••• B n+i is 
not less than the length of the segment B x B n+x . We shall now find 


Solutions (187) 
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the length of this segment. We construct the right triangle B i CB n+l 
(Figure 16). Then 

_ _ _ n_ 

B,C = A z Ai + AiA 5 + • ■ • + A n A n+ 1 = 2 » 


and 


CBn+i = A.At + A 3 A, + • • • + A,-vA n 


Vl 

2 


(for AA = = 1 1 - ai D- It follows that 


B.B^t = ViB.CY + (CB n+ i ) 2 



This proves the inequality sought. 

It is not difficult now to determine when the equality holds. In 
order to arrive at the equalit y, all the points B t ,B*,y,B. must 
lie on the line segment B { B n+ 1 (that is, Bi mu st c oincide^ with the 
points of intersection of the line segments B t Bn + i and AiA i+x . Beca use 
the segment B x B n+ i forms a 45° angle with B X C (BiC = CB n+l ) t it 
follows that 

BiA z = A Z B% = BzAt = AiBi = * • * — B n - x A n — A n B n , 

that is, a v = (1 — a 2 ) = fi 3 = (1 — fiO = ■ * ’ = a n-i = (1 — Thus for 
n even, the equality holds for 


= a* = • • ■ = fin-i — fi > 
fi 2 = fi 4 — ■ ■ • = fin = 1 — fi * 


where a is any arbitrary number. 

The integer n is odd} Let a n +i = fii, fin +2 — • * ■, fi 2 n = fin, and 

consider the sum 

l/fl? + (1 — OzY + l/fij + (1 — fi 3 ) 2 

+ ■ ■. + l/flk -1 + (1 “ + V'fil- + d - * 

which is equal to twice the sum 

Va\ + (1 - atf + Va\ + (1 - a,Y 

+ • • • + l/ aX -1 + (1 — fin) 2 + l/fin + (1 — fil) 2 

(each term of the last sum is met with twice in the preceding sum- 

t Elucidation for n = 3 is left to the reader; the proof for even n does not 
apply for odd n. 
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mation). However, it has already been shown that the first sum is 


less than or equal to 


2m 1 / 2 


it follows that 


V al + (1 — a 2 ) 2 + l/al + (1 — a 3 ) z 

+ ■ • ■ + V + (1 - a„) 2 + Val + (1 ■ 

that is, we obtain the required inequality. 

The equality sign holds only if 


nV2 . 
2 


188. First Solution. Both numbers of the inequality are positive; 
hence upon squaring both sides we have 


1 - x\ + 1 - xl + 2 V(1 - *?)(i _ xf) ^ 4 - (^ + 2x lXi + x\) 


that is, 


21/(1-*?X1-^) ^ 2 - 2xiX 2 , 

^ 1 - X\X 2 . 

If again we square both sides, we have 

— x\ — x\ + x\x\ ^ 1 — 2XiX 2 -f x\x \, 
and if all terms are transposed to the right side, we have 

0 ^ (x l - x 2 ) 2 . 

It is clear that the right member of the given inequality dominates 
the left member; also, the equality can hold only for x { = x 2 . 

Second Solution. This problem can also be solved by geometric 
means; analogous solutions are possible for many more involved 
problems of this sort. Consider in the Cartesian coordinate system 
(plane) the unit circle with center at the origin (Figure 17). The 
coordinates *, y of points on the circle are related by the equation 

* 2 + y = i. a) 

Select two points Mi and M 2 on the *-axis having absicissas x y 
and x 2 and where \xi\ fk 1 and | x 2 1 ^ 1 (thus both points are within 
or else on the circle). Construct perpendiculars from M, and M z 
intersecting the upper semicircle in the points N, and N it respectively. 
It js clear from equation (1) that M,N, = Vl-x\ and M 2 A^ 2 = 


Solutions (188) 
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Figure 17 


Note now that the absicissa — - 2 will be the midpoint of the 

segment M V M 2 J We shall designate this point on the *-axis by M, 
and the point above it on the circle by N, _ 

Clearly, the length of MN is -j/1 — ^ . Now, the sum 

MiNi + M 2 N 2 is equal to twice the length of the segment MN *, 
where N* is the point of the trapezoid M l N l N 2 M 2 just above M, and 
MN* is obviously shorter than MN. The inequality of the problem 
follows immediately. The equality holds only if the points M x and 
M% coincide, that is, if x Y ~ x 2 . 

Remark : Many interesting inequalities are suggested by this last proof. 
For example, consider the unit sphere with center at the origin (Figure 18). 
Let Mi and Mi be any two points in the XT-plane within (or on) the sphere, 
and let Ni and N 2 be the points of intersection, with the sphere, of perpen¬ 
diculars to the plane rising from Afi and Af 2 , respectively. Let M be the 
midpoint of segment MiMi, and construct the perpendicular MN in the plane 
containing Afi, Mi , Nu and Ni, where N is the intersection with the sphere. 
Obviously, MN will intersect the segment from Ni to AT 2 , and this intersection 
point we label N r . If (xi,yi) and (x 2t yi) are the coordinates of points Mi and 
Mi, then 

f This is obvious for positive Xi and x 2 \ it is easily verified that this will 
hold even if one of the numbers is (or both are) negative. Also, it suffices to 
consider only positive xi and x 2f since in any other event the inequality is 
emphasized. 
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Mi Ni = Vi — x\ — y \; 

MzN 2 = Vi - - i/, 2 ; 


MiV = 


/■ - (-afs-) 1 - 


=-(MiM + M 2 M) 
And since MN f £ MN, it follows that 




provided, however, that all the expressions under the radical are nonnegative. 
Equality here will hold only for x\ = xi , y\ — y z , that is, only when points Mi 
and Mz are coincident. 



Figure 18 Figure 19 

A somewhat similar inequality can be produced by using a triangle MiM z Mz 
in the XY- plane and letting M be the point of intersection of the medians of 
the triangle (Figure 19). We obtain the inequality 

V l“- xf - y\ + V\-x\-y\ + V'l -xl- y\ 

< q ^/i _ (Jl± ^ J JJT±yT±y^ J 


Solutions (189) 
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This results from the fact that segment MN f of the perpendicular from M 
does not exceed segment MN. Inequality (3) is valid only when the expres¬ 
sions under the radicals are nonnegative; the equality holds only for x\ = X 2 = 
xz and y^ — yz — y 3 ; that is, when the points Mi, M 3 all coincide. 

Another inequality arises from the use of a right circular cone having its 
vertex at the origin and the s-axis as its central axis, and having a vertex 
angle of 90° (Figure 20): 

V x\ + v\ + V x\ + y\ + V x\ + y\ 



Xi 

This is valid for all xi, Xi, £3 and y 1 , y%, y$. Equality holds only when — = 

Vi 

— = —, that is, when Ni, Ni, and N z lie simultaneously on a generator of 
V2 y$ 

the cone. Algebraic proofs for inequalities (2), ( S ), and {U) are very involved. 



Figure 20 

189. Using the trigonometric identity 

cos (A + B) = cos A cos B — sin A sin B , 



we have 
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sin cos x = cos + cos xj 


from which we obtain 


cos sin x — sin cos x = cos sin x + cos (y + cos xj (l) 

We employ the formula 

cos A + cos B = 2 cos — — — ■ cos — ~ — 

2 2 

in the right member of (i) and use the fact that cos« = cos(-<*) to find 
cos sin x — sin cos x 

sin * + ■§■ + cos x - sin * + iL + cos x 

- 2 cos-——-— . cos —--_- 

2 C0S 2 


I cos x + sin x | = i/cos 2 x + 2 cos * sin x + sin 2 x 
= V' 1 + sin 2x g \/~2 . 

(We note that | cos x + sin x | = V~2 only if sin 2x = 1.) In a similar 
manner we find that 

| cos x — sin x | = l/cos 2 x — 2 cos x sin x + sin 2 x 
= l/l ~ sin 2x ^ \/~2 

(and so | cos x - sin x | = i/Tonly if sin 2x = - 1). Since — «= 
1-57 and 1 / 2 ~ 1-41, we have 


n ~2 + cos x + sin x 


k 2 
2 > 


+ cos x — sin x 


which means that 


y + cos x + sin x 


cos 


2 


Solutions (190-191) 
and 
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-S- + cos x — sin x 

cos-- 2 - 

are always positive. Hence the difference cos sin x — sin cos x is 
always positive; that is, cos sin x exceeds sin cos x for all values of x. 

190. (a) Write log 2 n = a and log 5 n = b. From the equalities 
2 U = k and 5 6 = n we obtain 

n't* = 2 , 
tt 1 ' 6 = 5 , 

K \/a. K \/b _ 2-5 — 10 ( 

^1/a-H/i _ IQ , 

However, k 2 & (3.14) 2 < 10, and therefore we must conclude that 

— + 4" > 2, which is what we set out to prove. 
a b 

(b) Write log 2 n — a and log^a = b . Then we have 2“ = k 

and n b = 2. Since now 2 1/6 = tt, it follows that 2“ = 2 l/b , or 6 = —. 

The left member of the given inequality now is of form 

1 , 1 1 , __ a 2 + l 

-(_ —- =-1- a — -. 

a 1 /a a a 

We are required to show that a — > 2, or, equivalently, that 

a 

a 2 + 1 > 2a (note that a > 0). But a 2 — 2a + 1 = (a — l) 2 > 0, which 
proves the validity of the given inequality. 

191. First Solution. We must show that if ft > then 

(a) sin ft — sin a < ft — a . 

However, 

• n - o* 0 — cl ft + a ^ n ft — et ^ ~ 

sin ft — sin u = 2 sin - ± —-— cos — < 2 — * 1 — ft — a 

(for acute angles, sinx < x and cosx < 1). 

(b) We have 
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(for acute angles, tan x > x). 

Second Solution . We consider only part (a) since part (b) is analo¬ 
gous. 

In Figure 21, let the radius of the circle be unity; then the chord 
AE is equal to the radian measure of a , and AF — (3. If EM and 
FP are perpendiculars from E and F to OA, then, designating by 
S(OEA) the area of the triangle OEA, and so on, we have 

S(OEA) = y sin a , 

S(OFA) = i sin 0 , 

and if S e (OEA) is the area of the sector OEA , and so on, then 

SdOEA ) = 

S.(OFA) = 

We readily read from the figure that a — sin a < (3 — sin (3. 



192. Reference is made to Figure 21, and the same terminology 
is used as in the second solution of problem 191. The perpendicular 


Solutions ( 192-193 ) 

AC is tangent to the circle at A. We read from the figure that 
S(OAB) = j tan a-, S(OAC) = tan /3 , 


SJLOAE) =-f*’ 


S c (OAF) = - 0 . 


Consequently, 


tan ex S( OA_B ) 

a ~ SIOAE ) ’ 
tan 0 SIOAQ 
0 ~ S c (OAF) ‘ 


Also, it is readily seen that 


Si£AE) S(OAB) 
Sc(OAE) S{OEM) ’ 

S(OBC) S(Q£C) 
SAOEF) S(OEN) ’ 


SjOAB ) = S(OBC) 
S(OEM) S(OEN) 


S(OAg) S(,OBC) 
SdOAE) S c (OEF) 


From the fact that SfOflC)- > S(OAB )^ it follows that 
From the fact tnat g^Qpp^ SdOAE) 


that is, that 


S(OAB) ± SjOBC) S(QAB) 

SdOAE) + Sc(OEF) SdOAE) ’ 


S(OAC) SiPAB) 

Sc(OAF) SdOAE) ’ 


which is what we wished to prove. 


193. Let arc sin cos arc sin x = a. The angle ex is bounded be¬ 
tween 0 and %r\ that is, 0 inasmuch as 0 ^ cos arc sin x ^ 1 

2 ^ 


g arc sin x g Further, 
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cos 32* + a 3l cos 3 ]x -t a 30 cos 30* 4 - a i3 cos 29* 

+ ■ • • + a 3 cos 2x 4- a t cos x (j) 

is always positive for all values of *. Substituting * + * for * in 
this series, we obtain 

cos 32(* + k) 4- a 3l cos 31(* + tt) + a 3(t cos 30(* + tz) 

+ a 23 cos 29(* + n) + • • • + a 3 cos 2(x + k) + a { cos (x + k) 

= cos 32* — a 3l cos 31* 4- a 30 cos 30* — a,,, cos 29* 

+ * * • + a 2 cos 2x — a v cos * , ^ ^) 

Which must also be positive for all *. Now if the two series (1) and 
(2) are added, we obtain 

cos 32* + a 3<3 cos 30* + • • • + a, cos 4 * + a 2 cos 2* , ( 3 ) 

which also can take on only positive value for any *. 

In (3) we now substitute * + -^ for * to obtain 


Solutions (194-195) 
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cos 32^* + yj -1- a 3Q cos 30^* 4- yj 4- a zs cos 28^* + y 


4- • * • 4- a K cos 4( x 4- 


4- a z cos 2\x 4- — 


cos 32* — a 3 o cos 30* 4- a 28 cos 28* 


4- a A cos 4x — a z cos 2x . 


The sum of ( 3) and the final series yields the new series 

cos 32 4- tf 2 8 cos 28* 4- a 2i cos 24* 4- * • * 4- cos 8 * 4- a A cos 4* , 

which will have to be positive for all *. 

Replacing * by * 4 - in the last sum obtained, and adding the 
4 

resulting series to the previous one, we obtain 

cos 32* 4- a 2A cos 24* 4- a l6 cos 16* 4- cos 8 * . 

Replacing in this series, * by * 4 - and adding the resulting ex- 

8 

pression to this one, we obtain 

cos 32* 4- #i 6 cos 16* . 

Finally, in another step, we find that cos 32* can take on only posi¬ 
tive values for all *. But this is a contradiction, since if * = , 

then cos 32* = cos k— — 1 . This contradiction proves the assertion 
of the problem. 

195. The well-known half-angle formula of trigonometry can be 
written as 

2 sin y = ±V2 — 2 cos of, 

where the plus-or-minus sign is determined by the quadrant in 

G£ 

which j lies. We shall use this formula to find the sines of the 
angles 

a, • 45° , 


a\d 2 <Zi<Z2<?3 

a ' + — + ~r 


_j_ _j_ 

\ 2 4 


+ *•• + 
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Assume that we have already found the sine of the angle 

(“■ + + JM t- + ■•• + 45", 

where a lt a 2 ,a St t a k have the individual values +1 or -1. Since 


2 ( a l + + ... + "-ah aiaz ■ •* 

V 2 4 2 *- 1 + 2 k 


= ^±90° ± (a 2 + + ... + - a &* ^ . 45 o J ^ 

(where the plus sign refers to a L = +1 and the minus sign refers to 
£1 = — 1 ), and since 


i£±90° ± (<j 


0283 ’ • • aic+i 


sin (fl 2 + Mi- + • • • + . 45 ° , 


we may determine the following: 


2 sin f a L 


&k a ifl 2 * * * a k a k ± 

2 k ~ l + 2 k 


= =ty 2 + 2 sin ^ a 2 + pp- + ... + £ ' g * +I ^ . 450 

Keeping in mind that all angles are (positively or negatively) 
acute, we see that even 




• 45° = 90° - — —90° 

2 n-l 


is less than 90°, that the sign of these angles is determined by the 
sign of a u and that the square root in the final formula must be 
taken with a plus or a minus sign in accordance with the sign of 
a l . In brief, we can write 



Now, it is clear that 

2sina I 45° = a { i/T. 


Solutions ( 196-197) 
From this we obtain 
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2 sin (a, + -Sip-) • 45° = a, Vz + a x V 2 , 

2 sin [a, + -Sip- + - ,a ^ j ■ 45° = a, V 2 + «,V 2 + «, V~2 , 


2 sin ( a v 


a v a 2 i a\a 2 az | a\a 2 a^a^ \ ^ co 
~2~ + 4 + 8 ) ' 4b 

— a, ^2 + a 2 i^2 -t - a 3 2 + a* "l/ 2 , 


2 sin(a 1 + — + —— + ■■■+ - — - 


1 / 


1 v 2 + fl 2 V2+fl 3 V2+ ••• +fl»i/2\ 


which is what we wished to show. 


196. The expansion of the given expression will take on the form 
(1 - 3a + 3a 2 ) 743 (1 + 3a - 3a: 2 ) 7 ** 

= Aq + Aa + A 2 x 2 + • ■ • + A n x n , ( 1) 

where A 0 , A lf A 2f •*•,>!„ are the coefficients whose sum we wish to 
find, and the degree n of this polynomial is 743-2 + 744*2 = 2974. 
In equation (1) let x = 1 ; we then have 

1 7 * 3 -1 7 “ = , 4 0 + At + A 2 + + An . 

The sum we seek is equal to 1. 


197. Assume that we have expanded the two expressions, obtaining 
two polynomials in x. Now let us replace x by —x in each poly¬ 
nomial and rewrite them: the coefficients of odd powers of x change 
sign, and the coefficients of even powers do not. In particular, the 
coefficient of a 20 in each of the expansions remains unchanged. 
Hence, insofar as the coefficient of a 20 is concerned, we may as well 
compare the coefficients of a 20 in the two expressions (1 -f a 2 + a 3 ) 1000 
and (1 — a 2 — a 3 ) 1000 , which are obtained, respectively, from the given 
expressions, by replacing a by —a. 

Now it is easily shown that the first of these new polynomials has 
the larger coefficient for a 20 . In fact, the expansion of (1 ■+- a 2 + a 3 ) 1000 
contributes only positive terms to the sum which makes up the 
coefficient of a 20 ; the expansion of (1 — a 2 — a 3 ) 1000 cannot produce as 
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large a coefficient for x 20 , since the sum making up that coefficient 
is comprised of like terms having coefficients of the same absolute 
values as those of the first expansion, but some of them are negative. 

Therefore, the coefficient of x 20 in (1 + x 2 — x 3 ) 1000 is greater than 
that in (1 — x 2 + a; 3 ) 1000 . 

198. The proof of the problem follows from the following: 

(1 — X + x 2 — x z + ■ ■ ■ — x" + * 100 )(1 + X + X 2 + X 3 + • • * + X™ + Jt 100 ) 
— [(1 + X 2 + x A + • • • + * 100 ) — x(l + X 2 + X 4 + • * • + X 98 )] 

X [(1 + X 2 + X 4 + • - * + x 100 ) + x(l + X 2 + x A + • • • + x 98 )] 

= (1 + X 2 + x A + * ■ * + a: 100 ) 2 — X 2 (1 + X 2 + x A + ■ ■ ■ + * 98 ) 2 . 

199. (a) Using the formulas for the sum of a geometric progres¬ 
sion, and the binomial theorem, we obtain 

(1 + a:) 1000 + x(l + a:) 999 + x 2 (l + a:) 998 + ■ • * + x 1000 


(l + xY' 


(1 + *) IQQ1 


= (1 + x) l0Ql - X lQQl 


x _ l x-l-x 

1 + X 

= 1 + 1001* + CloiX 2 + C?ooi* a + • ■ * + 1001 a: 1000 . 

Therefore, the coefficient we seek is equal to 

1001 ! _ 

Ul001 ~ 501951! * 

(b) Designate the given series by P(x), Then we can write 


(1 + x)P(x) - P(x) 

= t(l + *) 2 + 2(1 + a:) 3 + • * • + 999(1 + a:) 1000 + 1000(1 + a;) 1001 ] 

- [(1 + x) + 2(1 + x 2 ) + 3(1 + a; 3 ) + • ■ • + 1000(1 + a;) 1000 ] 

- 1000(1 + a;) 1001 - [(1 + X) + (1 + a;) 2 + (1 + a;) 3 + • • * + (1 + x) t000 ] 

= 1000(1 + *) 1001 - (1 = 1000(1 + x ) 1001 

1 + X — 1 

_ (1 + a;) 1001 -(!+*) 

X 

It follows that 


, 1000(1 + x) 1001 (1 + a;) 1001 - (1 + x) 

P\ X ) = - — -2- 

X X 2 

= 1000[1001 + ClodA: f Cl ooi^ 2 + ■ • ■ + 1001 a: 999 + * 1000 ] 
- [CJooi + Cl 001 * + Cfooi* 2 + ■ ■ * + lOOlx 998 + X 999 ] . 


I 


Solutions ( 198-200 ) 

Therefore, the coefficient sought is equal to 
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lOOOCfio, - Cg., = 


1000 ■ 10011 
51! • 950! 


1001! 
52! • 950! 


52! ■ 950! 


[52 • 1000 - 950] 


51,050 • 1001! 
52! • 950! 


200. We shall first determine the constant term obtained by ex¬ 
panding 

(• • •((* — 2) 2 — 2) 2 - 2) 2 

^ 

k times 

and collecting like terms. Clearly, this term is equal to what is 
obtained if we set x = 0; that is, 


(•••(((- 2 ) 2 - 2 ) ! 


k times 


W = (•••((4-2) 2 — 2) 2 — • 
k — 1 times 


= (• • -((4 - 2) 2 - 2) 2 — • • ■ — 2 )J 
k — 2 times 

= • • • + ((4 - 2) 2 - 2) 2 = (4 - 2) 2 = 4 . 

Designate by A k the coefficient of x, by B k the coefficient of x 2 , 
and by P k x 3 the sum of all the terms containing higher powers of 
x (this is x 8 times a polynomial in x). We then have 


(■ • • ((x — 2) 2 — 2) 2 


2) 2 = P k x s + BkX 2 + A k x + 4 . 


k times 


However, 


(• • -«x - 2) 2 - 2) 2 - 2) 2 -2) f 

k times 

= [(• • •((* - 2) 2 - 2) 2 - 2) 2 - 2] 2 

^ ~ - ^ 

k — 1 times 

= [(/w s + Bk-yX 2 + A k -yX + 4) - 2] 2 
= (P k -yx‘ + Bic-yX* + A k -,X + 2) 2 
- Pl-yX* + 2 Ple-yB k -yX S + (2P k -yA k -yB k -y)x* 

+ (iPlc-y + 2B k -yA k -y)X i + (4 B k -y + A k -y)x 2 + 4A k -yX + 4 
= [Pi-yX* + 2 Pie-yBic-yX* + (2P k -yA k -y + Bl-y)x 
+ (4P*-1 + 2B k -yA k -y)]x* + (45t-i + Al-y)x 2 + 4/U-1* + 4 . 
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Solutions (201-203) 
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From this we obtain 

Ak = 4Ak-i , 

B k = Al-1 + 4B k -i . 

Since (x — 2) 2 = x 2 — 4* + 4, we have >L = —4. Consequently, 
= —4 • 4 = —4 2 , As = —4 3 , ■**, and, in general, >1* = —4*. 

We shall now find B k : 

+ 4(Al-2 + 4Z?*- 2 ) 

== + 4A k -2 + 4 2 (>1a-3 + 4 B k -f) 

— i4?-i + 4>ljfc-2 + 4 2 (>lJ-3 + 4 3 (>l2 —4 + 4 Bk-i) 

== ■ * 4 = + 4-<4jfc-2 + 4M*- a 

+ • * * + 4*-M2 + 4+ 4*-*^ . 

If now we substitute 

Bi = 1 , A* = -4 3 , 

A =4, ., 

At = — 4 2 , Ak-i = —4 k ~ l 

we arrive at 

= 4 2 *~ 2 + 4*4 2 *' 4 + 4 2 -4 2 *“ 8 + ••■ + 4* _ 2 *4 2 + 4*- l -l 

_ 42^-2 4. 42**3 4. 42**4 4. ... 4. 4 * 4-1 4. 4 * 4. 44-1 

= 4*- l (l + 4 + 4 2 + 4 3 + • ■ ■ + 4 *“ 2 + 4* _1 ) 

= . k _ x 4 k - 1 4 2 *- 1 - 4*" 1 

4—1 ~ 3 

201. (a) First solution . Since x* — 1 is divisible by * — 1, for all 
natural numbers &, and since we can write 

X + X 3 + X 9 + X 27 + x 81 + x 243 = (x — 1) + (* 3 — 1) 

+ ( X 9 - 1) + (x 27 - 1) + (x» L - 1) + (* 243 - 1) + 6 , 

we see that the given polynomial gives a remainder of 6 upon di¬ 
vision by x — 1. 

Second Solution . Let q(x) be the quotient resulting from division 
of the given polynomial by jr — 1, and let r be the remainder. Then 

x + x 3 + x 9 + * 27 + x ai + x 243 = q(x)(x - 1) + r . 

The substitution x ~ 1 into this identity yields r = 6. 

(b) Let q(x) be the quotient and let r x x + r 2 be the remainder 
obtained by dividing the given polynomial by x 2 — 1. Then 


* + *3 + + x 27 + x 81 + x 243 = q(x)(x 2 - 1) + nx + r 2 . 

If we substitute, first, x = 1 into this identity, and then x = — 1, we 
derive the two equations (both of which must hold): 

6 = r l + r 2 

and 

—6 = —r l + r 2 . 

Solution of this system yields r x = 6 and r 2 = 0. 

Therefore, the remainder we seek is 6x. 

202. Designate the unknown polynomial by p(x), and let q(x) desig¬ 
nate the quotient and r(x) = ax + b the remainder resulting from 
division P(x) by (x — 1)(* — 2). Then 

P(x) = (* - l)(x - 2 )q(x) + ax + b . (I) 

By the conditions of the problem, 

P(x) = (* - DqM + 2 , 

whence p( 1) = 2; ** 

p(x) = (x - 2 )q 2 (x) + 1 , 

whence p( 2) = 1. 

If we substitute x = 1 and * = 2, successively, in (I), we obtain 
the two equations 

2 = p(l) = a + b , 

and 

1 = p(2) — 2a + b , 

from which we obtain 

a = — 1 , 

6 = 3. 

Therefore, the remainder sought is — x + 3. 

203. The polynomial x 4 + * 3 + 2* 2 + x- + 1 is factorable into 
(x 2 + l)(x 2 + x + 1). It follows that this polynomial is a divisor of 

x 12 - 1 = (* 6 - IX* 6 + 1) 

- (x 3 - IX* 3 + 1)(* 2 + 1)(* 4 - * 2 + 1) , 

and, specifically, that 
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* + *' + 2,1 + * + 1 ° o - !)(,■ fix,- -»■ + !) 

_ * 12 - 1 _ 

~ x 8 — x 1 — x* + 2x 5 — 2x 3 + x 2 + x — 1 

Dividing x 1951 — 1 by x* + x* + 2x 2 + x + 1 is equivalent to dividing 
x 1951 — 1 first by x 12 — 1 and then multiplying the result by 

x 8 — x 7 — x Q + 2x s — 2x z + x 2 + x — 1 . 

However, it is readily found that 

yl951 __ 1 r 7 — 1 

--— = X 1939 + X 1927 + X 1915 + X 1903 + • ■ • + X 19 + X 7 + —-- 

x 12 — 1 JC 12 — 1 

(this is conveniently found if we note that 

X 19M - 1 = JC 7 [(JC 12 ) 16 2 - 1] + JC 7 - 1 

and use the well-known formula for dividing the difference of two 
even powers by the difference of the bases). It follows that the 
coefficient we seek coincides with the coefficient of x 15 in the product 


*1939 + *1927 + . . . + *31 + *19 + *: 


■’ + ^=±) 

x 12 - 1 ) 


x (jt 8 — x 7 — x 6 + 2x 5 — 2x 3 + x 2 + x — 1) , 


and this coefficient is equal to 1. 

204. (a) Write x = V~2 + i/~3 . Then 

jc 2 = 2 + 2V~2- l/"3 + 3 = 5 +2i/6\ 


from which we obtain 


jc 2 — 5 = 2i/6\ 
x* - I0x 2 + 25 = 24 , 
x* - I0x 2 + 1=0. 


This equation satisfies the condition of the problem. 

(b) Let x = i/ 2 + \/ 3 . Then we can write 

x = i/ 2 + ^3, 
jc 2 = 2 + 2i/2'• \/~3 + , 

jc 3 = 2\/~2 + 3*2* ^"3 + 3‘i/T* ^ + 3 . 


Solutions ( 204-206) 
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Two of the three irrational numbers can be readily eliminated 
from these three equations, namely, i/ 2, %/ 3, and V 9, by finding 
Uieir corresponding expressions in terms of x, x 2 , and x 3 . In fact, 
from the first and second equations we obtain 

fy~3 = x - i/“2\ 
ffi=x 2 -2-2v r 2- ^3" 

= * 2 - 2 - 2i/ir(* - t/ 2 - ) = JC 2 + 2 — 2i/"2x. 

If these substitutions are made in the third equation, we obtain 
jc 3 = 2i/T + 6(jc - l/2) + 3-i/2"(^ 2 + 2 - 2i/2i) + 3 , 
from which we find 

x 3 + 6x — 3 = i/"2"(3x 2 + 2) . 

% 

Now we may eliminate the radical by squaring and transposing all 
terms to the left side: 

x e + 36x 2 + 9 + 12x 4 - 6x 3 - 36x = 18x 4 + 24x 2 + 8 ; 

_ 6* 4 - 6x 3 + 12x 2 - 36* + 1 = 0 . 

This equation satisfies the condition of the problem. 

205. Using the well-known relations between roots and coefficients 
of a quadratic equation, we obtain 

ex + 0 = —p , eC0 = 1 ; 
r + 8 = -q , r8 = l. 

Therefore, 

(ex — r)(/3 — r)(af + ^ 

= [(<* - r)03 + - rX* + fl )] 

= (ec0 + ex8- 0r - - air - r8) 

= (fltf - ^rX3« - *r) = - ^ 2 r<* _ 0 2 7 a + 

= s 2 - <* 2 - 0 2 + r 2 = [(^ + r) 2 + 25r] - [(<* + 0) 2 - 2atf] 

= (? 2 - 2) - (/> 2 -2 ) = q 2 -p 2 . 

206. If ec and 0 are roots of the equation 

x 2 + px + q = 0 , 

then (x - ex)(x - 0) = x* + px + q. Consequently, 



312 


The Algebra of Polynomials 


(a - r )(0 - r)(<* - - ft 

- [<r - tfXr - «][(* - <*X* - ft] 
= (r 2 + Pr + <?)(<S 2 + p8 + q ). 


However, 


r + 5 = -/>, 
7*5 = Q, 


which means that 


(a - rX0 - rXflf -ft(0 - 8) = (r 2 + Pr + q)(d 2 + pd + q) 

= 7* 2 5 2 + />7* 2 5 + qr 2 + Pr$ 2 + P 2 r$ + pqr + q8 2 + pqd + q 2 
= (r*ft 2 + />r<5(r + ft + q[(r + ft 2 - 2 r S] + p* r d + pqir + ft + q* 
= <? 2 - + <?(^ 2 - 20) + /> 2 © - pqP + q * 

= © 2 + <? 2 - />P(© + (?) + <?P 2 + /> 2 © - 2^0 . 

207. First Solution . We solve for the constant a in the second 
equation and substitute into the first: 

a = — (x 2 + x ), 

* 2 — (x 2 + x)x +1=0, 
x 3 - 1 = 0 , 

(x - IXx 2 + x + 1) = 0 . 


We obtain the roots 


*i = l, 


_ — 1 ± iV 3 

*2.3 - 2- 


and, consequently, since a — —(.x 2 + x). 


#2,3 — 1 ■ 

Second Solution. Using the results of problem 206, we can assert 
that the necessary and sufficient condition for the given equations 
to have a common root is the vanishing of the following expression: 

# 2 + 1 - a ■ l(a + 1) + a 2 - 2a = a 2 - 3a + 2 

= (a - 1 ){a 2 + a - 2) = (a - \)\a + 2) . 


Solutions {207-209) 
This implies that 
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fli = -2 , 

and 

#2,3 = 1 • 

208. Let (x — fl)(x — 10) -F 1 = (x -F b){x -F c). If we make the sub¬ 
stitution x = —b in this identity we obtain 

(-ft - a){~b - 10) + 1 = (-ft + ftX-ft + c) = 0 . 

Thus, necessarily, 

(ft + a){b + 10) = -1 . 

Since a and ft are to be integers, ft -F a and ft -f 10 must also be 
integers. However, —1 can be the product of two integers only if 
one of the integers is +1 and the other is —1. Therefore, there 
are only two possibilities: 

(1) ft + 10 = 1, ft = —9; then ft + a = —9 + a — —1, that is, a — 8. 
In this case, 

(x - 8)(x - 10) + 1 = (x - 9) 2 . 

(2) ft + 10 = —1, ft = —11; then ft + a = —11 + a = 1, that is, a = 
12. In this case, 

{x- 12)(x - 10) + 1 = (x - ll) 2 . 

209. A polynomial of degree four can be represented as a product 
of two polynomial factors in two ways: a first-degree and a third- 
degree polynomial, or two quadratic polynomials. We investigate 
each case separately. 

For the first case we have 

x(x — a)(x — b){x — c) + 1 = (x + p){x 3 + qx 2 + rx + s) . (I) 

[The coefficient of x in the first factor on the right side and of x 3 
in the second factor are both either 1 or —1, since the coefficient of 
x 4 on the left is 1. However, the equation x(x — a)(x — b){x — c) -F 1 = 
(—* + />i)(—x 3 -F qiX 2 + r v x -F s : ) can be written in form (I) by using 
— 1 as a factor on both sides.] 

If in identity (i) we substitute, in turn, * = 0, x — a, x = ft, and 
x = c t and note that 1 can be expressed as the product of two factors 
in only two ways, 1 = 1*1 or 1 = (—1)-(—1), we see that the four 
distinct numbers 
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0 + p = p, 
a + P , 

b + p y 

c + p 

(distinct since, by hypothesis, a, b, and c are distinct) can have only 
two values, +1 or —1. This is a contradiction. 

For the second case we have 

x(x — a)(x — b){x — c) + 1 = (x 2 + px + q)(x 2 + rx + s) . 

Substituting, successively, x = 0, x = a, x = b, and x = c, we find 
that both the polynomials x 2 + px + q and x 2 + rx + 5 can take on 
only values of +1 or —1. Now, the quadratic trinomial x 2 + px + q 
cannot have the same value a for three distinct values of x (other¬ 
wise the quadradic equation x 2 + px + q — a = 0 would have three 
distinct roots), and so for two of the four distinct values x — 0, x = a, 
x = b y and x = c this trinomial has value 1, and for the other two 
it has value —1. Supppse that 0 2 + p- 0 + q = q = l, and let x = a 
be the other value among the numbers x = a, x = b, and x = c for 
which this trinomial has value 1. Then for x = b and for x = c this 
trinomial has value — 1. This yields the equations 

a 2 + pa + 1 = 1 , 
b 2 + pb + 1 = -1 , 
c 2 + pc + 1 = -1 . 

From a 2 + pa = a(a + p) = 0 we find that a + p — 0 and p = —a 
(by hypothesis a =£ 0). Then the last two equations take on the form 

b 2 — ab — b(b - a) = -2 , 
c 2 — ac = c(c — a) = —2 . 

If we subtract the first equation from the second, we obtain 

b 2 — ab — c 2 + ac = (b — c)(b + c) — a(b — c) 

= (b — c)(b + c — a) = 0 , 

b + c — a — 0 , 
a = b + c , 
b — a = —c , 
c — a — —b . 


which yields (since b =£ c) 


Solutions (209) 

Now, from the equation 
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b(b - a) = -be = -2 

we find the following values for b, c , and a: 

6 = 1 , 

c = 2, 

a = b + c = 3 , 

x(.r — a)(x — 6)(x — c) + 1 = x(x — 3)(x — 1)(* — 2) + 1 

= (* 2 - 3* + l) 2 , 

and 

b =-1 , 
c= -2, 

a = b + c = —3 , 

x(x - a)(x - b)(x - c) + l=x(x + 3)(* + l)(x + 2) + 1 

= (* 2 - 3* + l) 2 . 

Analogously, if * 2 + px + q assumes the value -1 for * = 0 and 
x — a y and hence the value +1 for x = b and x == c t we have 

Q — —1 , 

a 2 + pa — 1 = — 1 , 
b 2 + pc — 1 = 1, 
c 2 + pc — 1 = 1, 

from which we obtain 

p = —a , a = b + c , 

b(b - a) = c(c - a) = 2 , b - a = -c 9 
b 2 — ab — c 2 + ac = 0 , —be — 2 . 

(6 — c)(^ + c — c) = 0 , 

In this way we obtain two additional systems from which to obtain 
values for a t b t and c: 

b = 2, 
c - — 1 , 
a — b + c = 1 , 

x(x — a)(x — b)(x — c) = x(* — l)(x — 2)(x + 1) + 1 
= U 2 - X - I) 2 ; 
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* = 1, 
c — — 2 , 
a — b + c = — 1 , 

x(x — a)( x — b)( x — c) = x(x + l)(x — l)(x + 2) + 1 
= (x 2 + x — l) 2 . 

Remark : Another solution of this problem is given in the final part of the 
solution of problem 210 (b). 

210. (a) Assume that 

(x - a x )(x - a 2 )(x — a 2 ) • ■ * (x - a n ) - 1 = p(x)q(x) , 

where p(x) and q(x) are both polynomials of degree ^ 1 with integral 
coefficients, and that the sum of their degrees is n. We may assume 
that the leading coefficient in each polynomial is 1 (compare with 
the preceding problem). If we make the successive substitutions 
x = a u x — a 2 , x = a 2 , • ■ x — a n , and take into consideration that —1 
is essentially factorable only as —1 = 1 - (—1), we see that, for each 
of these values of x, either p(x) = 1 and q(x) = — 1, or vice-versa. 
Therefore, the sum p(x) + q(x) vanishes for x = a lr a 2 , * ■ *, a n , and the 
equation p(x) + q(x) = 0 has as its roots Xi = a u x 2 = a 2 , ■ * •, x n = a n . 
It follows that p(x) + q(x) is divisible by x — a x x — a 2t • ■ •, x — a n , 
and hence by the product ( x — a x )(x — a 2 ) • ■ * (x — a n ). However, the 
degree of the polynomial p(x) + q(x) is only the larger of the degrees 
of p(x) or q(x), which is less than n [n is the degree of ( x — a x )(x — a 2 ) 
• • • (x — a n ) — 1]. Therefore, p(x) + q(x) cannot be divisible by the 
product (x — a x )(x — a 2 ) ■ * ■ (x — a n ), and because of this contradiction 
we must conclude that the factorization assumed at the beginning of 
this proof is not possible. 

(b) Assume that 

(x - a v )(x - a 2 )(x - a 2 ) * * • (x - a n ) - 1 = p(x)q(x) , 

where p(x) and q(x) are polynomials of degree ^ 1, and whose leading 
coefficients are each 1. If in this identity we substitute, successively, 
x — a u x — a 2 , x = a 3 , • ■ •, x = a n , then we find that for each of these 
values of x , p(x) = 1, q(x) = 1, or else p(x) — — 1, q(x) = — 1. 

Since p(x) — q(x) vanishes for n distinct values of x, we must con¬ 
clude that p(x) — q(x) = 0, or p(x) = q(x) [compare with fhe solution 
of problem (a)]; also, the integer n must be even, say n = 2k, where 
k is the common degree of the identical polynomials p(x) and q(x). 
We can rewrite the identity in the form 


( 210 ) 

(x — a x )(x — a 2 )(x — a 3 ) • * ■ (x — a 2k ) = pKx) — 1 » 

Hi, 

C ~x — x{)(x — a 2 )(x — a 2 ) * - • (x — a 2k ) = \P(x) + I] IP( X ) ~~ • 

Now f the product of the two polynomials p(x) + 1 and p(x) - 1 
%niiish%es for x = a u x = a 2 , ■ x = # 2 *. Consequently, for each of 
Ihcse -values of x at least one of these polynomials vanishes, which 
inrans that either p(x) + 1 or else p(x) - 1 (or both) is divisible by 
i and this conclusion holds also for divisibility by * — a 2 x - a 2 , 

ii.net sqd on. Since a polynomial of degree k cannot be divisible by 
Ihe Product of more than k factors of form x - a it and since the 
polynomial p(x) + 1 of degree k, with leading coefficient 1, is divisi¬ 
ble tny k factors of form it follows that this polynomial is 

identically equal to this product. That is, p(x) + 1 is the product 

of k of the factors x - a u x - a 2f x - a 2k , and p(x) - 1 is the 

product of the remaining k factors. 

We may assume, with generality, that 

p(x) + 1 = (* — <h)(x — As) • • ' (* — * 2 fc-i) » 

p(x) - 1 = (x — a 2 )(x - a A ) * • • (x - a 2k ) . 

If the second equation is subtracted from the first, we obtain 
2 = (* - a x )(x - a.) ■ ■ ■ (x - a u -i) - (x - a 2 )(x - a<) • ■ ■ (x - a 2k ) . 

Now, to consider a specific case, if we let x = a 2y we obtain the 
factorization of the integer 2 as the product of k integral factors: 

2 = (a 2 — a x )(a 2 — a*) * • ■ (a 2 — a 2k ~\) . ^) 

Since the integer 2 cannot be expressed as a product of more than 
three distinct integers [for example, 2 = 1 ■ (-1) ■ (-2)] it follows that 
k ^ 3. But the condition k = 3 is impossible in (i). Assume, for ex¬ 
ample, that& = 3 and that a x < a 2 < a b ; then 2 = (a 2 — a x )(a 2 — a 2 )(a 2 — a*), 
where a 2 -a x > a 2 -a 2 > a 2 -a b , and hence a 2 - a, = 1, 
and a 2 - a*= -2. If we substitute x = a, in the formula 

2 = (x — a x )(x — a 2 )(x — a b ) — (x — a 2 )(x — a<)(x — a 6 ) , 
we arrive at the other representation of the integer 2 as a product 
of three “polynomials”: 

2 = (a 4 — ai)(a 4 — a 2 )(a 4 — aC) , 

where also a 4 — a x > a 4 — a 2 > a 4 — a b . It follows that a 4 a x — 1, 
a 4 ~~ a% = -1, and a A - = -2, which implies that = &*, which 
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contradicts the conditions of the problem. 

Hence only two cases are possible: k — 2 and k = 1. 

If k = 1, we have 

2 = (x - a v ) - (x - a 2 ) , 

which implies that a 2 — a x + 2, and if we designate a 2 simply by a , 
we have 

(x — a x )(x — a 2 ) + 1 = (* — a)(jc — a — 2) + 1 
= (x — a — l) z 

(compare with the solution of problem 208). 

If k — 2, we have 

2 = (x — a x )(x — a z ) - (x - a 2 )(x - a 4 ) , 

where we will consider a x < c 3 and a 2 < a 4 . If we substitute x = a 2 
in this equation, and then substitute x = a iT (thus obtaining two 
equations) we have 

2 = (a 2 — fli)(fl 2 — a 3 ) , a 2 — fli > — a 3 , 

2 = (fl 4 — ~ a®) , a K — a x > a A — a 3 . 

However, the integer 2 can be expressed (in diminishing order) 
only in two ways: 2 = 2*1 and 2 = (—1) * (—2). Since, moreover, 
a 2 — a x < a 4 — a u we obtain 

a 2 — a x — —1 , a 2 — a* — — 2 , 
a K — a x — 2 , — c 3 = 1 , 

from which, replacing a x by a , we find 

a 2 = — 1 , 

fia = a + 1 , 
a^ = a + 2 , 

and 

(* “ fli)U - a 2 )(x - fl s )(jc - a 4 ) + 1 

= (x — a)(x — a + l)(x — a — 1)(jc — a — 2) + 1 
= [jr 2 — (2 a — l)x + a 2 + a — l] 2 
(see the solution of problem 209). 

211. As in the solution of the preceding problem, assume that 

(* ” a \)\x — a 2 )\x — c 3 ) 2 * ■ • (x — a n ) z + 1 = P{x)q{x) , ( 1) 


Solutions (211) 
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where p(x) and q(x) are certain polynomials with integral coefficients 
(each with leading coefficient 1). In this event, either p(x) = 1 and 
q(x) = 1, or else p(x) — — 1 and q(x) = — 1, for each of the values 
x — a lf x = a 2 , x = a 3f x = a n . We shall show that the poly¬ 
nomial p(x) [and, of course, £(*)]-will be, for all values x = a ly x = a 2t 
■'*, x = a n , either equal to 1, or for all these values of x equal to 
- 1 . 

In fact, if (for example) the polynomial p(x) takes on the value 1 
for x = ai but assumes the value —1 for x = aj (i i= j) f then for some 
intermediate value of x between a, and aj it must become zero [the 
polynomial p(x) is continuous; its graph will go from the —1 value 
for x = ai to the value +1 for x = aj> thus crossing the x-axis for 
some x such that ai < x < aj]. However, this is impossible, since 
the left side of equation (i) is always greater than 1 and therefore 
cannot become zero. 

Let us assume that p(x) and q(x) both take on the value 1 for 
x = a x x = a 2 , • ■ *, x = a n . In this case, both p(x) — 1, and q(x) — 1 
become zero for x = a Uj x = a 2 , • * •, x = a n , and, consequently, p(x) — 1 
and q(x) — 1 are divisible by the product ( x — a x ) * (x — a 2 ) • * • (x — a n ). 
Since the sum of the degrees of the polynomials p(x) and q(x) must 
be equal to the degree of (x — a x ) z (x — a 2 ) 1 • • * (x — a n ) 2 + 1, that is, 
2«, it follows that p(x) — 1 = (x — a x ) • • ■ (x — a n ) and q(x) — 1 = 
(x — a L ) ■ * • (x — a n ) (compare with the solution of the preceding prob¬ 
lem). We also have the identity 

(x - a x y(x - a 2 y ■■•(* — a n y + 1 = p(x)q(x) 

= [(* - a x ) • * * (x - a n ) + 1] [(x - a x ) • * ■ (x - a n ) + 1] 

= (x — a x y(x — a 2 y ■••(* — a n y 

+ 2(x - a x )(x - a 2 ) ■ * • (x - a n ) + 1 , 

from which we must conclude that 

(x — a x )(x - a 2 ) ■ * • (x - a n ) = 0 . 

This is impossible; hence we must conclude that neither p(x) nor 
q(x) can take on the value 1 for all the x — a ir It can be shown in 
exactly the same way that neither p(x) nor q(x) can assume the value 
— 1 at the points x = a u x = a 2 , • * *, x = a n (if they could, we would 
obtain p(x) = q(x) = (x — a x )(x — a 2 ) * * • (x — a n ) —1). 

Therefore, the proposed factorization of 

(x — a v ) 2 (x — a 2 ) 2 * * * (x — a n ) 2 + 1 
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as the product of two polynomials with integral coefficients is im¬ 
possible. 

212. Let the polynomial P(x) be equal to 7 for j x — a y x = b, x = c, 
and x = d, where a y b t c t and d are integers. Then the equation 
P(x) — 7 has four integral roots a, b t c t and d. This means that the 
polynomial P(x) — 7 is divisible by x — a f x — b t x — c t and x — d, r 
that is, 

P(x) - 7 = (x - a)(x - b)(x - c)(x - d)p(x) , 

where p(x) is the remaining factor (it may be constant). 

Now let us suppose that the polynomial P( x) takes the value 14 
for the integral value x — A. Upon substituting x — A into the 
preceding identity, we obtain, since P(A) = 14, 

7 = (A- a)(A - b)(A - c)(A - d)p(A) , 

which is impossible, since the integers A — a t A — b t A — c y and 
A — d are all distinct, and 7 cannot be expressed as a product of 
five factors of which at least four are distinct. 

213. If a polynomial of seventh degree is factorable as the product 
of two polynomials p(x) and q(x) with integral coefficients, then the 
degree of one of these factors does not exceed 3. Let us assume 
that p(x) is such a factor. If P(x) has the value +1 or else —1 for 
seven integral values of x t then p(x) has the value +1 or —1, for 
those same values of x [since all coefficients are assumed to be 
integers, and since p(x)q(x) = P(*)]. Among the seven integral values 
of x for which p(x) has the value +1 or —1, there must be at least 
four for which p(x) will have the value 1 or else four for which p(x) 
will have the value —1. In the first instance the third-degree equa¬ 
tion p(x) — 1 = 0 has four roots, and in the second instance the 
equation p(x) + 1=0 has four roots. No such polynomial p(x) of 
third degree can exist, since neither p(x) — 1=0 nor p(x) +1=0 
can have four roots [They would have to be divisible by a polynomial 
of fourth degree. Compare with the solution of problem 210 (a).] 

214. Let p and q be two integers which are either both even or 
both odd. Then the difference P(p) — P(q) is even, since the value 

f Assume that P(x) — 7 has a remainder r when divided by x — a. Then 

P(x) — 7 = (x - a)Q(x) + r . 

If we set x = a in this equality, we obtain 7 — 7 = 0 + r (that is, r = 0), and 
this means that P(x) — 7 = (x — a)Q(x) is divisible by x — a. 


Solutionis (212-215) 

P(P) - P(q) = (/>* - <?") + _ 

+ • • • + a„-i(p 2 — Q 1 ) + a»-i (P — 9) 

is divisible by the even number p — q- 
In particular, for even p the difference P(p) - P( 0) is even. But 
by hypothesis P(0) is odd; consequently, P(P) must also be odd, 
and therefore P(p) * 0. Analogously, for odd P the difference 
P( P ) — P(l) is even. Since by hypothesis P(l) is odd, it must follow, 
by the same reasoning used above, that P(p) & 0. 

Consequently, P(x) cannot become zero for any integral value ot 
x (either even or odd); that is, the polynomial P(x) does not have 
integral roots. 

215. Let us assume that the equation P(x) = 0 has the rational 
root x =j, that is, p(j) = 0. Let us write the polynomial P(x) 

in powders of x — p\ we shall express it as 
P(x) = Co(x - PY + cfx - p) n ' 1 

+ C 2 (X — p ) n ~ 2 + • ■ • + Cn-l(x — p) + Cn > 

where c„, c„ c„ • • •, c» are certain integers which are readily found 
in terms of at [c„ is equal to the leading coefficient fl„ of the poly¬ 
nomial P(x), c, is equal to the leading coefficient of the po ymimia 
P(x) — Ca (x - p)" of degree n - 1, c 2 is equal to the leading coefficient 

of the polynomial P(x) - Ux -/>)"- c.(* - P) n ~' of degree ” 2 ’ 
and so on.] If in the last expression for P(x) we set x - p, we 

obtain c„ = P(p) = ±1. , 

If in the same expression we set x = — and multiply the result 

by / n , we obtain 

/”P(y) = C 0 (k - />/)" + Cj(k - pi)"- 1 

+ cJKft - + ’ • • + C n -J"-'(k ~ PD + C " 1 ' = 0 > 

from which it follows that if p(-y^ = 0, then 

cj n _ ±/ n 

k — pi k — pi 

= -c a (k - pi)"-' - CiKk - pl)"-* - 

- C n - t l"-*(k - PD - Cn-ll"- 1 

is an integer. But since pi is divisible by /, and k is relatively 
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prime to l (we assume, of course, that the fraction — is in lowest 

terms), then k — pi is relatively prime to /, and, consequently, k — pi 

is also relatively prime to /\ It follows that --- can be an 

r — pi 

integer only if k — pi — ±1. We may show, in exactly the same 
manner, that k — ql = dtl. 

Subtracting the equality k — pi = ±1 from the equality k — ql = 
±1, we obtain (p — q)l = 0 or {p — q)l = ±2. But (p — q)l > 0, since 
p > q and l > 0, and, consequently, (p — q)l = 2, k — pi ~ — 1, and 
£ — <?/= 1. 

Hence, if p — q > 2, then the equation P(*) = 0 cannot have any 
rational root. If, however, p — q = 2 or p — q = \, then a rational 
root A may exist. 

Upon adding the equations 

k-pi= -1, 
k - ql = 1 , 

we obtain 

2k — (p q)l = 0 , 

A _ P + ? 

/ 2 ’ 

which is what we sought to prove. 

216. (a) Let us assume that the polynomial can be expressed as 
a product of two polynomial factors having integral coefficients: 

*2222 + + 4x 221d + • * • + 2220a: 2 + 2222 

= (a n x n + a n -ix n ~ l + a n - 2 x n ~ 2 + ■ ■ ■ + a 0 ) 

x ( b m x m + b m -!X m - 1 + b m - 2 x m ~ 2 + • ■ • + to) , 

where m + n = 2222. Here, a Q b 0 = 2222, and therefore one of the 
two integers a 0 and bo will be even and the other will be odd. Let 
us assume that a 0 is the even integer and b Q is odd. We shall show 
that all the coefficients of the polynomial a n x n + + ■ • ■ + <z 0 

must be even. Indeed, suppose that a k is the first odd coefficient of 
this polynomial to appear, reading from right to left. Then the 
coefficient of x k in the product 

(a n x n + a n -a n ~ l + • • * + a 0 )(b m x m + b m -iX m + • * ■ + b Q ) 
will be equal to 

a\t>o + ak-ibi + ak-zbz + * * ■ + aj)k (i) 


Solutions 1 216-217 ) 
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(for k > m, this sum ends with the term a k - m b m ). This coefficient 
is equal to the corresponding coefficient of x k in the initial poly¬ 
nomial. That is, it is equal to zero if k is odd, and even if k is 
even (since all the coefficients of the polynomial, except the first, 
by hypothesis, are even, and k ^ n < 2222). But since, by assumption, 
all the numbers a k -u Gk-z, «*- 3 , are even, then in sum (1) a 

the terms other than the first must be even, and, therefore, the 
product a k bo must also be even, which cannot be since a* and bo are 
both odd. 

Therefore, all the coefficients of the polynomial 
a n x n + a n -iX n ~ l + ••• + a 0 

must be even, which contradicts the fact that a n b n must be equal 
to 1. Our assumption that it is possible to write the given poly¬ 
nomial as the product of two polynomial with integral coefficients is 
therefore untenable. 

(b) Let us set a: = y + 1. We then have 


r 250 + a: 249 + * 248 + •■•+*+ 1 
= (y + l) 250 + U + l) 249 + 
(y + l ) 251 - L _ JL r( r 
“ Cv + l) - 1 y 


+ Cv + l) + l 


- l(y + l) 251 - 1] 
y 


+ 251 y 249 + C? 5 ,y 248 + Cl bl y 2i7 + * * * + C^y + 251 . 


Further, since all the coefficients of the last-written polynomial, 
except the first, are divisible by the prime number 251 [^inasmuch as 

n * _ 251-250-249 • • - (251 — k + 1) 1 an( j s j nce the constant term of 

Cz51 “ 1-2*3 " • k A 

the polynomial is 251, which is not divisible by 251*. we can, by 

using reasoning almost identical to that used in problem (a) and 

merely replacing eveness and oddness of coefficients with divisibility 
by 251, conclude that a necessary condition for the given polyomial 
to be expressed as the product of two factors is that all the coef¬ 
ficients of one of the factors be divisible by 251. However, this is 
impossible, since the first coefficient of the given polynomial is 1. 


217. Let us write the polynomials in the forms 
A = a 0 + cl\X + a 2 x 2 + * • • + a n x n , 

B = bo + hx + b 2 x 2 + * * ■ + b m x m . 

Since by hypothesis not all the coefficients in the product are divisi- 
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ble by 4, not all the coefficients in both polynomials can be even. 
Consequently, in one of them (say, polynomial B) not all the coef¬ 
ficients will be even. Now assume that polynomial A also contains 
some odd coefficient. Let us examine the first of these to appear 
(that with the smallest subscript), and let us assume that this is the 
coefficient a s . Further, let the first odd coefficient of polynomial B 
be b k} and consider the coefficient of x k +* in the product of the poly¬ 
nomials A and B. The term x k +* in this product can be obtained 
only from those powers of x the sum of whose exponents is equal 
to k + s; consequently, this coefficient is equal to 

aobk+8 aibk+s-i a s -ib k +i + a s b k + a 8 +ib k ~i + • ■ * ~\~a a+k bo . 

In this sum all the products appearing before a a b k are even, since 
all the numbers are even. All the products appearing 

after a s b k are also even, since all the numbers b k -u b k ~ 2 , are 

even. But the product aJb k is odd, since both a a and b k are odd 
numbers. Consequently, the sum is also odd, and this contradicts 
the requirement that all the product coefficients be even. Therefore, 
the assumption that polynomial A has odd coefficients is untenable. 
Therefore, all the coefficients of A must be even, as was to be proved. 


218. We shall prove that for an arbitrary rational, but not inte¬ 
gral, value of x , the polynomial P(x) cannot be an integer, (nor zero, 
which we consider an integer). 

Let x = where p and q are relatively prime (that is, this frac¬ 
tion is in lowest terms). Then 

P{x) = x n + a x x n ~ l + a 2 x n ~ z + ■ ■ ■ + a n -ix + a n 



p n + a x p n l q + a 2 p n ~ z q z + * • ■ + a n -ipq n ~ l + a n q n 

q* 


P n + q(a\P n 1 + azp n 2 q + ■ • • + an-ipq n ~' z + anq nl ) 
Q n 


The number p n > as well as />, is relatively prime to q\ consequently, 
P n + <7(fli/> w_l + • * • + a n q n ~ l ) is also relatively prime to q y hence also 
to q n . Therefore P{x) becomes an irreducible fraction which cannot 
be an integer.* 


f It is as easy to prove the more general theorem that if — (in lowest terms) 

q 

is a zero of P(x), then p divides a n and q divides the leading coefficient [Editor (. 
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219. Let N be a certain integer and let P(N) = M. For any inte¬ 
ger k t 

P(N + kM) - P{N) = a 0 [(N + kMY - N«] 

+ aA(N + kMY~ l - N n ~ l ] + • • ■ + etn-i[(N + kM) - N] 

is divisible by kM— since (N + kM) 1 — N l is divisible by [(N + kM) — 
N — kM]— and hence also by M. Therefore, for any integer k , 
P(N + kM) is divisible by M. 

Thus, if we prove that among the values P(N + kM) (k = 0,1, 2,* ■ •) 
there are integers distinct from ±M, then this will prove that not 
all of them can be prime. But the polynomial P(x) of nth degree 
assumes a given value A for at most n distinct values of x (since 
otherwise the wth degree equation P(x) — A = 0 would have more 
than n roots). Hence, among the first 2n + 1 values of P(N + kM) 
(k = 0,1, 2, * • 2 n) there must be at least one which is distinct from 

M or —M. 

220. First we show that every polynomial P(x) of degree n can 
be expressed in terms of (as “a linear combination” of) polynomials 
of the form 

Po(x) = 1 , 

Pi(x) = JC , 


p n ^ _ x(x - l)(x - 2) ■ ■ ■ (x - n + 1) 

1*2-3 

each supplied with suitable numerical coefficients bi, namely, 

P(X) = b n Pn(x) + bn-lPn-M + * * * + b.Pfx) + hP^X) . 

To prove this, we note that if b n is chosen such that the number 

% is equal to the leading coefficient of the polynomial P(x) f then 
nl 

P(x) and b n Pn(x) + b n -\P n -\(x) + • ■ ■ + b 0 Po(x) have identical coefficients 

for x n . If b n - 1 is chosen such that - is equal to the leading 

[n 1). 

coefficient of the new polynomial P(x) — b n P n (x ), then P(x) and 
b n Pn{x) + bn-iPn-i(x) + ■ • ■ + b Q P 0 (x) have identical coefficients for 
both x n and x n ~ l . If, in addition, ^ n72 — is equal to the leading 

{ft 2)1 

coefficient of the polynomial P(x) — b n P*(x) — b„-,P n -i(x), then P(x) 
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and b n P n {x) + b n -iPn-i(x) + b n -iP n -t(x) + * * * + b<>P Q (x) have identical 
coefficients for x n , x n ~\ x n ~ 2 t and so on. Thus, we can determine 
b n , b n - u • • -, b u b 0 in such a way that the polynomials P(x) and 
b n Pn{x) + bn-iPn-iix) + * - * + btP^x) + b 0 P 0 (x) completely coincide. 

Express the given polynomial P(x) of degree n y which has the 
property that P(0), P(l), are integers, in the form (as out¬ 

lined above) 

P(x) = b 0 Po(x) + biPfx) + biP 2 (x) + • • ■ + b n Pn{x) . 

We see that 

Pi(0) = P 2 ( 0) = - - ■ = P„(0) 

= Pt( 1) = P 3 ( 1) = ■ • ■ = Pn( 1) = Ps(2) = • ■ ■ = P n ( 2) 

= ’ ‘ ■ = Pn-ffl ~ 2) - P n (« ~ 2) = P n (« “ 1) = 0 , 

P 0 (0) = Pt(l) = P 2 ( 2) = • • * = />„_,(* - 1) = P n (n) = 1 . 

Therefore, 

P(0) = boPo(0) , 

whence b 0 = P(0); 

P(l) = 6oPo(l) + 6 iPi(1) , 
whence b { — P( 1) — fc 0 Po(l); 

P(2) = 6 0 Po(2) + b,P,(2) + b 2 P 2 ( 2) , 
from which it follows that 

h = P(2) - b 0 Po(2) - 6^(2) , 


P(») = b 0 Po(n) + 6iPi(«) + ■ ■ ■ + bn-vP n -i(n) + b n P n (n) , 

and so 

= P(«) - b 0 Pfn) - 6iPi(») --fcn-lPn-l(tt) . 

Thus, all the coefficients b Qy b ly b 2y are integers. 

221. (a) It was shown in the solution of problem 220 that a 
polynomial of degree n can be expressed as a linear combination 
of polynomials of form P 0 (jc), Pfx) y * ■ - , P*(jc) (see problem 220), where 
the coefficients of P* in the linear combination (series) are integers, 
and provided that P(k) is an integer for all integers k. The proof 
needed only the fact that P(x) had integral values for k — 0,1,2, • • *, n. 
Hence the polynomial of the present problem can, under the given 
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conditions, be so represented. It is clear that the linear combination 
bnP n (x) + ■ • ■ b Q Po(x) must have integral value for all integers, hence, 
so must P(x). 

(b) If the polynomial P(x) = a n x n + a n -iX n ~ l + a n -iX n ~ 2 + ■ * * 
+ UiX + a Q has integral values for x = k, & + 1 , & + 2, ■ ■ ■ , k + n y 
then the polynomial 

Q(x) = P(x - k) = a n (x - k) n + fl»- i(x - k) n ~ l + ■ • • + afx - k) + a 0 

has integral values for * = 0,1,2, 3, ■ • -, n. It follows from problem 
(a) that Q(x) has integral values for every integer Therefore we 
must conclude that the polynomial P(x) = Q(* — k) also has integral 
values for every integer x. 

(c) Let the polynomial P(x) = a n x n + a n -iX n ~ l + ■ • ■ + a { x + a Q 

have integral values for jc = 0,1,4, 9, Then the polynomial 

Q(x) = P(x z ) = a n (x 2 ) n + a n+l (x 2 ) n - 1 + - * * + a,x 2 + a 0 of degree 2 n has 
integral values for 2n + 1 consecutive values of x y that is, for 
* = -( W - 1), -(«-2), -1,0,1, « — 1, «- In fact, it 

is obvious that 

Q(0) = P( 0) , Q(3) = <?(—3) = P(9), 

Q(1) = Q(-1) = P(1), .. 

0(2) = 0(-2) = P(4) , 0(») = ©(-») = ^(« 2 ) . 

and all these numbers, by hypothesis, are integers. Consequently, 
basing our reasoning on problem (b), we may say that the poly¬ 
nomial Q(x) has integral values for every integral value of x. This 
also means that P(k 2 ) = Q(k) is, for any integer k y an integer. 

As an example, we may use P(x) = x ^ x for which 


Q(x) = P(x 2 ) = 

_ 9 (x + 2)(x + l)x(x 

1-2-3-4 


- l)(x + 1) 

12 

(x + l)x(x - 1) 
1-2-3 


222. (a) Using De Moivre’s formula and the binomial theorem, 
we have 

cos 5 a + i sin 5 a = (cos a + i sin af 

— cos 5 a + 5 cos 4 a ■ i sin a + 10 cos 3 a - (i sin a) 2 
+ 10 cos 2 a ■ (i sin af + 5 cos a • (i sin a) 4 + (i sin af 
= (cos 5 a — 10 cos 3 a • sin 2 a + 5 cos a * sin 4 a) 

+ i (5 cos 4 a • sin a — 10 cos 2 a ■ sin 3 a + sin 5 a) . 
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Equating the real and imaginary parts of the left and right sides, 
we obtain the required formulas. 

(b) As in the solution of problem (a), we have 

cos na + i sin na = (cos a + i sin a) n 

= cos* a + C» cos' 1-1 a • i sin 0 + C* cos' 1-2 a ■ (z sin a) 2 
+ Cl cos 71-3 a ■ (z sin of + Ci cos' 1-4 a • (z sin a)* + * * ■ 

= (cos* a — Cn cos' 1-2 a ■ sin 2 0 + Cl cos' 1-4 0 • sin 4 0 — ■ * •) 

+ i(Cl cos n_l 0 ■ sin 0 — Cn cos' 1-3 0 • sin 3 0 + * * •) . 
Verification of the desired identities is immediate. 

223. Using the formulas of problem 222 (b) we have 


tan 60 — 


sin 60 _ 6 cos 5 0 sin 0 — 20 cos 3 0 sin 3 0 + 6 cos 0 sin 5 a 

cos 60 cos 6 0 — 15 cos 4 0 sin 2 0 + 15 cos 2 0 sin 4 0 — sin 6 0 


Dividing the numerator and denominator of the last fraction by 
cos 6 a y we obtain the desired formula: 


tan 60 = 


6 tan 0 — 20 tan 3 0 + 6 tan 5 0 
1 — 15 tan 2 0 + 15 tan 4 0 — tan 6 0 


224 . We may rewrite the equation x + — = 2 cos a: in the form 
x 2 + 1 = 2 x cos 0 


Thus, 


x z — 2 x cos 0 + 1=0. 


x = cos 0 ± t/cos 2 0 — 1 = cos 0 ± i sin 0 . 


It follows from De Moivre’s theorem that 


*" = cos na ± i sin na ; 

—-- cos na + i sin na . 

x n cos na ± 1 sin na 

By addition we obtain 

x n H—— = 2 cos na . 
x n 

225. Let us consider the sum 

[cos <p + i sin <p] + [cos (<p + a) + z sin (<p + a;)] 

+ [cos (<p + 2a;) + i sin (<p + 2a;)] + ■ • • 

+ [cos (<p + na) + i sin )<p + «a)] . 


it 
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We have now only to compute the coefficients for the imaginary 
and real parts of this sum. By designating cos <p + 1 sin <p as 0 and 
cos or + z sin a; as x, and applying the formula for the multiplication 
of complex numbers, and De Moivre’s formula, we find that the 
sum under consideration is equal to 

ax n+l — 0 

0 + ax + ax 2 + • • * + ax n = -:- 


(cos <p + z sin <p) 


(cos <p + z sin <p) 


: (cos <p + z sin <p- 


(cos <p + z sin <p) 


cos (n + l)o; + z sin (n + l)o; — 1 
cos a + z sin ol — 1 

[(cos (w + l)o; — 1)1 + g'[sin (n + l)o;] 

[(cos a — 1) + z sin a;] 

-2 sin 2 - ^ - a; + 2/ sin ” a cos - + ~ a 

d , . a; a; 

— 2 sin 2 — + 2z sin — cos — 

i, Lt Li 

2i sin - ^ ■- q;[ c ° s + z’sin ” aj 


a; T ** 

3in YL C0S 7 


+ z sin ■ 


. n + 1 
sin -y-« 


(cos ^ + z sin <p) 


l n + 1 
(cos — 


. . w + 1 
a + z sin —-— 




n gl i . 2 a; 
cos 2 -— + sin 2 — 

L Li 


n + 1 

sin —-—a; 


+ z sin (+ 


HI- 




rHere we have again used the formula for the multiplication of 

L a . . a; / a;\ 

complex numbers and also the fact that cos y — z siny — cos ( — yj + 

zsin J The required identities follow immediately. 

226 . Employing the identity cos 2 * = 1 + cos 2 x the result of 
the preceding problem, we obtain 
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cos 2 # + cos 2 2# + - - * + cos 2 


-[cos 2 a -I- cos 4a + • * • + cos 2 na + n\ 


J_ f sin (n + 1 )#< 
2 L sin# 


-*J + 7 


sin (n + 1)# cos na n — 1 
2 sin a 2 


But since sin 2 x = 1 — cos 2 x, we have 


sin 2 a + sin 2 2# 


+ sin 2 na 


sin (n + 1)# cos na 


2 sin a 


n + 1 _ sin (n + l)#cos na 
2 2 sin# 


227. We must compute the real part and the coefficient for the 
imaginary part of the sum 


(cos a + i sin a) + Ci(cos 2 a + i sin 2a) 

+ Cn(cos 3 a + t sin 3 a) + * • • + [cos (n + 1 )a + i sin (n + 1 )a\ . 

Designating cos a + i sin a as x, and using De Moivre’s formula 
and the binomial formula, we can transform the sum into the follow¬ 
ing form: 

x + Cix 2 + lx 3 + * ■ ■ + x n+1 = x(x + 1)* 

= (cos a + i sin <z)(cos a + 1 + i sin a) n 


= (cos a + i sin a)(^2 cos 2 + 2 i cos —- sin ^ 


= 2* cos" — (cos a + i sin a )[cos + i sin 


= 2" cos" j f cos 


n + 2 . . n + 2 

—— a + i sin —-— a 


It follows that 


cos a + Cl cos 2a + Cl cos 3a + ■ ■ • + cos (n + 1 )a 


= 2" cos" cos - t ^ a 


sin a + Cl sin 2a + C\ sin 3a -I- ■ ■ ■ + sin (n -I- X)a 


= 2" cos' 1 sin ” - a . 
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228. We use the trigonometric identity 


sin A sin B = [cos (A — B) — cos (A -I- 2?)] 

for the terms of the sum, obtaining 

1 ( m — n)n , _ 2(m — ri)n . ^ 3 (m — ri)n 

—- cos ---h cos —--—h cos —-— 

2 L P P P 


+ * ■ • + cos 


(p - l)(m 


~K< 


(m + w)7r 


2(m + «)7r . 3(m + n)n 

COS —---h COS —- — 

P P 


+ • • * + COS 


(p - 1 )(m + 


The sum 


kn , 2kn , 3kn , ,_(/> — 1)&7T 

P P P P 

is equal to p — 1 if k is divisible by 2 p (here, every summand of 
the sum is equal to 1). In the event k is not divisible by 2p f how¬ 
ever, this sum, according to problem 225, is equal to 


. pkn (p — \)kn 
Sm 2 p CQS 2 p 


/, 7r kn 

, . co n*2 ~ip 

1=sm * 2- nsr - 

S,n ~2p 


_ JO, if k is odd , 

\ — 1, if k is even . 

Both of the numbers m + n and m — n will be simultaneously even 
or odd; in particular, if either of m -\- n or m — n is divisible by 2p f 
then both m + n and m — n are even. The equation sought follows 
immediately. 

229. Consider the equation x lnrl — 1=0, which has roots 


2k , . . 2k 

cos -—— + I sin ■ - -- , 

2n + 1 2n + 1 

4 k . . . 4 k 

cos —-- + i sin --— , 

2 n -\~ 1 2 n 1 


4 hk . . . 4 uk 

cos —-- -I- i sin —-- . 

2 n -b 1 2 n -b 1 
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J.Solutions (230) 
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Oiil _ - 

2m + 1 
sin ( — 1 


n \ 

n 

2n + 1 ) 

1 — ol 11 4 t 

1 2m + 1 

2k ^ 

L 2k 

2n + 1 ) 

' 2m + 1 

nn N 


2n + 1 > 

) ~ _ sin 2 m + 1 


are the roots of the following equation of degree (2m + 1). 

C4»+,(l - X*)»X - Cln +l ( 1 - x z ) n ~ l x 3 + • ■ • + (-l)"* 2 "" 1 = 0 
Consequently, the numbers 


sin 2 

2n + 1 


2k 

sin 

2n + 1 

sin 2 

riK 


s,n 2^ir 

are roots of an equation of degree m, such as 

c;„ + .(i - *)• - cL+.(i - xy-'x + ■ ■ ■ + = o. 

(b) Let us replace n with 2m + 1 in the formula of problem 
222 (b) and write it in the following form: 

sin (2m + l)a = sin 2n+1 a(C! n +i cot 2n a — Cl n +1 cot 2,,_1! a 

+ C2„ + i cot 2 *- 4 a 

Whence it follows that for 

~5TT- 

2 k 

2n +7 ' 

3k 

2w + 1 ’ 


nn 

2n + 1 
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the following equation holds: 

Cln+i cot 2n a - Cl n+l cot 2n ~ 2 a + Cl n+l cot 2n ~ 4 a ■ 


Therefore, the numbers 


2 » + 1 ’ 


2 * + 1 ’ 


COt‘ -- 

2 n + 1 

are roots of the following equation of degree n\ 

Cl n + 1 X n ~ Ct n + l X*~ l + Cl n + iX n ~ 2 -- 0 . 

231. (a) The sum of the roots of the nth degree equation 

- tI 111 - *- 2 - =0 

C^2ti+ 1 Cin+i 

[see the solution of problem 230 ( 6 )] is equal to the coefficient of x n ~ 1 taken 
with the opposite sign (see the remarks preceding problem 222); that is, 


cot2 9 T t + cot 2 - 2 * + cot 2 - 3k + 

2n + 1 2n + 1 2n + 1 


CL+i _ n(2n - 1 ) 


LUL —- — . _ 

2 n +1 CU, 3 

(b) Since esc 2 a: = cot 2 a: + 1 , the formula of part (a) implies 

esc 2 - 71 - + CSC 2 ■ + CSC 2 - 37r 

2 « + 1 2n + 1 2n + 1 

+ •••+ esc 2 -25— = n&LnA + m _M?L±1I 
2n + 1 3 3 

232. (a) First Solution. The numbers 

sin 2 -—-— 

2 w -b 1 

■ 2 

sin 2 —- 

2n + 1 ' 


2n -b 1 


Solutions 1 231-232 ) 
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a re the roots of the nth degree equation obtained in the solution of 
!>roblem 230 (a). The coefficient of the highest-degree term x n t of 
tfciis equation is equal to 

( — l)"(C2n+i + CL+I ~b * * * + C 2 H + I + 1) . 

Htut the sum in the parentheses is half the sum of the binomial 
Coefficients 

1 + Cln+l + Cln+l + * * * 4“ C*2n+1 4“ 1 , 

which is equal to (1 4 - l) 2 * +l = 2 2n+l . Consequently, the coefficient of 
x* in the equation is equal to ( —1)"2 2 \ Furthermore, the constant 
term of this equation is 

Cln+i = 2n + 1 . 

Now, the product of the roots of a polynomial equation of degree n 
with leading coefficient 1 is equal to ( — 1)" times the constant term 
lif the polynomial has leading coefficient a Q 1 , then the constant 
term a n is equal to (—l) n times the product divided by c 0 ]. There¬ 
fore, we have 


( —l) n sin 2 --- sin 2 —-- 

2n 4- 1 2n 4- 1 

and, consequently, 

7T 2 7T 

sin --— sin --— • 

2 n 4~ 1 2n 4 - 1 


2 n + 1 


2n 4- 1 


nn _ i /2 n + 1 
2n + 1 2 " 


It can be proved, in an analogous manner, that 

re . 2n {n — 1 )n \/~n 

2 n 2 n 2 n 2 B_1 

Second Solution. The roots of the equation x 2n — 1 = 0 are 1, 

i n ... n 2n . . 2n , . . 37 t 

— 1 , cos-b i sin—, cos-b i sin-, cos-b i sin-, 

n n n n n n 

( 2 n — 1 )7T , . . ( 2 n — l)7r c 

cos -(- % sin --—. i herefore, we can write 

n n 

x 2n — l = (x — 1 )(jc + l)(x — cos — — i sin —^ 

\ n n ] 


2n .. 2 rc\ f 

x — cos- i sin-) • * ■ \ x — i 

n n / L 


(« — 1)7T 

i sin --— 




(n + l) 7 r 


(n — l)yr 


(« + 1)tt "I 

n J 


XIX — cos 


(2 n - l)nr .... (2w - 1 )tt' 
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However, 


rrr (2 m — k)n kn 

cos-- cos- 

n n 

(2« “ k)n - kn 

sin-= — sin— 

n n 


whence it follows that 


(* - “ 5 T ~ ‘ sl " 7 ) [* - “» - ■'»» 


= x 2 — 2x cos — -b 1 , 
n 


2 n . . 2 7r \ r 

- cos-f sin — ] hr - , 

» » /L 


(2m - 2)tt 


(2m — 2)7t 1 

» J 


= x 2 — 2jc cos -b 1 , 

n 




»-!)* ] 

n J 


X \ x — cos 


(” + D* __ ; oin (w+lk 


Lk .1 

« J 


= * 2 - 2x cos 1)7r + 1 . 


Therefore, the decomposition of the polynomial x 2n — 1 into factors 
can be written: 


- 1 = (* 2 - 1)(* 2 - 2x cos f + l)(x 2 - 


2x cos — + 1) x ••• 


2 * cos ^~ 1)7r + l). 


It follows that 


x «» - 1 

- 1 


X 2n-i + jZn-4 + . . . + ^2 + J 


(x 1 - 2x cos — + 1 Vx* - 2.r cos — 


x \ x 2 — 2x cos 


(m — 1 )n 


Solutions (232) 

If here we set x = 1 and use the identity 
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2 — 2 cos a — 4 sin 2 


we obtain 


n = 4 n_1 sin 2 


(« - 1)* 


from which it follows that 


7r . 2k (n — l)?r *i/ n 

sin sin —-sin -—-—-— = - b 

2m 2m 2m 2 n ~ l 


It is proved in the same manner that 


K . 2 7T 

sin —-- sin —-- 

2m -b 1 2 m -b 1 


nn _ i/2m + 1 
2m -b 1 2 n 


(b) We can obtain the required result by reference to either 
the first or the second solution of problem (a). We shall not repeat 
those solutions here, but we shall derive the formulas we need from 
the formulas of problem (a). 

Since 


7T . 2M7r 

sin --= sin --- , 

2m -b 1 2 m -b 1 

3 7r (2 m — 2)k 

sin --- = sin ^- - , 

2m -b 1 2 m -b 1 


2m + 1 


(2m — A)n 

sin -f- 

2m -b 1 


it follows that 


2k . 4k . 67r 

sin --— sin --sin --- • • • sin 

2m -b 1 2 m -b 1 2 m -b 1 

7r . 2k . 3n 

- sin --- sin --- sin --r 

2m -b 1 2 m -b 1 2 m -b 1 


2m -b 1 


nn _ t/2m -b 1 
2m -b 1 2 n 


[see problem (a)]. If we divide this formula by 


k . 2k 

sin 7;-r sin o—rv 

2m -b 1 2 m -b 1 


i/2m -b 1 


2m -b 1 


and use the identities 




338 


Complex Numbers 


sin ir~—r = 2 sin ————— cos ——— 
2« + 1 2m + 1 2m + 1 ’ 

sin = 2 sin cos — K 
2m + 1 2m + 1 2m + 1 ’ 


2nn 0 nn nn 

t; -r - 2 sin ~-cos ——— 

2m + 1 2m + 1 2m + 1 ’ 


we obtain 


cos ■ — COS “———— cos — 

2m + 1 2m + 1 2m + 1 


2m + 1 2“ ’ 


Similarly, we have 


f 7r 2n 

! cos cos —- 

2n 2n 


rne (” ~ Dm If.- 7T . 2tt 

2m JL 2m Sln 2 m " Sin 


(« - 1)m 


1 • 7T 2tT (ft — 1 

—-sm sm . 

£ n n n 


sin — = sin —-3^- 

n n 

sin ^ = sin S2L- 
n n 


• /t * 
sin - = x . 


Therefore, for odd m (« = 2k + 1): 

sin — sin —-sin — — 

m« n 


sin 2T+T si ” W+T 


2k + 1 


T/26 + 1 


For even « (« = 2/t): 


7T . 27T 

sin — sin- 


(m — 1)7T 


Tsin sin 

L 2k 2k 


• ■ • sin ~ 1)7r .T = /V*Y _JL_ 
2£ J V 2*-‘ / 2’ 1-1 


[see solution (a)]. Whence we obtain 


Solutions (233) 


339 


7T 27T 

COS —— COS —;— 

2n 2 n 


(n — 1 )tt 


2 ^-‘ = t/m 

i/m /2 b_1 2”~ I 


Remark : If we divide the formulas of problem (a) by the corresponding 
formulas of problem (b), we arrive at 


tan —-— tan —-— ■ * ■ tan ———— 

2n -b 1 2n + 1 2n + 1 

Tt 2n t (n - l)ic 

tan 2T tan 2T” ,tan “2 i— =1 - 


v2n + 1 ; 


Moreover, the second of these equalities is obvious, since 
n ^ (n — l)n t 7C ^ n , 

tan l^ tan 2 n = *“ aT cot aT = 1 ’ 


2tc (n - 2)u 
tan ~2n ta " 2n 


(n - l)n , (n + l)7t 

_ tan--- tan---= 1 , 

4 n 4 n 


From this equality and from the second formula of problem 232 (a) we may 
readily derive the formula 

7E 2n (n — l)n i/ n 

cos —— cos —— x • * * X cos---= —— r . 

2 n 2 n 2 n 2*' 1 


These solutions can also be obtained in a manner analogous to that used in 
the first solution of problem 232 (a). 


233. We first show that if a (in radians) is an acute angle, then 



Figure 22 
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sin gl < a < tan a . 

We have (see Figure 22; S is area and the circle has radius 1) 

Q 1 . 

Sjaob = — sin a , 
c _ 1 

^Sector AOB — ”2"^ } 

Sjaoc = tan a . 


But since 


We have 


Sjaob ^ Sseetor AOB < SaOC , 


sin cl < a < tan a . 


This double inequality implies that 


cot a < — < esc a . 

Therefore, it follows from the formulas of problems 231 (a) and (b) 
that 


n(2n — 1 ) 
3 


2 ti + 1 


2k 

2 n + 1 


+ COt2 7T ‘ - + COt 2 -— 

2« + 1 2n + 1 

< )'+(W+(^y + + (s^iy 

< CSC 2 + CSC 2 —— 

2m + 1 2m + 1 

+ CSC 2 - 37r + - • • + esc 2 - W7r = + D 

2m + 1 2m +1 3 

If we divide all the terms of the last double inequality bv 
(2m + l) 2 , . . 

-:——, we obtain 

K l 

—^ . i w - 1 . JEf _ _ 1 \/ 1 _ 2 \ n l 

2m + 1 2m + 1 6 V 2m + 1 A 1 2m + 2 ) ' 6 


< 1 + 2 2 + 3 2 + 


Solutions (234) 
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r ,(n-l)7Tl 
sin n cos a + 1 ^ 


TC 

sin — 
n 


= 0 , 


consequently, S = —. The assertion of the problem follows. 
£ 



Remark: For even n = 2m (Figure 24) the assertion of the problem is obvi¬ 
ous, since, by the Pythagorean theorem, 

MA\ + MAl +l = MAl + MAl +2 = • ■ ■ = MAl + MAL = 4/? 2 . 

(b) Let AiB lf A 2 B 2 , •• ■, AnBn be perpendiculars drawn from 
points A lf A 2 ,---,A n to the line OM [Figure 25 (a)]. Then it is 
readily found (from the law of cosines and consideration of the tri¬ 
angle OAkBtc) that 

MAl = MO 1 + OAl - 2MO ■ OB k = l 2 + R 2 - 2 bOB k 

(£ = 1,2, ( 

where the segments OB k are taken with the plus or minus sign de¬ 
pending upon whether the point B k is located on the segment OM 
or on its extension. 

Consequently, 

MAl + MA\ + ■ ■ ■ + MAl = n(l 2 + R 2 ) - 2 1(08, + OB, + • * * + OB n ). 
But if <MOA t = a, then 

OBi = OAi cos < AiOM = R cos a , 


Solutions (234) 


o4o 


OB t = R cos {a + , 

OB z = R cos [a + , 

* 

OBn = R COS + — ~ . 

However, it was shown in the solution of problem (a) that 

cos a + cos + ■ ■ ■ + cos ^ = 0 > 

and so OBi + OB 2 + - ■ • + OB n = 0. 

The assertion of the problem follows. 

Remark : For even n = 2m the assertion of the problem is obvious from 
Figure 25 (b). In this case 

OBi + OBm + i = OBi + OBm + i = ■■■ = OB m + OBim = 0 . 



Figure 25 

(c) Let A/, be the projection of point M onto the plane of 
an m-sided polygon (Figure 26). We have 

MAl = MiAl + MMl (* = 1, 2, ■ ■ •,»), 


and, consequently, 

MA\ + MAl + • ■ ■ + MAl = MiA\ + M L Al + ■ ■ ■ + M v Al + n-MMf . 
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MiA\ + M v A\ + • • • + MA\= n(R 2 + OM?) 
[see problem (b)], and 

/ 2 = OM ! = OM\ + M,M 2 , 
whence follows the assertion of the problem. 



Figure 26 

235. (a) The solution of this problem follows directly from the 
theorem of problem 234 (a), if we take into account that for an even n, 
the even (and odd) vertices of the 77 -sided polygon are also the vertices 
of those regular y-gons (abbreviation for polygons with — sides} 
inscribed in the circle. 2 

(b) Let n = 2m + 1. We deduce from the solution of problem 
234 (a) that it is sufficient to prove equality of the following two 


Si = sin y + sin 


27r 

2m + 1 


+ sin(- + 


4 K 

2m + 1 


2mn 
2m + 1 


2m + 1 


+ sm^y + 


(2 m — 1 )k 
2m + 1 


3k 

2m + 1 
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Hut, by problem 225, we have 


(m + l)/r .fa, mn 

sin Sill ( — + —;-- 

2m + 1 V 2 2m -f- 1 


2m + 1 


T sin ff 


K (m — 1)7! 

2777 + 1 2777 + 1 


2m + 1 

236. In problem 234 (a) we found that the sum of the squares of 
the distances from a point on a circle circumscribed about a regular 
«-sided polygon to all of its vertices is equal to 2nR 2 . If we assume 
that M coincides with A u then the sum of all sides and diagonals 
of the n-g on emanating from one vertex is equal to 2nR 2 . If we 
multiply this sum by n (the number of vertices of the «-gon) then 
we obtain double the sum of all the sides and diagonals of the n-gon 
(since every side or diagonal has two ends, it counts twice in the 

n 

sum). The sum we seek is therefore equal to — *2 nR z = n 2 R 2 . 

(b) For a regular polygon, the sum of all the sides and 
diagonals which emanate from one vertex Ai is equal to 


>r * 7r 

: sin — 

L n 


.2k 

+ sin-b * ■ 

n 


. (n — 
+ sin -- 


-D* l 
n J 


K . (n — 1)7T 

sm — sin -—-— 

= 2 R - 1 -"5-= 2 R cot ~ 

k 2n 

sin — 

2n 

[compare with the solution of problem 235 (b)]. When we multiply 

this sum by n and halve it we obtain the required result: Rn cot-£— . 

2n 

(c) The product of all the sides and all the diagonals of the 
w-gon emanating from one vertex is equal to 


2 n - l R n ~ l sin — sin 


. (n — l)7r 

sin -- — 

n 


[see the solution of problem 232 (a)]. By raising this product to the 
nth power and extracting the square root, we obtain the required 
result. 


237. Let us compute the sum of the 50th powers of the sides and 
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diagonals emanating from one of the vertices, say A lm This problem 
reduces to finding the sum 


“-W) + (»-«&Y , + -+(»-„ 


99;r 


[compare with the solution of problem 234 (a)]. Thus we must make 
a summation of the 50th powers of the sines of several angles. But 

sin !0 a = f ( cos a + l sin a ) — (cos a — / sin a) "I 80 


where we write cos a + / sin a = *; in this case, cos a - / sin a = 
Therefore, 

sin 50 a = ElLfx bQ — 4 - C 2 r«— 

2 50 x -t- <- ao * - • • • 

+ csj.-ji, - . 

+ <**•£ - CS* i + £) 


=—— r (x sa +— 

2‘t\ + X> 


50 / + r a) + Qof^ 46 + 4) - 


+ Qo(* 2 + + C“J 


^(2 cos 50or — 2CJ 0 cos 48ar 


+ 2CjS 0 cos 46or - • • • + 2C\* cos 2a: + Q“) 
j^here we make use of the fact that x k + ~- k = (cos ka + / sin ka) + 
(cos ka — i sin ka) = 2 cos ka J . 

Hence the sum E may be expressed in the following way. 


*=- *"0 ( cos 50 w + c “ + ■ • ■ + c “ 

- 2a(cos48^ + cos48^ + ••• + oo>48^.) 


Solutions (238) 
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+ 2Cjo^ cos 46-j^ + cos 46-^ + • • ■ + cos 46- 


+ 2Cm(cos 2^ + cos 2^ + • • ■ + cos 2-^-) - 99CS] 

= —4/? 50 [25t — 2Cfio52 + 2 Cm^ 3 — ' * • + 2C&25 — 99Cjo] , 

where s ly s z , " •, s z $ replace the sums in the parentheses. But from 
the formula in problem 225 it follows that = s 2 = * * ■ = s 25 = — 1. 
Therefore we have 

2 = R b0 (2 - 2 Clo + 2C a0 -+ 2Cg + 99Cg) 

- r™( i - ci o + ci o - ci + * ■ ■ + q; - q* 

+ eg-+ cs - at + i - ioocg) 

- r ™[(i -1) 50 + ioocg] = iooq 0 5 ;? 50 . 

From this we immediately obtain the result that the sum of the 
50th powers of all the sides and diagonals of a 100-sided polygon is 
equal to 

i—- = 5000 Cm/? 50 = . 

238. We make use of the fact that in a triangle with integral 


sides a, b , and c the number 2 cos A = 


b 2 + c 2 


(law of cosines, 


where A is the angle between b and c) is rational. Further, if A = 
m 

—180°, where m and n are integers, then cosnA = cos (w*180°) = 
n 

(-l) m . 

We shall now show that 2cosw/l for an arbitrary integer n can 
be expressed as a polynomial of degree n in terms of 2 cos A with 
integral coefficients and having leading coefficient 1; that is, that 

2 cos nA = (2 cos A) n + a^(2 cos ^4)* -2 + a z (2 cos A) n ~* + * • - , 

where a ly a z , are integers. This assertion may by deduced from 

the first formula of problem 222 (a), or else proven by mathematical 
induction. Indeed, it is true for n = 1 and n — 2, since 

2 cos A — 2 cos A , 

2 cos 2A = (2 cos A) 2 — 2. 

But from the known product-to-sum identity we have 


cos (n + 2)A + cos nA = 2 cos A cos (n + l)A 
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and so 

cos (n + 2) A = 2 cos A cos (n + \)A — cos nA , 

from which it immediately follows that if the assertion is true for 
the values n and n + 1, then it is also true for n + 2. Since the 
assertion is valid for n = 1 and n = 2, it follows that it is true for 
all values of n . 

By setting 2 cos A — x and cos mA = ( — l) m in the resulting formula 
we obtain the following equation with respect to the unknown x: 

x 71 + a y x n <l + a 2 x n ~ A + ■ • ■ — 2( — l) n = 0 . 


Thus x is a rational root (since, here, x — 2 cos A is rational) of 
an equation with integral coefficients whose highest-degree term has 
coefficient unity. But all the rational roots of such an equation must 
be integers (see problem 218); therefore, x — 2 cos A must be an inte¬ 
ger. Since 0 ^ cos A £ 1, the only possibilities are cos A = 0 or else 

cos A — that is, A may be 60°, 90°, or 120° (these are the only 

angles greater than zero but less than n = 180° for which 2 cos A is 
an integer). 

The existence of 60°, 90°, and 120° angles in triangles with integral 
sides may be shown by simple examples. A triangle with sides 
(3, 4, 5) is a right triangle—it has a 90° angle. In a triangle with 
sides (1,1, 1) all the angles are 60°. Finally, we cen verify (by the 
law of cosines, for example) that a triangle with sides (3,8,7) will 
have a 60° angle (between side 3 and side 8) and a (3, 5, 7) triangle 
will have a 120° angle (see also problem 128). 


239. (a) 
a rational 


Let us assume that the ratio of 0 = arc cos — to 180° is 

m P 

number, that is, that 6 = —180°, where m and n are 

n 


integers (which will be considered relatively prime). From the second 


formula of problem 222 (b) we have 


sin nb = Cl cos ” -l b sin 0 — Cl cos' 1-3 6 sin 3 6 + Cn cos”' 5 0 sin 5 d — ■■■ . 


In the case of interest to us we have 


* 1 

cos 6 = — , 

P 

sin 0 = i/T — cos 2 0 — ~ 1 

P 

and sin mb — sin 180°w = 0. Substituting these values into the last 
equality, we obtain 


Solutions (239) 
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o = Vp l^\n - ”( W -l)(n- _2) ( ^ _ 1} 

m(m — 1)(« — 2)(m — 3)(« — 4) /^, _ j\ 2 _ .. ."I 

+ 5! J ’ 

Since p* 1, we have 1^0, * 0, and therefore the sum within 

brackets must be equal to zero. Since all the terms of this sum, 
except the first, are even integers (p 2 - 1 is even, since p is odd), 
the first term must also be even. Hence n is even, n = 2k, and there- 
fore m is odd. 

Since m is odd, it follows that 

COS kb = COS — = COS y 7T = 0 . 

From the first formula of problem 222 (b) we have 

cos kd = cos* e - cl cos* -2 e sin 2 d + Ct cos* -4 6 sin 4 d -. 

By setting cos 0 = sin 0 = ^ P p ~ > an( ^ cos = ® we 0 ^*- a * n 

0 = i-[i - Clip 2 -1) + clip 2 -1) 2 -]. 

p 

Here all the summands in the brackets, except the first, are even 
integers, and the first is equal to unity, that is, is odd. Therefore, 
the resulting equality is impossible. This contradiction proves that 
the ratio of 0 = arc cos — to 180° cannot be a rational number. 

(b) Let us assume that d = arc tan — contains a rational 

' Q yyj 

number of degrees, that is, that b can be expressed as b = — 180°, 

where m and n are integers. We shall consider p and q relatively 
prime, which is permissible, since we are interested only in the 

ratio We shall use the DeMoivre formulas 
Q 

(cos b + i sin b) n = cos nb + i sin nb 

and 

(cos b - i sin b) n = cos nb - i sin nb . 

Since b — —180°, we have sin nb = sin 180 °m = 0, and, consequently, 
n 


(cos b + i sin b) n = (cos b - i sin b) n . 
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Dividing both sides of this equality by cos 71 0 (cos d =£ 0 , since tan 0 = 

sin 0 p , . \ 

-— =3 where q =£ 0 ), we obtain 

cos 0 q 


that is, 


(1 + i tan 0) n = (1 — i tan 6) n , 




or, after multiplying by q n , 


(q + ip)» = (q - ip) n . 


We shall now show that this equality is impossible when p and q 
are integers, relatively prime, p *= 0, q * 0, and p and q are not 
simultaneously equal to ztl. To this end we express the equality as 

(q - ipy = [(q - ip) + 2 ipy 

= (Q - ip) n + C l n (q - ipy~ l 2ip + Cl(q - ipy~ 2 (2ip) 2 + • • • 

+ Cl~\q - ip)(2ipy - 1 + ( 2 ipy . 

Eliminating the term (q - ipy from the left and the right sides, 
dividing by 2 ip, and transposing (2 ip) n ~ l to the left side, we obtain 

-(2 ipy~ l = (q - ip)[Cn(q - ipy~ z + 

cl(q - ipy-* 2 ip + ■ ■ • + CT\ 2 ipy~ 2 ] . 

Each side of this equality is a complex number; by equating the 
moduli of these complex numbers and taking into account the fact 
that the modulus of the product equals the product of the moduli of 
the factors, we find 


(2 py*~ z = (, q 2 + p 2 )B , 

where B is the modulus of the expression within the brackets on the 
right side of the preceding equality. Thus B is equal to the sum of 
the squares of the real and imaginary parts of the number, 

C l n(q - ipy~ 2 + Cl(q - ip)*-*2ip + • • ■ + CT\2ipy~ 2 , 

and is therefore an integer. Thus ( 2 p) 2n ~ 2 is divisible by p 2 + q 2 . 
But since p and q are relatively prime, p 2 + q 2 does not have common 
factors with p and q\ that is, 2 2n ~ 2 must be divisible by p 2 + q 2 . The 
numbers p and q are either both odd, or one is even and the other 
odd. If one is even and the other odd, then p 2 + q 2 will be odd, but 
if p = 2r + 1 and q = 2 s + 1 (both odd), then 
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p 2 + q 2 = 2 (2r 2 + 2r + 2s 2 + 2s + 1) 

will be even, but it will contain the odd factor 2 (r 2 + r + s 2 + s) + 1. 
This odd factor becomes unity only for p = ±1, q = dtl. Therefore 
for all remaining cases 2 2n_2 cannot be divisible by p 2 + q 2 . That is, 

6 = arc tan — cannot contain a rational number of degrees. 

Q 

240. First Solution . Assume that a is not divisible by p. Then 
the integers a y 2a y 3 a } ••*,(/> — 1 )a will also fail to be divisible by />, 
and they will yield different remainders when divided by p [if ka 
and la (p — 1 ^ k > l) produced identical remainders when divided 
by />, then the difference ka — la — (k — l)a would be divisible by />, 
which is impossible, since p is prime, a is not divisible by p , and 
k — l is less than p.] But since, upon division by />, all possible 
remainders are exhausted by the p — 1 numbers 1, 2, 3, ■•*,/> — 1, it 
necessarily follows that 

a = q^p + a { , 

2a = q 2 p + a 2 , 

3a = q*p + a 3 , 


(p - 1 )a = q p— i p + a P -, , 

where a ly a 2 , *■*,£?-1 are the positive integers 1,2, --- y p — l y taken 
in some order. Multiplying together all these equalities, we obtain 

[1 *2* •*(/> — 1 )]a p ~ l = Np + <Zi<z 2 * * -tfp-i , 

[1-2- "(p - l)](a p ~ l -l) = Np. 

Therefore it follows that a p ~ l — 1 is divisible by />, and a p — a is 
also divisible by p. (If a is initially divisible by p y then the asser¬ 
tion of Fermat's theorem is obvious.) 

Second Solution. The theorem is obvious for a = 1, since in that 
case a p — a — \ — 1 = 0, We shall now apply mathematical induction 
to the positive integer a y and show that if a p — a is divisible by p y 
then it will follow that (a + l) p — (a + 1) is divisible by p. 

By use of the binomial theorem we find that 

(a + 1 ) p ~(a + l) = a p + pa p ~ l + Cla p ~ 2 + C\a p ~ 3 +•••+pa + l-a-l 
= (a p - a) + pa p ~ l + Cla p ~ 2 + ■ ■ • + CJ"V + Pa . 

But all the binomial coefficients 

r k _ P(P - l)(P - 2)- ••(/?-& + 1) 

^ P TOO/. 
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are divisible by the prime number />, since C P is an integer and since 
the numerator of the above expression for C P contains the factor p 
whereas the denominator does not contain this factor. But since, by 
the induction hypothesis, a p — a is also divisible by />, it follows that 
(a + l) p — {a + 1) is divisible by p. 

We shall detail a more elegant variation of the same proof. Be¬ 
cause all the binomial coefficients C P are divisible by />, the difference 

(A + B) p — A p — B p 

= pA p ~'B + C 2 P A p -*B 2 + ■ • • + C P ~ 2 A 2 B p ~ z + pAB p ~ 2 

where A and B are any integers, is always divisible by p. If we 
apply this result, we find that 

(A + B + C) p - A p - B p - C p 

= {[(A + B) + C\ p - (A + By - C p } + (A + By - A p -B p 

is always divisible by p\ that 

(A + B + C + D) p - A p - B p - C p - D p 

= {[(A + B + C) + D] p -(A + B + C) p ~ D p } 
+ (A + B + C) p - A p - B p - C p 

is always divisible by p\ and that, in general, 

(A + £ + C + • ■ * + K) p - A p - B p - C p - ■ ■ ■ - K p 

is always divisible by p. 

If in the last expression we now set A = B — C = — K — 1, 

and if we let the number of these terms be equal to a> we arrive at 
Fermat's theorem: a p — a is divisible by p. 

241. The proof of Euler's theorem is completely analogous to the 
first proof of Fermat's theorem. Let k lt k 2 , ■ • •, k T be the set of natural 
numbers which are less than, and relatively prime to, the integer N. 
We consider the r numbers k { a>k 2 a, ■■■, kra . All of these are rela¬ 
tively prime to N (since a is by hypothesis also relatively prime to 
N), and all of them, when divided by N , will yield different re¬ 
mainders (this is proven exactly as in problem 240). We may write 

kia = q^N + a v , 
k 2 a = q 2 N + a 2 , 


k T a = q r N + a T , 
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where must be the same numbers as A„ h ■ • • - though 

in different order (since clearly the at are distinct, all less than N, 
and if a; were not relatively prime to N, then neither would be ki). 

If we multiply together all the equalities, we obtain 

fc.Av • ■k T a r = NM + aiflr • •«>-, 

Wi-'Wfl'- 1) = NM ’ 

whence it follows that the integer a T - 1 is divisible by N. 

242. We shall prove this by mathematical induction. First, it is 
evident that for m = 1 the proposition of the problem is correct: 

2‘ — 1 = 1 , 

2 2 - 1 = 3 , 

2 3 - 1 = 7 

are not divisible by 5. We shall show that the proposition holds also 
f or n _ 2 Let 2 k be the smallest power of the number 2 which wil 
produce a remainder of 1 when divided by 5 2 = 25. (That is k is 
least such that 2* - 1 is divisible by 25.) Now, assume that k < 

5 2 — 5 = 25 — 5 = 20. If 20 is not divisible by k (that is, 20 - qk + r, 
where 0 < r < 6), then we obtain 

2 20 — i — 2 qk vr — 1 = 2 r (2 fl<c — 1) + (2 r ~~ 1) ■ 

But 2 20 — 1 is divisible by 25 (by Euler's theorem), and 2 q — 1 - 
(2 k Y - 1* is divisible by 2 fc - 1, which, by assumption, is also divisible 
by 25; therefore 2 r - 1 must be divisible by 25, which is a contra¬ 
diction of the assumption that k is the smallest number for which 
2 fe — 1 is divisible by 25. Therefore, k must be a divisor ofj:he 
number 20; that is, k can be equal to only 2,4,5, or 10. But 2 
2’-1=31 and 2” - 1 = 1023 are not divisible by 5, whereas 
2 4 _ i = 15 ’ is divisible by 5, but is not divisible by 25. Thus, the 

proposition of the problem holds also for n = 2. 

Let us now assume that the proposition of the problem h °lds for 
some m, but is invalid for n + 1 , that is, that the least * such that 
2 * - 1 is divisible by 5" +1 is less than 5 ” +1 - 5” - 4-5*. We can s ow, 
exactly as above (for n = 2 ), that k must be a divisor of the number 
4-5*. But, moreover, we can show analogously that the number 
5 * _ 5 »-i = 4 . 5*- 1 must be the divisor of the number k. If it wer 
true that k = ?-4-5- + r. where 0 < r < 4-5-', then 5' - 1 would 
be divisible by 5 », which contradicts the hypothesis that the propo- 
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sition of the problem is valid for the number n. Thus k has only 
one possible value: & = 4-5* _1 . 

Since the number 

25 n-I -5*~ 2 _ j __ 2 **s*-2 _ i 

is divisible by 5* 1 (from Euler’s theorem) and is not divisible by 5* 
(otherwise the hypothesis would not be true for n), then 

2 1 ' 5 ’- 2 = q- 5 -‘ + 1 , 

where q is not divisible by 5. From the expansion 

(a + b) s = a 5 + 5 a*b + 10a 2 b 2 + 10 a*b 3 + 5 ab* + b s 

we obtain 

2 ^"-‘ - 1 = (2 ‘->"- 2 )s - 1 = (q . 5 -. + l)» - l 

= 5 n+l (q i -5 ln ~ i + q*- 5 3 "- 5 + 2q 3 -5 in -* + 2q 1 -5 n ~ 3 ) + q-5 " , 

whence it is clear that 2*' 5 " -1 — 1 is not divisible by 5* +l . Hence, 
the truth of the proposition for n implies that it is also true for 
« + 1, whence the statement holds for all integers. 

243. According to Euler’s theorem (see problem 241), the number 

2 510 - 59 — \ — 2 4 ’5 9 _ \ = 2^'812,500 _ J 

is divisible by 5 10 ; therefore, for n ^ 10 the difference 

2?. 812,500 + n 2 n = 2 n (2 7,812 ' 500 1) 

is divisible by 10“ That is, the last ten digits of the number 
27,ai2, 500 +n coincide with 2™. This means that the last ten digits of 
the numbers of the sequence 2\ 2 2 , 2 3 , * ■ ■, 2™, • ■ ■ will repeat after 
every 7,812,500 numbers. Moreover, this periodicity begins with the 
tenth number of this sequence, that is, with 2 10 . 

It follows from the result of problem 242 that the period is, actual¬ 
ly not less than 7,812,500. 

Remark : It can be proven analogously that the last n digits of the numbers 
in the sequence under consideration will repeat every 4-5 n ~i numbers, begin* 
ning with the nth number of this sequence (for example, the last two digits 
would repeat, beginning with the second number, every 20 numbers). 

244. We shall prove an even more general theorem, namely, that 
for any integer N there is always a power of 2 whose last N digits 
will always be ones and twos. Since 2 5 = 32 and 2 9 = 512, the propo¬ 
sition is valid for N= 1 and N = 2. We shall carry out the proof 
by mathematical induction. 
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Assume that for some natural number N the final N digits of the 
number 2 n are ones and twos. We are to show that there is a power 
of 2 whose last N + 1 digits will be ones and twos. 

According to the induction hypothesis, 2 n = a-10 /V + b, where b is 
an W-digit integer whose digits are all ones or twos. Let us designate 
the number 5 A — 5 A_1 = 4*5 JV ~ 1 by the letter r\ then by Euler's theo¬ 
rem (problem 241), the difference 2 r — 1 will be divisible by 5 A . It 
follows that if the integer k is divisible by 2 A+1 , then the difference 
2 T k — k = k{2 T — 1) will be divisible by 2-10 A . That is, the final N 
digits of 2 T k and k will coincide, and the (N + l)st digit from the 
end of each will be both odd or both even. 

Let us now consider the following five powers of 2: 

2™, 

2*+t _ 2 r -2 n , 

2 n+Zr = 2 r -2 n+r , 

2«+3r — 2 r *2 n+2r 
2»+4r — 2 r .2 n+3r 

From what we have shown, the final N digits of all of these numbers 
will coincide (each of the numbers, as well as 2", will terminate in 
the same number, b , which consists entirely of one and twos), but 
the digits in the (N + l)st place from the end of all of them will be 
simultaneously even or odd. We shall now prove that the digits in 
the (N + l)st place from the end cannot be identical for any two of the 
five numbers. In fact, the difference of any two of the numbers 
can be expressed as 2 n+7n i r (2 m ^ r — 1), where m x =0,1,2, or 3, but 
w 2 = l,2,3, or 4. If this difference is divisible by 10 AM1 , then 
2 m z r — 1 must be divisible by 5 A+1 ; but since 

m 2 r = m 2 -( 5 A - 5 A ~ l ) < 5*(5 A - 5 A ^) = 5 A+1 - 5 A , 

this contradicts the result of problem 242. 

Therefore, the digits standing in the (N + l)st place from the end 
of the above five integers must be either 1,3, 5, 7, and 9 (all ap¬ 
pearing) or else 0, 2, 4, 6, and 8 (in what order, we do not know). In 
either event, in one of these integers the (N + l)st digit from the 
end must be 1 or else 2. This means that, in any event, there exists 
a power of 2 whose final N + 1 digits can comprise only the digits 
1 and 2. This induction proves the proposition of the problem. 

245. Let a be one of the numbers of the x sequence 2, 3, — 2. 

Consider the integers 
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a, 2a, •■•,(/> — 1 )a . 

Clearly, no two of these integers can yield the same remainder 
upon division by p\ therefore those remainders will be the positive 
integers 1, 2, 3, ■■*,/>- 1 (all appearing, but in what order is unknown 
and not important). (Compare with the solution of problem 240.) In 
particular, there will be an integer b in the sequence 1,2, • — 1 

such that ba , when divided by p , will have a remainder of 1 . Now, 
^ ^ 1 an d b q= p — 1, since 2 S a ^ p — 2, and were b = 1 then the 
number ba — a when divided by p would yield remainder a =£ 1; and 
were b = p - 1 the number ba = (p - 1 )a = pa - a when divided by 
p would yield the remainder p - a *= 1. Moreover, b * a, since if a 2 
yielded a remainder of 1 when divided by p , then a 2 - 1 = (a + 1 )(a - 1) 
would be divisible by p } which is possible only for a = 1 and a = 
P ~ 1* Therefore, 2 S b ^ p — 2, and b ^ a, which means that each 
of the numbers 2, 3, ’*•,/> — 2 can be paired with one other distinct 
integer of this set such that the product of this pair yields a remainder 
of 1 upon division by p. Accordingly, the product 2-3-4-**/>-2 it¬ 
self yields a remainder of 1 when divided by />. 

Now the number p — 1 may be thought of as yielding the remainder 
— 1 upon division by p. It follows that 

(p - 1)! - 1-2-3- • -(p - 2)(p - 1) - [2-3-. •(/> - 2)Hp - 1) 
has the remainder —1 when divided by p. That is, 

(P - 1)! = kp - 1 ; 

(p-l)\+l=kp, 

which says that (p - 1)! + 1 is divisible by p. 

If p is not prime, it must have a prime divisor q < p. Then 
(p- 1)! is divisible by q, since q is one of the factors in (p - 1)!. 
But then q cannot divide (p - 1)! + 1; hence neither can p . 

246. Let p = An + 1 be a prime number. By Wilson's theorem 
(problem 245), the number (/> - 1)! + 1 = (1-2-3-•-4;/) + 1 is divisible 
by p. Now in (4;z)! we shall replace each factor exceeding 2n by the 
identical number expressed in terms of p and n. For example, since 
P = 4n + 1, we may write 2n + 1 - p - 2n, 2n + 2 = p - (2n - 1), 
and so on, until, finally, 4n = p - 1. Then (p - 1)! = (Ayi)l = 1-2-3* 

• * *(2 n - 1)2 n(p - 2 n)[p - (2 n - 1)]- • ■(/> - 1). 

It is readily seen that if the right side is expanded, then every 
term will have p as a factor, except a final term which will be equal 
to [(2 n)\]\ Therefore, (p - 1)! + 1 = Ap + [(2 n)\] z + 1, where A repre¬ 
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sents an expression unimportant to us. Since this number is divi¬ 
sible by p , and the term Ap is divisible by p , it follows that 


[(2;z)!] 2 + 1 is also divisible by p. Therefore, the number x = (2«)l = 



! satisfies the conditions of the problem. 


Remark : We note that if the integer x has the remainder xi when divided 
by p, then since 


x 2 + 1 = (kp + xi) 2 + 1 = (k 2 p 4- 2kxi)p + x\ + 1 , 
it follows that x\ + 1 is divisible by p. Therefore we might stipulate, as an 
additional condition of the problem, that x < p, since such an x — xi does exist. 


247. (a) The assertion of the problem follows immediately from 
the identity 

(a 2 + b 2 )(a\ + b\) = (aa, + bb,) 2 + (ab, - ba 0 2 . 


(b) First, it is easily shown that no number of the form 
An + 3 can be expressed as the sum of two squares. In fact, the 
square of every even number may be expressed as Ak , and the square 
of an odd number may be expressed as 4& + 1, since 


(2a + l) 2 = A(a 2 + a) + 1 . 


Accordingly, the sum of the squares of two even numbers may have 
the form 4n; the sum of the squares of two odd numbers may have 
the form An + 2; and finally, the sum of the squares of an even and 
an odd number may have the form An + 1. Thus, an integer which 
can be written as An + 3 cannot be the sum of two squares. 

It is a more involved matter to show that every prime number of 
the form An + 1 may be expressed as the sum of the squares of two 
integers. Let p be a prime of form An + 1. We know from problem 
246 that some multiple of p can be expressed as the sum of two 
squares; in fact, since there exists an integer x such that p divides 
x 1 + 1, there is an m such that 


mp — x z + 1 


(i) 


From the remark following problem 246 we may find x < p , whence 
x 1 + 1 < p 2 , and so in (1) we may assume that, because of the suitable 
choice of x, m < p. If m = 1, the proof is completed. Hence we 
shall assume that m =£ 1. 

Now, if yn is even, then x 2 + 1 is even, whence x must be odd. 
Then we can write 
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That is, there exists an m' = ~ such that 

m'p = x\ + y \. 

If m' is again even, then either x : and ^ are both even, or else both 
are odd. In either event, we can easily determine (reasoning as 
above) that there exists an integer m ll (^= such that 

m ll p = x\ + y \. 

Now, if m is a power of 2, then the proof concludes in an obvious 
way. Hence we need consider only the case in which m is odd (to 
which the problem reduces if m fails to be a power of 2) and that 
we have 

mp = x 2 + y 2 

(whether y 2 = 1 or not is not important in the sequel). 

Let x, and y, be the least remainders in absolute value which can 
result when x and y, respectively, are divided by m: 


x = mr + , 

y = ms + y, 

(either of x t or y u or both, may be negative integers). Then \x t \ and 

ly*l are both less than Y (equality cannot hold, since m is odd), 
and we can write 

mp = x 2 + y 2 = (m 2 r 2 + 2mrx, + x\) + (m 2 s 2 + 2msy l + y J) . 

It is clear that xl + y? is divisible by m: 

x\ + y\ = mn 


(it is readily found that n = p ~ mr 2 - 2rx x - ms , - 2sy,). 

We note that n < f; indeed, since x, < f and y, < it follows 
that 2 2 


mn = x\ + yj < 





In addition, n 4= 0, since otherwise at and y would both be divisible 
by m and mp = x 2 + y 2 would be divisible by m 2 , which is impossible 
since p is prime and m is distinct from 1 and less than p. 

We shall now show that np may be expressed as the sum of the 
squares of two integers. From the identity in problem (a) we have 



Solutions (247) 


359 


mn mp — m 2 np = (x 2 + y 2 )(x? + y?) - (xx, + yy,) z + (xy t — yx i) 2 . 

But since x = mr + x t and y = ms + y lt the numbers 
xxi + yy { = mrxi + x\ + msyi + y? 

= mrxi + msyi + (*? + y\) = m(rx y + sy t + n) , 
xyi — yx i = mry i + Xiy t — msx i — Xiy,. - m(ryi — sx 0 
are divisible by m. Thus we obtain 

n p = , 

which displays np as the sum of squares. 

If, now, n = 1, we are finished. If n =*= 1, we can, by using exactly 
the same method, decrease this number, that is, find an < n such 
that n x p can be expressed as the sum of the squares of two integers. 
If «i fails to be 1, we can find an n 2 < n x such that n 2 p may be ex¬ 
pressed as the sum of the squares of two integers. Continuation of 
this process produces a strictly decreasing sequence of positive inte¬ 
gers for «i, which must terminate with 1. Therefore, the number 
1 *p can be expressed as the sum of the squares of two integers: 

p = X 2 + Y 2 , 

as was to be shown. 

(c) First, it follows almost immediately from the theorems 
in problems (a) and (b) that if a composite number N contains prime 
factors of the form 4 n + 3, but only even powers of them, then N 
can be expressed as the sum of the squares of two integers. Indeed, 
in that case the number N can be expressed as a product P 2 Q , 
where all the prime factors of P are of form 4 n + 3, whereas all 
the odd prime factors of Q are of form in + 1. Since 2 = l 2 + l 2 , 
then, from the theorems of problem (b), all the prime factors of Q 
can be expressed as the sum of the squares of two integers. In that 
event, it follows from the theorem in problem (a) that even Q may 
be expressed as Q = x z + y 2 . But since this is so, 

N = p 2 >Q = (px) 2 + (Py) 2 

may also be expressed as the sum of the squares of two integers. 
This proves one part of problem (c). 

Let the composite number N, now, contain a prime factor p of the 
form in + 3 to an odd power: N = p 2k+l -m (where m is not now 
divisible by />)• We shall prove that N cannot be expressed as the 
sum of the squares of two integers. Indeed, assume that 


360 


Some Problems in Number Theory 


N= x 2 + y 2 , 

where x and y are integers. Then upon dividing x 2 } y 2 , and N by the 
square of the greatest common factor of x and y, we must arrive at 
the equality 

M = X? + Yi , 

where M is still divisible by p: M— Myp. By substituting for X Y 
and Yi their remainders x L and y L upon division by p , we obtain the 
equality mp = x\ + y\ t where m < p [compare with the remarks after 
problem (246)]. But here, as in solution (b), p can be written as 
the sum of the squares of two integers, which is impossible [see the 
beginning of the solution of part (b)]. This completes the proof. 


248. For p = 2 we have, trivially, 2 = l 2 + 0 2 + 1. For an odd 
prime p we shall give a constructive method for finding two numbers 
x and y, both less than which satisfy the condition of the prob¬ 
lem. 

Consider the ^ + * integers 0, 1, 2, ■■ ■, ^ The squares of 

^ La 

any two of these numbers, when divided by />, will yield different 
remainders. In fact, the equations 

x\ = kip + r , 
x\ = k 2 p + r 

would imply that 

x\ — x\ = (Xi — x 2 )(x l + x 2 ) = — k 2 )p . 


(*i - X 2 )(x v + x 2 ) 

would be divisible by p t which is impossible since x L < — and x z < 
and so 

Xy + x 2 < p , 


I *i - x 2 1 < p 


(remember that p is a prime number). Hence the numbers of the set 

0 2 , l 2 , 2 2 , *•*,(— -yield ^ * distinct (nonnegative) remainders 

when divided by />. This implies that the —-— (negative) numbers 
— 1, —l 2 — 1, — 2 2 — 1 , - - - , ~ ( ^ 2 * ~) ~ * when divided by p also 
yield ^ different (nonnegative) remainders (if — x\ — 1 and —x\ — 1 


Solutions ( 248-249) 


361 


y-ield identical remainders, then x\ and xl also yield identical re- 
rxiainders r ). But since there are only p distinct (nonnegative) re¬ 
mainders possible after division by p (namely, 0,1,2, •*■,/> —1), it 

is clear that of the p + 1 numbers 0 2 , l 2 , 2 2 , ■ • *, { ^2 ^ ) ’ — ^ 

— 2 2 — 1, ■ ■ ^ — 1 at least two of them must yield the same 

remainder when divided by p . From what has been shown above 
for pairs of this kind, one number must be of the form x 2 and the 
other of the form — y 2 — 1. But if 

x 2 = kp + r , 

— y 2 — 1 = lp + r , 

then 

x*+y* = (k-l)p-\ = mp-\\ 

that is, x 2 + y 2 + 1 = mp is divisible by p. 

Remark : The problem could have required that neither of the integers x or 
y is to exceed p/2, that is, that the sum x 2 + y 2 + 1 be less than p 2 and the 
quotient m resulting from the division of x 1 + y 2 + 1 by p be less than p. 

249. (a) The assertion of the problem follows from the following 

identity: 

(jc? + xl + + y\ + y\) 

= (xiyi + x 2 y 2 + x 3 y 3 + x A y A ) 2 + (x t y 2 — x 2 y L + x 3 y 4 — x 4 y 3 ) 2 
+ (xiy 3 — x 3 yi + x 4 y 2 — x 2 y 4 ) 2 + Ui y< — x A y 1 + x 2 y 3 — x 3 y 2 ) 2 , 
the validity of which can readily be verified. 

Remark : Since the identity just displayed is rather involved, let us note its 
relationship to the simpler identity in problem 247 (a). The identity in problem 
247 (a) may be generalized in the following manner: 

(aa f + bb')(aia[ + 616 ') = (aa[ + bb[)(aia' + bib') + (abi - bai)(a'b[ - b'a[) . 

If in the last identity we now set 

a — x 1 + ix% , ai = yi + iy2 , 

a' = x 1 — ix 2 , a[ = yi — iy 2 , 

b = x 3 + ix 4 , bi = 2/3 + iy\ , 

b f = xz - ix* , b[ = y 3 — iy 4 , 

where i = \ — 1, then we arrive at the identity of the present problem. 

t The quotient q and the (nonnegative) remainder r resulting upon the di¬ 
vision of a positive or a negative integer a by p are determined by the formula 
a = qp + 7 *, where 0 ^ r < p, and the quotient q is negative for negative a. 
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(b) Since each integer may be expressed as a product of 
prime numbers, the result of problem (a) reduces this problem to 
showing that every prime number p may be expressed as the sum 
of the squares of four integers. 

The proof of this proposition is completely analogous to the solu¬ 
tion of problem 247 (b). We know, from the result of problem 248, 
that there exists a number m such that mp may be expressed as the 
sum of the squares of at most four integers: 

mp — x\ + x\ + x\ + xl 


(we can consider x 3 = 1 and x 4 = 0 , although we do not need that 
information). We can further consider m < p (see the remarks on 
the solution of problem 248). We shall show that if m > 1 , then m 
can be reduced; that is, we can always find some number n < m such 
that np can also be expressed as the sum of at most four squares. 

This proof is straightforward if m is even, since in that case 

mp = x\ + x\ + xt + xl 

is even, and either all Xk (& = 1, 2, 3, 4) are even, or two of them are 
odd and the other two even, or they are all odd. In every case the 
four numbers x L , x 2 , x 3 , and x 4 can be grouped into two pairs (say, 
x v ; x?. and x 3 , x 4 ), each pair consisting of two even or two odd num¬ 
bers. Then the numbers 



That is, the number — •/> can also be expressed as the sum of the 
squares of at most four integers. 

The case where m is odd is more involved. Let us substitute y k 
(& = 1,2, 3,4) for the remainder, smallest in absolute value, which 
can appear when x k is divided by m (if when x k is divided by m 

\ yyi 

there is a positive remainder greater than —, then we increase the 


Solutions (249) 


363 


quotient by 1 and show a negative remainder, whose magnitude is 
then <f): 

x k = mq k + }'k (k = 1, 2, 3, 4) , 

)72 ( 

where >•* is a positive or negative integer and \y t \ < — (none of the 

yyi _ \ ' 

integers y k can have magnitude —, since m is odd). 

We now have 

xl = m 2 ql + 2mq k y k + yl = rnQ k + yt (k = 1, 2, 3, 4) , 
where Q k = mql + 2q k y k is an integer. Therefore, 

mp = x\ + xt + x\ + x] = mq + y\ + yl + ^3 + yl 
(here q = Q v + Q 2 + Q* + ©0 an( ^ 

yl + yt + yl + y\ = n 

(here n — p — q). In this connection n < m, since 

rnn = yl + yl + + yl < 4^) = > 

moreover, n 4= 0, since otherwise all x k would be divisible by m and 
xl + xl + xt + xl = mp would necessarily be divisible by m 2 , which 
is impossible, since p is prime and m is different from 1 and less 
than p . 

We now show that the number np also can be expressed as the 
sum of not more than four squares. We shall see that each of the 
numbers mp and mn can be expressed as the sum of not more than 
four squares. From the identity proven in problem (a), it follows 
that the product 

mp-mn = mhip 

may also be expressed as the sum of the squares of four numbers: 
m z np = (x l y l + x 2 y 2 + x 3 y* + x 4 y 4 ) 2 

+ (^>'2 — x 2 y^ + x%y A — x 4 y 3 ) 2 
+ (xiyi — x 3 y l + x 2 y 4 - x 4 y 2 ) 2 
+ (*i y 4 — x 4 y\ + x 2 y* — y 2 ) 2 • 

We shall show that both sides of the last equality may be divided 
by m 2 . Let us substitute on the right side of the equality mq k + y k 
for all x k . We see that all the expressions in parentheses on the 
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right side of the equality are divisible by m: the expression in the 
first set of parentheses is divisible by m, since y\ + y\ + y\ + y\ = mn 
is divisible by m y and the expressions in the remaining three sets 
of parentheses are divisible by m because after the substitution 
Xk = mq k + yk all the products of the form yiy z , and so on, cancel. 
Now if we divide the last equality by m 2 , we obtain 

np — z\ + zl + z\ + Z\ , 

as was to be shown. 

Thus, if the number m in the equation 

mp = X\ + x<i + x\ -}- xj 

is not equal to 1, it can always be decreased; that is, there will al¬ 
ways be a positive n < m for which a similar equality exists. If 
n -£ 1, we can still decrease the number n. In this way we obtain 
a strictly decreasing sequence of positive integers m > n > n v > 
until in at most a finite number of steps we obtain 

p = X? + Xi + Xl + X'? . 

250. Let us assume that 4"(8& — 1) = X 2 + Y 2 + Z 2 , where X r Y, 
and Z are integers (one or even two of which may be zero). For 
n > 0, the numbers X , Y, and Z must all be even, for if precisely 
one is odd (and the other two even), then the sum X 2 + Y 2 + Z 2 will 
be odd, and if two are odd (for example, X = 2k + 1 and Y = 21 + 1) 
and the other (for example, Z = 2m) is even, then the sum 

X 2 + Y 2 + Z 2 = (2k + l) 2 + (21 + l) 2 + (2m) 2 
= 4(£ 2 + k + l 2 + l + m 2 ) + 2 
is not divisible by 4. Now if we set 

Y ? 



we arrive at the equation 

4»- | (8ft - 1) - X? + Yi + Zi . 

If n > 1 (n — 1 > 0), it can be shown, exactly as before, that all three 
of the numbers X u Y v and Z v also must be even, from which we 
obtain the equation 

4*~ 2 (8k - 1 ) = Xi + Yi + zi , 
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where X if Y 2t Z 2 are integers. Continuing to reason in exactly the 
same way, we are finally led to the conclusion that the number 
8k - 1 also must be expressible as the sum of three integers; 

8k — 1 = x 2 + y 2 + z 2 . (1) 

Either one, or else all three, of the numbers x,y, z must be odd; 
in any other case the sum x 2 + y 2 + z 2 would be even. But the square 
of an odd number 2 n + 1, 

(2 n + l) 2 = 4 n 2 + 4n + 1 = 4 n(n + 1) + 1 , 

always has a remainder of 1 when divided by 8 [since one of the 
consecutive numbers n and n + 1 must be even, which means that 
4 W ( W _j_ i) i s divisible by 8]. The square of an even number has a 
remainder of 0 when divided by 8 (if the number itself is divisible 
by 4) or else a remainder of 4 (if the number itself is not divisible 
by 4). This implies that if all the numbers x , y, z are odd, then the 
sum x 2 + y 2 + z 2 has a remainder of 3 when divided by 8, and if two 
of them are even, and one is odd, then when x 2 + y l + z 2 is divided 
by 8 there must be a remainder of 1 or 5. Thus, the sum of the 
squares of three integers can never yield a remainder of 7 when it 
is divided by 8. This contradiction of (1) proves the theorem. 

251. We employ the identity 

(a + by + (a - b) A = 2a* + 12 a 2 b 2 + 2ft 4 , 
which follows from the expansions 

( a + b)* = a 4 + 4 a z b + 6a 2 b 2 + 4 ab 2 + b 4 , 

(a — b) A — a K — 4a z b + 6fl 2 ft 2 — 4 ab z + b 4 . 

It follows from this identity that 

[(a + by + (a- by] + [(a + c) 4 + (fl - cy] 

+ [(a + dy + (a - dy\ + [(b + c)* + (b - c)<] 

+ [(b + dy + (b - dy] + [(c + dy + (c- dy] 

= 6a* + 6ft 4 + 6c 4 + 6</ 4 + 12 a 2 b 2 + 12a 2 c 2 + 12 a 2 d 2 
+ 12ft 2 c 2 + 12 b 2 d 2 + 12 c 2 d 2 = 6(a 2 + ft 2 + c 2 + d 2 ) 2 . 

Thus 

6(a 2 + b 1 + c 2 + d*Y 

= (a + by + (a - by + (a + c) 4 + (a - c) 4 + (a + d) 4 + (a - d) 4 

+ (b + c) 4 + (b- c) 4 + (b + d) 4 + (b- d) 4 + (c + d) 4 + (c - d) 4 
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or, expressed in words: if a number can be expressed as the sum of 
four squares , then six times its square can be expressed as the sum of 
twelve integers , each raised to the fourth power. But, from the result 
of problem 250, each integer can be expressed as the sum of four 
squared integers (some of which may be zero); this implies that six 
times the square of each integer can be expressed as the sum of 
twelve integers, each raised to the fourth power (some of these may 
be zeros). 

An arbitrary integer N divided by 6 has a remainder of 0,1,2, 3, 
4, or 5; that is, 

N = 6n + r , 

where r = 0,1,2, 3, 4, or 5. Further, from the theorem of problem 
249 (b), the number n may be expressed as the sum of four squares 
of integers (some of which may be zeros): 

n = x 2 + y' 1 + z 2 + t 2 . 

By what has been shown above, each of the numbers 6x 2 f 6y 2 , 6z 2 , 
and 6/ 2 (which are expressed as six times the squares of integers) 
can be expressed as the sum of twelve integers each raised to the 
fourth power (some of which may be zeros). Thus the number 

6 n = 6x 2 + 6y 2 + 6z 2 +6/ 2 

can be expressed as the sum of 4*12 = 48 integers, each raised to 
the fourth power. But since r — 0,1,2, 3, 4, or 5, that is, 

Y = 0 4 + 0 4 + 0* + 0 4 + 0* , 

or r = T + 0 4 + 0 4 + 0 4 + 0 4 , 

or r = l 4 + T + 0 4 + 0 4 + 0 4 , 

or r = T + l 4 + l 4 + 0 4 + 0 4 , 

or r = l 4 + l 4 + T + l 4 + 0 4 , 

or r = l 4 + l 4 + l 4 + l 4 + l 4 , 

the integer N = 6n + r can be expressed in the form of the sum of 
48 + 5 = 53 fourth powers of integers (zeros allowed). 

252. Set 

a = x 3 + y 3 + z 3 . 

From the identity in the solution of problem 162 (b) we have 
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(x + y + zf — a — (x + y + z) 3 — x 3 — y 3 — z % 

= 3(jc + y)(x + z)(y + z) 

or 

a = (x + y + z) 3 - 3(x + y)(x + z)(y + z) 

(see the hint for the present problem). This brings us to the new 
unknowns, x + y + z = Z t x + y = Y y and x. We have y — Y — x and 
z = Z— Y, and, therefore, 

a = (x + y + z) 3 — 3(x + y)(x + z)(y + z) 

= Z* -3Y(x+ Z- YXY-x+Z- Y) 

— Z z — 2Y(Z Y x — Y)(Z — x) 

= Z 3 - 3T(Z 2 - x z ) + 3 Y 2 (Z - x) . 

We can now simplify the equation considerably by supposing that 
the unknowns x t Y r Z are related by 

Z 3 = 3T(Z 2 - x 2 ) , 

or the equivalent 

z = 3i '[ i -(f)’] 

(see the hint for this problem). In this case our equation will take 
the form 

a = 3 Y\Z-x) = 3y 2 z(l - -|t) , 

or, since 

z=3y [‘ -(#)]• 

the form 

0=9J .,( i -iy(i + *). 

Let us introduce, together with the unknown x, a new unknown, 
X = We then obtain 

a = 9Y 3 (1 - AT) 2 (1 + X) ; 

Z= 3Y(1 - X 2 ) . 
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Finally, let us introduce, together with the unknown Y f a new 
unknown, Y — 3F(1 — X). Then the relation concerning the unknowns 
will take the form 

Z=Y(1 + X), 

and the equation will be in the form 

1 t7 3 1 + X 

a — — Y - 

3 1 -X ’ 

We are now at the end of the solution. Indeed, from the last 
equation X is expressed rationally in a (and F): 

x — 3 g ~~ z* 

3a + Y 3 * 

3 a — V 3 - 

Thus if X = ¥ -i- and Z = Y( 1 + X) y then 

3 a + Y 3 

a = x 3 + y 3 + z 3 , 

where x, y, and z are as in the following formulas: 


x = ZX, 
y — Y — x — 


z — Z — Y — Z 


3(1 - X) 

z - - - 

3(1 - X) 


From these formulas it follows, in particular, that x,y, and z are 
rational, if only the unknown F is rational. We may choose any 
desired F in the formulas. (This circumstance is analogous to that 
where we simplify the equation x 3 + y 3 + z 3 = a using the relation 
y = — z\ then the unknown z may be chosen arbitrarily. See the 
hints for this problem). 

We have thus found the solution to the equation 
x 3 + y 3 + z 3 = a 


in rational numbers (and even as many solutions as are desired which 
are related to the chosen distinct rational values of F). We have 
only to show that F may be so chosen that x, y, and z will be positive 
(here we may employ the positive number a , which we have not 
used as yet). Let us express Z = x + y -h z, Y = x + y, and Z — x = 
y + z in terms of X and F, 
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x-hy + z = Z=Y( 1 + X), 
x + y= Y= 3(1 _ Y) ’ 
y + z = Z-x = (l-X)Z= V(l-X ! ), 
and ir^ these formulas let us set 


1 - X= 1 - 


1 + ^=1 + 


3a — 2F 3 

3 a + Y 3 3 a+ Y 3 ’ 

3 a - F 3 _ 6a 
3a + F 3 “ 3a + F 3 ' 


We obtain 


x + y + z = 


' 3a + F 3 ’ 

3a + F 3 

* +> = _ 6F^’ 

12a F* 

v 4- z =-=— 

y (3a + F 3 ) 2 

In these formulas let us set F = ^3a, that is 


y + z = ■ 


3a = F 3 

(this value of F may, of course, be irrational). We obtain 

x + y + z = F , 

*+> = |p. 

y + z = Y ; 


x = 0 , 

? = }r=j r m, 
vsr. 


Let us choose a F such that it will be rational and sufficiently 
close to ^3^ (it is possible to find a rational F as close as we wish 
t0 ^ / 3a). In that case y and z remain close to £ V3a and to f V5a, 
res Pectively (they remain positive). Further, from the formulas we 
find 
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x + y + z __ 3a + Y 3 
y + z ~~ 2 Y 3 ‘ 

Therefore, if it is still necessary that the chosen value of Y be less 
than y/3a (so that 3a > Y 3 and 3a + Y > 2Y 3 ), then we have 

x + y + z _ 3 a + Y 3 
y + z ~ 2 Y 3 > ’ 

This cancludes the proof of 
By setting Y = 1 in the 


(i)'♦ ar + (ij -1 ■ 

253. It follows from the result of problem 159 that there must be 
an infinite number of prime numbers. (That problem implies that 
prime numbers occur in the sequence of integers sufficiently “often”; 
for example, they occur “more often than” squares. See the remark 
to that problem). Also, from problem 65 we see that there must be 
an infinite number of prime numbers: if there existed only n prime 
numbers, then there would be no more than n number-pairs relatively 
prime to each other. 

A much simpler and more direct proof of the theorem of the in¬ 
finitude of prime numbers, ascribed to Euclid, is the following one. 

Let us suppose that in all there are n prime numbers 2, 3, 5, 7, 11, 
Let us form the number N — 2*3-5-7-11-••/>* + 1, The 
number N is greater than all the prime numbers 2,3,5, - - -, /> n and 
must therefore be composite. But since N— 1 is divisible by 2,3, 
5, 7, • • ■, p ny it follows that N is relatively prime to all prime numbers. 
This contradiction proves the theorem. 

254. (a) The proof given here will be quite similar to Euclid's 
proof of the existence of an infinite number of primes. The integers 


and therefore x will also be positive, 
the theorem. 

For example, consider the case a = 
formulas we can easily obtain 



in fact, 
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comprising the first sequence given in the problem are all those of 
form 4k — 1. Assume that only a finite number of primes appear in 
the sequence, that is, 3,7,11,19,23, Consider the number 

N = 4(3 • 7 • 11 • 19 • 23 ■ * • />*) — 1 . 

This integer exceeds every prime which appears in the given pro¬ 
gression, and so, being a number of form 4k — \ (hence belonging 
to the progression), it must be composite. Factor N into its prime 
factors, none of these factors can be of form 4& — 1, since N + 1 = 
4(3-7-11-15-19* - -/>^) is divisible by all primes of form 4& — 1, and, 
consequently, N is relatively prime to all these numbers. Since N 
is odd, it must then be representable as the product of primes of 
form 4& + 1. This is impossible, since the product of numbers of 
form 4& + 1 is again a number of this same form, 

(4k i + 1)(4& 2 + 1) — 16/?i&2 + 4k i + 4^2 + 1 

= 4(4k,k 2 + ki + k 2 ) + 1 = 4k, + 1 , 

and N is of form 4k — l. 

Thus the assumption that there is a finite number of integers of 
form 4k — 1 produces a contradiction. Hence the number of primes 
in the given sequence must be infinite. 

The proof for the second sequence, which contains all the integers 
of form 6k — 1, is quite analogous. 

(b) The proof of this problem is based on the same idea as 
that just presented in part (a). Assume that the sequence 5, 9, 13, 
17, 21, 25, • • ■ contains only a finite number of primes: 5, 13, 17, ■ ■ ■, 
pn* Consider the number 

N= (5-13-17---/0 2 + 1 . 

The number N is clearly not a perfect square (it is one more than 
a square). However, N is the sum of two squares; from problem 
247 (b) it follows that N can only be of form 4& + 1 (no number of 
form 4k — \ can be expressed as the sum of two squares). From 
this point the method of proof is analogous to that used in problem 
253 or 254 (a). 

(c) The proof is somewhat more complicated than the proofs 
of parts (a) and (b), although it is still based on the same idea. 

Assume that in the sequence 11, 21, 31, 41, 51, 61, *■ ■ there exists 
only a finite number of primes: 


11,31,41,61, . 
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Consider the integer N = (11-31-41-61- • -p n y — 1. This number is 
relatively prime to all the integers 11,31,41, ,p n , since N + 1 is 
divisible by all these integers. We shall designate the product 
11-31-41 by a. Then 

N - a 3 — \ = (a — 1 )(a 4 + a 3 + a 1 + a + 1) . 

Let us investigate what factorization of N can produce a factor of 
a 4 + a 3 + a 1 + a + 1. Clearly, a 4 + a 3 + a 2 + a + 1 is not divisible by 
2 (it is the sum of five odd numbers). Further, a 4 + a* + a 1 + a + 1 
is divisible by 5, inasmuch as a itself terminates in the digit 1 (a is 
a product of numbers all ending with 1; a 2 ,a 3 f and a 4 each end with 
the digit 1, and so the sum a 4 + a 3 + a 2 + a + 1 ends with the digit 
5). Now let p be a prime divisor of a 4 + a 3 + a 1 + a + 1 differing from 
5. Here, a — 1 cannot be divisible by p y since otherwise a would be 
of form kp + 1, and so a 2 , a 3 , and a 4 (which are equal, respectively, 
to (kp + l) 2 , (kp + l) 3 , and (kp + l) 4 ) would be of the same form, and 
the number 

a 4 + a 3 + a 2 + a + 1 = (kp + l) 4 + (kp + l) 3 + (kp + l) 2 + (kp + 1) + 1 

would yield a remainder of 5 upon division by p. It follows that 
p — 1 must be divisible by 5; in fact, suppose that p — 1 yields the 
remainder 4 when divided by 5: 

p - l = 56 + 4 . 

We note (Fermat's theorem, problem 240) that a p ~ l — 1 is divisible 
by p. But in this case 

a”~ l - 1 = a 3k+A - 1 = a*(a 3k - 1) + (a 4 - 1) , 

and since a 3k — 1 = (a 3 ) k — 1* is divisible by a 3 — 1, which means that 
it is divisible also by p f it follows that a 4 ~ 1 is divisible by />. 
However, 

a b — 1 = a(a 4 — 1) + (a — 1) ; 

consequently, if a 3 — 1 and a 4 — 1 are divisible by p , then a — 1 also 
must be divisible by p . This, as shown above, is impossible. It 
may be shown, in analogous fashion, that p — 1 cannot yield the 
remainders 1,2, or 3 upon division by 5. 

Thus, p — 1 is divisible by 5 and is an even number (p being odd). 
Consequently, ^ — 1 is divisible by 10, which means that p is of form 
106 + 1; that is, it belongs to the given progression. Therefore, it is 
established that the prime divisors of the number a 4 + a 3 + a 2 + a + 1 
can be only 5 and prime numbers of form 106 + 1. 
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However, the number a 4 + a 3 + a 2 + a + 1 is obviously larger than 
5, and it is not divisible by 5 2 = 25. In fact, the integer a ends with 
the digit 1 and is consequently of form 56 + 1. Further, by the 
binomial theorem, we have 

a 4 + a 3 + a 2 + a + 1 

= (5k + l) 4 + (5k + l) 3 + (5k + l) 2 + 56 + 1 + 1 
= 625k 4 + 4* 125& 3 + 6 ■ 25& 2 + 4-5£ + 1 
+ 125k 3 + 3 • 25& 2 + 3*56 + 1 
+ 256 2 + 2*56 + 1+56+1 + 1 
= 625k 4 + 5 * 1256 3 + 10-256 2 + 10*56 + 5 
= 5* [5(256 4 + 256 3 + 106 2 + 26) + 1] . 

It follows that this number, and, consequently, N=a 3 — \ y must 
have at least one prime divisor of form 10* + 1. But, as noted above, 
N is relatively prime to all prime numbers of form 106 + 1. This 
contradiction proves the theorem. 

Remark'. We note that this proof, almost as it stands, will allow us to 
prove that any infinite arithmetic progression consisting of integers of form 
2 pk + 1, where p is an odd prime, contains an infinite number of primes. 

255. (a) Let a and b be adjacent sides of a rectangle; then its 
perimeter is P — 2 (a + b) and its area is S = ab. From the so-called 

theorem of the geometric and arithmetic means [that is, ab ^ I 

see the discussion of Section 11 (Problems)], we have 


It is obvious that the area S will be maximal when ^ in this ex¬ 
pression represents equality; this happens only for a — b. Therefore, 
of all rectangles having the given perimeter P, the rectangle of 
greatest area will be a square. 

(b) The solution is analogous to that of part (a), except here 
S is fixed and P becomes least when a = b. 

256. Let a and b be the lengths of the legs of our right triangle, and 
let c be its hypotenuse. Then 


a 2 + b 2 


Let d = a + b be the sum of the legs. From equation (V) of the 
discussion of Section 11 (Problems), we have 
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that is. 


a -f- b 1 - - 


d C 

— < — 

2 “i/2 ’ 


a -VT' 

257. In view of equation (i) of the discussion of Section 11 (Pro¬ 
blems), we may write 

tan a + cot a ^ 2 1 /tan a • cot a — 2 . 

The equality holds only when tan a — cot#, that is, for a — 45°. 

258. We shall rewrite the inequality 

£ 2 +^ > /£±ZV 


using x = a + — and y = b + Then 
a b 


■HjbbiI>±L 

2 = 4 V 




— +* + Y 

a b 


£±±y = ±( 1 + ± 

ab ) 4 V + ab 


The fraction — is least when ab is greatest; hence by inequality 
(i) of the discussion in Section 11 (Problems), we have 


Thus, 4 and 1 + 5. It follows that 

ab ab 

( s + i.)- + ( 6 + i)’j |( 1 + i) 1 s X 5 , = f _ 

which was to be shown. The equality is attained only for a=6=y. 

259. In view of inequality (I) of the discussion of Section 11 (Pro¬ 
blems), we have 
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a + b ^ y — 

2 “ ~\/ab . 

b+c r — 

— 5 — ^ Vbc , 


C a y — 

If these three inequalities are multiplied together, we obtain 


(a±b)(b + c)(c + a) 


^ V / a 2 b 2 c z — abc . 


Equality takes place only if all three inequalities are equalities, 
that is, for a = b — c. 

260. By inequality (I) of the discussion of Section 11 (Problems), 
we have 

S - ± ~- = 4 + bx> ^ 2/4.= 2 Vri . 

x 2 x 2 Y x 2 

Equality holds only if 



261. Let the lengths of the two beams of the scale be a and b , 
respectively. Then in order to balance a weight of 1 pound placed 
in one of the pans—say on the pan hung from the beam of length 
a— the butcher must place in the other pan an amount of meat 

weighing actually x — - 7 - pounds (since the moments a-1 and b-x 
b 

must be equal in order to produce equilibrium). Similarly, if a one- 
pound weight is placed on the other pan, it will be balanced by 

— pounds of meat. Therefore, the butcher gives out + — pounds 
a b a 

of meat, and this is weighed out as 2 pounds. However, -?- + — > 2 

b a 

T * a , b n a 2 — lab + b 2 (a — b) 2 ^ A j 1 . t 

since — H-— 2 = -:-= --^ 0, and equality can 

L b a ab ab 

hold only if a — , This means that the butcher gives out more 

meat than he charges for. 
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On the other hand, suppose the butcher sells his meat in the following way: 
A given piece is divided into two equal parts, and each part is weighed on a 
different pan. Let us assume (since other cases can be easily handled by si¬ 
milar reasoning) that the true weight of the whole is exactly 2 pounds; thus, 
each piece has true weight, by assumption, of 1 pound. When one piece of 
meat is placed on one of the pans, the total of the weights needed to balance 

it comes to ~r- pounds, and when the other piece is placed on the other pan, 
b 

the total of the weights needed to balance that piece comes to — pounds. 

a 

Thus in this case, the sum of the markings on the weights exceeds the total 
weight of the meat—that is the butcher is short-weighing his customers. 

Thus, whether the customer gains or the butcher gains depends upon the 
procedure used. The reader is invited to answer the equestion: Is a paradox 
involved here? [Editor.] 


262. (a) The harmonic mean H of two numbers a and b is defined 
by 

_1_ a b __ a T b 

H 2 lab ’ 

thus H = - . We see that 

a -f b 

= i /ab . 



(b) The result called for follows from part (a) and from in¬ 
equality (1) of the discussion in Section 11 (Problems). 

263. It is to be shown that 

a+b + c — 3V abc ^ 0 . 

If we refer to problem 162(a), we find 
a -f b -f c — 3 Vabc — ( V a + V b + V c) 

x ( Va 2 + Vb 2 -f Vc 2 — Vab — Vbc — Vac) 

= y( VT + VT + VT)( VaF - 2 Vab + VW 
+ W - 2 Vbc + VT + VT - 2 Vac + VT) 

= Va+Vb+Vc) 

x [(VT - VTy + (VT - VTy + (VT - Va) 2 i s= o. 
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The equality sign is obtained only if all three differences 

VT-VT, 

VT -VT, 

VT-VT 

are zero, which happens only when a = b = c. 

264. By Heron’s formula, the area of a triangle having sides a, b, c, 
is equal to 

S = Vp(p ~ TiP - b)(p — c) 

= VT- VlP - a)(p - b)(p- cj , 

where p = <LjL]Lt-£ j s the semi-perimeter. In view of problem 263, 


(P ~ a)(p - b)(p - c) g 


p — a + /> — 6 + j> — c 


Since the sides of an equilateral triangle having perimeter 2 p are 
2 

each equal to —p, we have 

(p-a)(p-b)(p-c)=(p-^-pJ = (jp)\ 

which yields the greatest possible area for the triangle. 

265. The volume of the pyramid is 


However, from problem 263 we see that 

.... /'x + y+iY- 


v = «! 

) 27 


Since the number is independent of x, y, and z, the condition for 
maximal volume is 

a 

x = y = z = j- 

266. It suffices to prove that 

(<7i ■+- biija^ T bz){ai ■+- ba) ^ ( Va^ci^aa T Vbibaba ) 8 

















378 


Inequalities 


We have 

(fli "I - bi) (a z "l - 6 2 ) (#3 + 63 ) 

= #i#2#3 + £iM>3 + (d x a z bz + a^bt + a t aj} x ) 

+ {aj)ib$ + a^)\bz + a$b\bi) . 

However, 

( VaMfll+ VbJhFi)* 

= a v a ia3 + bM 3 + 3 ^ alala&Mi + 3 . 

In view of the inequality of problem 263, we obtain 

o ifl’bj -|- (iiCi^bi 1 (iiCi\b\ - - 

3 -^ ValahlbAbt . 

Qibdh + Qzbjbi ~1~ ft zb J)2. a, _ 

3 S v a^iOiblblbl • 

A comparison of the last three formulas yields the result sought. 



and from this we obtain 


Solutiotis ( 267-268 ) 
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#1#2 * * ’ #8 


' d x H- \-d 4 dj H-has T 

4 ' 4 J 

/ ~t~ * ' ‘ + #4 #5 + ’ * ‘ + d$ \ 2 4 

4 , 4 


.(a+^+a, y 

Repetition of this process finally yields 


a { a 2 ' • • a*i m ^ 


+ #2 H-1" «2 W 


which is what we wished to show. We note that in (i) the equality 
is obtained for a l = a z . If this fact is employed repeatedly, we find 
that the equality holds for (2) only for 

d i = d 2 — * * * = a% m . 

268. There exist many proofs of this theorem, some of them not 
elementary. In view of the importance of this theorem, three different 
elementary proofs will be given. The first will be based on the re¬ 
sult of problem 267, and the second and third will use mathematical 
induction. 

First Proof. We show first that if the statement of the theorem 
concerning arithmetic and geometric means holds for n + 1 positive 
numbers, then it holds for n positive numbers. Assume that for 
any set of n + 1 positive numbers a u a 2 , ■■*,#*, dn +l 


d\ + #2 + • • • + dn + #71+1 


^ lu Wa i a % -■ -a n a n+l , 


(tfi + a z H- \-a n + «.+iV n - 

^ n + l ) ^a l a 2 ---a n a n+l . 


If we substitute into this inequality 


#i + #2 H-1 ~d n 


then we obtain 

#1 + #2 ~t~ * ' ‘ +#7t + dn+t 

n + 1 


#1 T #2 “h * ’ * " 1 “ dn + 


#t + #2 T ■' ■ +#» 


■ (#1 T #2 + ' * * dn) 


d\ + #2 T ’ * * + dn 


n + 1 


n 
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Consequently, we have 


(ai + a z + ■ ■ 

• • +a»Y^. 

/ a x + a z + • ■ 

' * + (In \ 

\ 

J = a\a z ■ ■ 

’ an 1 

\ n 

) 


If we cancel U1 1 on both sides and take the wth root, 

n 

we arrive at the desired result, 


a i + a z + • * • 
n 


a i + a 2 -\ - Van 

n 


'^ n Va i a z -"a n . 


But in view of the result of the preceding problem we know that 
the theorem of arithmetic and geometric means holds for arbitrarily 
large integers, in particular, for integers of form 2 m . Therefore, the 
theorem holds for arbitrary «, since given any n it is dominated by 
some number 2 m , and, by what has just been shown, the theorem 
holds for 2 m — 1 , 2 m — 2, and so on, and thus for n . 

Also, if for n + 1 numbers equality holds only if all the numbers 
are equal, then the same condition must clearly hold for n numbers. 
Since this condition for equality was shown necessary in problem 
267 for n — 2 m , it also applies in this problem. 

Remark: This method of proof, which somewhat resembles that of mathe¬ 
matical induction, is sometimes called transfinite induction. It may be stated 
as follows; if the truth of the theorem for n = k + 1 implies that it holds for 
n = k, and if, no matter what positive integer n is chosen, the theorem can 
always be demonstrated for some integer exceeding n, then the theorem holds 
for all natural numbers n. 

Second Proof (mathematical induction). For n = 2, we have 

a i + a 2 ^ / - 

—2 -^ Va,a z 

Assume that the inequality of the problem has been proved for some 
number n of positive numbers; we shall show that it must hold for 
n + 1 positive numbers. Let a lt a 2 , ■ • a ni a n+l be n + 1 positive 
numbers, arranged such that a n+l is the largest. Since 

a n +i #i , 

Oyi+i ^ a Zi * *', a n +i = Oyi , 

it follows that 


n 


Solutions (268) 
We shall write 


a x + a 2 H-+ an 


ai + a z -\- • - • t T an +1 


A n +1 — 


nA n + a n +1 
n + 1 


But since «»+, ^ A n , we can write a n +1 = A n + b, where b^O, then 

. nAn + An + b b 

An+l ~ n + l n n + 1 ' 

If both members of the last equation are raised to the (n + 1) st 
power we have 

/ . b \ B+1 




= (An)* +l + + "' 

3: (i4n) n+I + (An) n b = (A»)KAn + b) = (A n )*a n+ i . 

Since, by the induction assumption, the inequality holds for n num- 
bers, that is, 

(AnY ^ « 1 « 2 * * > 

it follows that 

(An+i )^ 1 ^ (An) n a n+ i ^ a x a Z ' • , 

and, consequently, 

Ayf+i = \/a\a z * * * an+ 1 • 

Now, if not all the numbers are equal, then b > 0, and the strict 
inequality holds. 

Third Solution (mathematical induction ). Designate a x by b\ f and so 
on; then the inequality whose proof we seek takes on the form 

bi T b z T * *' T bn = nb\b z • • • bn ■ 

Suppose that this inequality is assumed to hold for any n positive 
numbers; we shall show that it holds for n + l numbers: 


br i + &2 +1 + ■ ■ • + bl +l + bill >(n + 1)6A - • 'b n + x . 
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Dividing both members of this inequality by blt\ f and designating 
by c lt and so on, yields 

0n+l 

cV l + C 2 + 1 + * * * -f- Cn +l + 1 ^ (w + l)CiC2* ■ • C n , 

or, 

C* + ~b Cl* 1 “b * * • + £* * ^ (w + 1)C[C2 • * ■ Cn — 1 • 

But by the induction hypothesis, 

+ cV l + • ■ ■ + cV l ^ n(c^ • •c„) (n+1,/n . 

Hence it suffices to show that 

(n + l)cic 2 * -c n — 1 ^ n(cic 2 - *c n )< n+l)/n , 

or, designating n V / c l c 2 - * * c n by k t that 

(m + \)k n — 1 ^ nk n+l . 

The last inequality follows from the following computation: 

(n + 1)£* — 1 — nk n+i — —nk n (k — 1) + (k n — 1) 

= (k — 1 )(—nk n + k n ~ l + k n ~ 2 H- b k + 1) 

= - (* - 1) [(£* - A?*- 1 ) + (k* - 6"- 2 ) + • • ■ + (k* - 1)] 

= - (A - l) 2 [^ n “ l + £*- 2 (£ + 1) + ■ * * 

+ k(k n ~ 2 + & n - 3 + • ■ • +k + 1) + (& n “ l + k n ~ % + * • • +k + 1)] ^ 0 

(for k > 0, the expression in brackets is clearly positive). 

The final inequality shown reduces to equality for k — 1. Mathe¬ 
matical induction may be employed to show that equality will hold 
only if 

C\ — C 2 — — * — Cn = 1 I 

that is, if 

b\ — bz — • * * = bn — bn f 1 . 

Remark : Other proofs may be found in the volumes referred to at the be¬ 
ginning of Section 11 (Problems); see, for examples, the volume by Hardy, 
Littlewood, and Polya. Moreover, the inequality of this problem is easily es¬ 
tablished from the results of problem 269 (a) and (b) and problem 270, provided 
problem 268 is not used to establish it. (See, for example, the second proof 
of problem 269 (a) and (b). 

269. (a) First Solution . Designate the n positive numbers by 

x i9 x 2t ■ x n . By the imposed conditions, the sum x { + x 2 H- b x n 

is given, and hence so is the arithmetic mean 


Solutions (269) 
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Xi + X 2 H-b Xn _ ^ 

n 

By the theorem of arithmetic and geometric means 

* 1*2 ■ -x n £ A n , 

for which the equality is obtained only for 
Xi = x 2 = ■ ■ ■ = x n = A . 

Therefore, this product assumes its maximal value A n for 

X i = X 2 — * ‘ * — X n 

Second Solution . Arrange the n positive numbers in increasing 
(non-decreasing) order: 

Xi ^ x 2 £ X$ ^ x n . 

If all the numbers are equal, we have 


X\X 2 * * * X n 


(Xi ~b X 2 -b * * ‘ ~b X n 


Assume that not all these numbers are equal. We shall show, under 
this assumption, that there exists another set of n numbers having 
the same sum but whose product exceeds XiXi---x n . 

Let A be the arithmetic mean of the numbers x u x 2 , •••,*„. We 

have, from our assumptions, 

Xi < Xn ; 

x, < A ; 
x n > A . 

Replace the numbers and x n , respectively, by new numbers x\ and 
xi which preserve the arithmetic mean: 

X[ + Xj + Xj H-hXn-i + Xn _ ^ 


To do this, we can set 


Xn — A , 

xi = X 1 + (x n — Xn) . 


In the product x t x t ---Xn all the factors except the first and last are 
left unchanged; we shall show that the product x[xi exceeds XiX n : 



























384 Inequalities 

We designate - x' n by t; then x f n = x n - t and xl = x x + /. We 
have 

*U! = (x H - /)(*i + /) = X n Xi + (jit* - *i) t - / 2 . 

But since = A > * 1( we have 

x n - x { > x n - Xn = t , 

from which we obtain 

(x n - Xt) - t > 0 , 

(x n — xi)t — t 2 > 0 , 

and, consequently, 

= *n*i + (*» - Xi)t - t 2 > . 

If the new set x{, x 2 , x 3t '-- t Xn- u A is now not yet composed of 
equal numbers, then, arranging them again in increasing order, we 
may repeat the previous procedure to find a new set whose sum is 
the same but whose product is greater: In this new sequence at 
least two of the numbers will be equal to A. Repetition of this 
reasoning must finally produce a set all of whose elements are the 
number A. 

(b) First Solution . Set 



Second Solution. The given inequality is readily proved by mathe¬ 
matical induction, without recourse to the theorem of arithmetic and 
geometric means. Assume the inequality valid for n — 1 positive 
numbers, that is, 
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+ -®* + ... + + -2s=l a » _ l . ( 1) 

a 2 03 a n -1 

We shall show that the inequality is then implied for n positive 
numbers. 

Let a n be the least of the n numbers a u a 2 ^ ■ *, 0 n . Then 

fli — fl» 5 0 , 

1 S On . 

Hence, a„-i(«i - «») S «»(«* - «»). and then 

010„-1 + 0« ” 0n0n-1 ^ 0«0L * 

Division by a n a L yields 

0*-l _0»_ . > 2 ( 2 ) 

0„ 0i 01 

If inequalities (1) and (2) are added, we obtain 

_01 _02 _, 0n-2 . fln-1 | ,g»zl. 

02 0 3 0n~l 01 0" fll 

= + + ...+ -^- + — S (n - 1) + 1 = n ; 

02 03 0» 01 

the inequality holds for the n numbers 0 i, 0 2 , * * *» 0»- Therefore, the 
inequality holds for all natural numbers n. 

270. By the theorem of the arithmetic and geometric means (pro¬ 
blem 268), we have 

Yl 01 02 0n 

from which we obtain 



The equality holds only if 0i — a 2 — - 0n. 

Remark: The inequality here can be proven in many other ways, indepen¬ 
dently of problem 268 (it is recommended that the reader try to find such a 
proof). Then this result may be used to ffnd a new proof for problem 

271. By problem 268, we can write 
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™ Voft» = ^ l x/abb-J 

^ & + b + b -\ -1-6 _ a + nb 

~ n + 1 w + 1 

The equals sign holds only if a = b. 

272. Since the arithmetic mean of n positive numbers exceeds 
the geometric mean, and the harmonic mean is less than the geo¬ 
metric mean, we have 

A(a) ^ H(a) , 


CL\ + + ' ■ * . 


±. + ± + ... + i- 

d\ 0 2 dn 


which yields the required result. 

Equality is attained only if = a z = ■ • * =a». 

273. Use the theorem of the arithmetic and geometric means, 
making the following substitutions: 

(h = 1 , 
a 2 = 2 , 


We obtain 

W = VT^r s + 

_ w(n + 1) _ ft + 1 

~ 2n ~ 2 ' 

If the first and last members shown are raised to the power w, the 
statement of the problem follows. 

274. By the theorem of the arithmetic and geometric means, we 
have 

2 3 4 

a \Q 2 a%CL\ — a\a 2 a 2 a%ai t a%a\a\ t a\a\ 

I d\ + a% + a% + a% + a% + + a < V° 

= V 10 ) 


f a { -f 2 a z 4- 3 a 3 + 


Solutions (272-276) 
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Equality holds only for a v — d 2 a±. 

275. (a) We Unit note that the left side of the given inequality 

£*■ 1 factors — and so on, and finally n 

contains two factors -j, three tactors 3 

1 „ u 1 . o + Q+... + n = -S^-^such fac- 

factors ; in all, there are 1 + 2 + 3 + + » 2 _ m(m + l) 

tors. The geometric mean of these factors is equal to the 2 
root of this product; the arithmetic mean is 

IT + 2-4 + 3-T* H ' rn '\, n _ 

-£-—-- »(»+D ~ i» + l~ 

n(n + 1) -—g 

2 

The validity of the given inequality follows immediately tom the 

theorem of the arithmetic and geometric 6 ! ' Th 

(b) The solution here is analogous to that of part v ) 
arithmetic mean of the factors of the left member is equal 


1.1 4- 4- 3-3 -I-!-«•«! _ l 8 + 2 2 + 3 +■ • •+— 

- «(«+!) nin + J1 

2 2 i 

nin + 1)(2« + 1) . njn ± 1) _ gnJ-L 
= 6 2 3 

[see the solution of problem 134 (a)l. 

276. By the theorem of the arithmetic and geometric means we 
have 


(1 + #i)(l + &*)' ■ ’(I + 


< + ai 


4- a? H - 




”(v) 


S \ njn - 1) ( S 


+ ■■■ + 


(t) - ' 


where the last equality is an application of the binomial theorem. 
We note that the coefficient of s’* will be 

n\ 1 
w!(« -w)T n m ‘ 

However, in - m)\ »- ^ nl, whence 

= J- , 

m\in - m)\ n m ~ m\n\ m\ 
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from which the assertion of the problem follows directly. 

The inequality reduces to equality only for n — 1. 

277. Rewrite the left member of the inequality in the form 

j^®/ 2^2 1/2 (2 z ) 1/22 • • -(2 tt ) 1/2 ” 

where a is an arbitrary integer. 

Now the solution of this problem is analogous to that of problem 
275 (a) and (b). It follows from the theorem of the arithmetic and 
geometric means that 

lo»/2 n 2i/2(2 2 ) 1/22 ’. *(2*) I/2B [i«2 2n-1 (2 2 ) 2 "” 2 ’ • •(2 ft )] (I/2) * 

r / a : + 2 « 2 n-1 + 2 2 - 2 ft ~ 2 +•»•+ 2 n - l V» +2ft ~ 1 + --+ 1 ~|_ 1 _ 

= L\ a + 2»-‘ + 2"- 2 + • • • + 1 ) \ 2 ” 

/ _# + w 2» \g±iiL± 

“ \a + 2 “ - l) ' 

If a = l y the last exponent shown above is 1, and the expression on 
the right becomes 



The statement of the problem immediately follows. 

278 . The expression (1 — * 5 (1 + x)(l + 2 a :)) 2 is negative for |*|> 1 , 
and is positive for | x \ < 1. In fact, 

(1 - x)Kl + *)(1 + 2a:) 2 = (1 - x)K 1 - a: 2 )(1 + 2a:) 2 . 

The first and third factors on the right are always positive for 
x + 1, and the second factor is positive or negative, respectively, 
depending upon whether \x \ <lor \ x \ > 1 . Accordingly, we shall 
consider only values of x such that | x | < 1. We now use the theo¬ 
rem of arithmetic and geometric means on the five factors 1 — x, the 
single factor 1 + x r and the two factors 1 + 2 a:: 

(1 - xY(l + x)(l + 2 a:) 2 

< 5(1 - x) + (1 + j) + 2(1 + 2x) Y+ 1 '' 1 
5 + 1+2 ) 

_/ 5 + 1 + 2 \ 5+1 + 2 _ 

U + l +2 ) 

The right side of this inequality is independent of the value assigned 
to x . Hence, the left side will be maximal for that value of x which 
makes all the factors equal. The only value of x which will accom¬ 


Solutions {277-279) 


389 


plish this is X = 0. Then for this value of x the given product 
reaches its maximal value 1. 

279. Let r be the radius of the circle; designate the known length 
OM by a, and the unknown length ON by x (Figure 27). Then we 
can write: 

MN = x — a , 

NQ = vV - x 2 , 

and, consequently, the squared area of the rectangle is equal to 

4(x — a) 2 (x 2 — x 2 ) . 



We must determine for which value of x this expression is maxi¬ 
mal. We rewrite our product in the form 

+-[(x - a)-(x - a)-a(r - x)-&(r + x)] , 
a# 

where a and (3 are chosen such that the sum of the factors in the 
brackets, that is, 

(x — a) + (x — a) + air — x) + @(r + x) 

= (2 - a + &)x + {a + &) r - 2a , 

will be independent of x (such that a — 0 = 2). 

The product (1) attains its maximal value if 

a(r - x) = + x) = x - a 


[see the solution of problem 269 (a)]. But the equation cAr - x) = 
0 (r + x) implies that 


a + 3 


(tf - &)r 
x 


2r 
x 


From this, and from the condition a — £ — 2, it is readily found that 
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a — — + 1 
x 


Substituting this value of ex in the equation a(r — x) = x — «, we ob¬ 
tain 

r 2 — jr 2 

-1— = x~a\ 


2x 2 — ax — r 2 = 0 , 


from which we have 


_ a + i^a 2 + 8r 2 


(the positive sign is taken for the root, since * > 0). 

The segment of length x, and hence the rectangle sought, can be 
constructed using ruler and compass. 

280. The volume of the box is equal to 

(2a - 2b) 2 -b = 4b(a - b) 2 . 

We can write the right member of this equality in the form 

b-a(a - b )• a(a - b)] , 

and we shall select a such that the sum of the factors within the 
brackets, that is, 

b + 2a(a -b) = 2aa + (1 - 2 a)b , 
does not depend upon b ^we take a = . 

The maximal value of the product (1) [see the solution of problem 
269 (a)] is obtained when 

b = a(a — b) . 


Thus, we find 
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281. (a) The inequality of this problem has the same relationship 
to inequality (2') in the discussion of § 11 (problems) as does the theo¬ 
rem of arithmetic and geometric means (problem 268) to inequality 
(2) of that discussion. A proof of this is possible in any one of 
several ways, all of them analogous to the proofs given for problem 
268. 

The solution here will be analogous to the first solution of problem 
268. Inasmuch as 


^ Qi + < d\ - 

^ at 


we have 


' ai + a 2 + + a* V 

4 ) : 


(i\ ~h a% fl 3 T 
2 + 2 


(^y+^y 


a\ + a\ + a\ + a\ 


a] + g\ a\ + a] 
2 + 2 
2 


Also, since 




±_a 1 ±a 1 \ 2 < a 2 -h al 4- g 2 -h a 2 


at + a& T g 
, 4 


7 + g* y 


al + al + di + a\ 


we can conclude that 


g\ Qz + • •* -hfla V < g 2 ~i~ g\ + * * • -\-g\ 


Continuation of this process enables us to prove the theorem for 2 m 
numbers, where m is any arbitrary natural number. 

We now shall show that if the theorem is valid for n + 1 positive 
numbers, that is, if 


g\ T a% ~t~ • * • 4-On + Ath i 
n + 1 


g\ + g* + • * • +g n + «*+1 




















392 


Inequalities 



(compare with the first solution of problem 268), from which we 
conclude that 

/ ay + #2 ~h * * • ~h an V ^ (h ~t~ ^2 + * * * ~t~ a\ 

\ n ) n 


The remainder of the proof does not differ significantly from that 
of the first solution of problem 268. 

It is easily established that equality holds only if ay = a 2 = ■ • ■ = 

(b) The validity of the inequality will first be established 
for two numbers; that is, we shall establish that 

(i) 

For k = 2 this inequality has already been proved [see (l 1 ) of the 
discussion of Section 11 (Problems)]. Assume now that the inequality 
holds for some given k . We have 

/ ay ~t~ _/ a\ ~l~ a% ay -l~ a% ay ~t~ a% ay ~t~ ai 

\ 2 ) ~\ 2 ) 2 2 2 

_ ay +l + a k 2 +l __ a{ +1 + aV 1 - a\a% - aya\ 

2 4 

_ a k y +l + (<*{ - a\)(a x - a t ) ^ a k y + l + at +l 

2 4 = 2 

from which it follows that the inequality holds for k + 1. By the 
principle of mathematical induction, the proposition holds for all 
natural numbers. The remainder of the proof follows as in (a). 

282. Let a > 0. Using the theorem of arithmetic and geometric 
means, we have 
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Taking the — > 0 power of both sides produces the desired result. 

The case in which a < 0 is proved in a similar manner (see the 
solution to problem 270). 

283. If a and 0 are of different sign, the theorem of power means 
follows from the result of problem 282. Hence we shall investigate 
only the case in which a and 0 have the same sign. Assume now 
that 0 < a < £. Designate Sp(a) by K , and divide both sides of the 

investigated inequality by K\ designate by by', and so on. The 

inequality assumes the form 




Here we have 


by + b t H-hft*_1_ a? + of H- _I 




by + b 2 -I - * ■ * ~b bn = n . 


Assume now that by = 1 + x lf b 2 — 1 + x 2 , • • ■, bn — 1 + x** then the 
equality by + bz H— ■ +bn — n becomes 

X\ + X z + ’ * * +Xn = 0 . 

Suppose that — = \ (a rational number). Then we have 

& l ____ 

6-/P = V(1 + jFTF= V(1 + X,)(l + *.)••■(! + • -J 

k times (l - k) times 
g ft (1 +*‘Lt = i +-jx , = 1 +-j x, , 

for which the equality holds only if 1 + *1 = 1 an( * ^ = 1- Using a 


limiting process we find that for an irrational ratio 
b“ /f> £ 1 + • 

Equality holds only if *i = 0 and &i = l. f 


a . 

t Let xy =£ 0, and let r be rational, so that — < r < 1 . 

r~ a 18 V 

bit 1 * = (14- Xi)*'? = [(1 4- xxY^W'Y S I_l + —*ij ^ 1 + ' 
. a 

= i + 
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Similarly, we have 




As a result, we find 

(Z»f ,g + bf* +... + h *J^ 


( 1+ g *‘) + ( 1 + g * 2 ) + '“ + ( 1 + ~ f *-) 


—1 

= (i , « *■ + Xi + • • • + *» V /a 
\ 0 n ) =l > 

which concludes the proof. 

Equality holds only if *,=*,= . ■ ■ =A„ = 1, that is, if «,=*,= 
Proof of the case in which a < 0 < 0 is quite analogous. 


284. (a) Since S, = 2, we have 


g? + g? + g? 


(St)' ^ (S,) 8 = 4 ; 


g? + g* + at ^ 12 . 

Equality holds only for g, = = g 3 = 2. 

Similarly, 


gl + g2 + g3 


= (S3) 3 ^ (S,) 3 = 8 ; 


gi + gl + ga ^ 24 . 

(b) Proceeding as in part (a), we obtain S 2 = -VH = , 

from which we obtain ' ^ 

a\ + gl + gl ^ 18 i/T 


a \ + #2 + 


— ^ S 2 — 1 / 6 ; 


#1 ~f a% T a$ ^ 3l/ 6 . 

Equality in both cases is obtained only a ! = g 2 = = y'T. 
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285. A proof by induction will be given. It will be convenient to 
introduce a special designation for (the arithmetic mean of all 
possible products of the n numbers a u a 2y an taken k at a time); 
this summation will be designated as P k . The inequality we wish 
to prove may then be written 

For convenience we also introduce the notation P 0 (a), which will be 
taken equal to 1. 

The inequality is obviously true if there are only two numbers, a x 
and a 2 . In fact, in this case there are only three expressions P k (a): 

PM = l, 


Pz(a) = a,a 2 , 

and the inequality assumes the form 

PM 2 > PMPM = Pz(a) , 


or 



a& 2 


(which we have already encountered). 

Assume now that the inequality has been established for n — 1 
positive numbers a lt a 2y we shall show that the inequality 

must also be valid for n positive numbers a u a 2f ,a n . Designate 
the sum of all the possible products of the n numbers, taken k at a 
time, by S k (a) r and the sum of the products of the n — 1 numbers 
a it a 2 taken k at a time, by S k (a), If we factor a n out of 

each term of S k (a) which contains this number, we derive the iden¬ 
tity 

S k (a) = S k (a) -I- a n S k ~M . 


Further, let us write P k to designate the /^-expressions for the 
n — 1 numbers a u Gz, * * •, a n - 1 . We have 

p _ Sfc(g) _ S k (a) S k -](a) 

r'k /-ifc ' /-.fc 


"i n — k 


Sic-M 

' m-iA 

^ n-l U 


n—k — k —— 

n Pk+ n a * Pk ~ l • 
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We now consider the difference 

PI - Pk+lPk-X 

\ n — k — k ——"| 2 [n — k — \ — k + 1 —"| 

“ L n Pk + n L n Pk+l + n a " P *J 

. — k + \—— k — \ ——1 

L „ p ^+ n 

= ^{[(K - kyPl-(„-k-l)(n-k + I)ft7./V7i 

M 2 

+ a n [2k(n - [ - (k - l)(w - k — 

- (* + i)(» -k +1 )KftT] + aJi^TvV 

-(* + !)(*- 1)A/Wj} = —(A + a,B + aiC) , 


where A f B, and C designate, respectively, the expressions enclosed 
by brackets. 

The induction hypothesis implies that 

Pi > /WV7.7Vt 2 > PJV7, 

from which, by multiplying these two inequalities, we obtain 

PfcP*-l > Pjfc+lPjfc-2 • 

Therefore, in the expression for Pi — Pk+iPk-i we have 
A = (n- kfPl - [(» - kf - llftnft-i 
= p* 2 + [(« - kf - i] [P* 2 - P^PT7] > PI 
B = 2ft(» - A)P*7 vT- (k - i)(» - k -1)/WV 2 
- (A + 1)(« - k + 1)P^V7 = - 2PJV7 
+ {k- l)(« - k - l )[P*7vT- TWVd > 2PJV7, 
c = * 2 /v? -- (* 2 - dp*7vt 2 
= pTi 2 + (* 2 -1 )[/v? - > /v?. 

As a result, 

P* - P* + iP*-i >Pl- 2a n P k IVr i + alPT-* 

= (A ” flnPt-l) 2 ^ 0 , 
which proves the theorem. 

286 . Excluding as obvious the case in which a { = a 2 = • * * =a nt we 
shall show that 2* < 2*. First, since P 0 (a) = 1, it follows from pro¬ 
blem 285 that 


Solutions (286-288) 
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P\ > PzPo = ; 

2? > 2^ or 2 t > 2*2 . 

Further, by multiplying the inequalities 2i > 2 2 , l\ > 2l*2i, we ob¬ 
tain I\ > 2j, 2*2 > 2 3 . Similarly, taking the products of the ine¬ 
qualities 2\ > 2 2 , 2 2 > ll-Ii, 23 > 23 * 2 l, we arrive at 2?>2j, 2 3 >2 4 . 
Similar procedures show, finally, that 

2 i > 2 2 > 23 > * • * 2„ . 

287. We have, 2 2 = = 2 Further, by the theorem of the 

symmetric mean, we have 

£v(fl) ^ 2*(a) = 2 , 

+ a 2 + a* + fl 4 ^ 4-2 = 8 

and 

2 4 («) ^ 2,(«) = 2 , 
a x a 2 a^a K ^ 2 4 = 16 . 

In both cases, equality holds only if — a% = a$ = « 4 = 2. 

288. Since the sum of the angles a + 0 + r = w, tan a = cot 

f.or 

a . 0 

tan — + ran — \ » 

“ a tan X 

1 — tan — tan — tan 2 

from which we obtain, after simplification, 

tan —- tan ~ + -y tan y + tan tan — = 1 • 

a 

tan — = , 

0 

tan — = , 

r 

tan — = . 


We write 
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Then we see that the symmetric mean I 2 of tfi^numbers a u a 2t and 


a 3 is equal to 


It follows, by reasoning analogous to 


that used for problem 287, that 


tan J-+tany^3 


l/ 3 _ 


l/3 ; 


(b) tanf.tan|-tan-^g (^) 2 = ^l. 

In both cases, equality holds only if a — $ = r = 60°. 

289. The Cauchy-Buniakowski inequality is of sufficient importance 
to justify the giving of four proofs of its validity. 

First Proof . We can write 

(xai + bi) 2 + ( xa 2 + b 2 ) 2 + * • * + ( xa n + b n ) 2 
— (x 2 a\ -K 2iXG\b\ + bi) 

+ (x 2 a 2 + 2xa 2 b 2 + 62 ) + * * • -\-(x 2 an + 2 xa n b n + bn) 

= Ax 2 -K 2 Bx + C , 

where 

A = a\ + ^2 + * • ■ , 

B = + a 2 b 2 + • ■ ■ ~\~a„b n , 

c = 65 + *| + • •. +&* 2 . 

The left member of this equation is, as a sum of squares, non- 

negative for all x; in particular, it is non-negative for x — -- . 

Substitution of this value for x in the equation yields 

A B1 2B B i 

A 2 A A 

Since A > 0, AC — B 2 ^ 0, or B 2 ^ AC. 

We obtain the inequality sought by substituting for A, B , and C 
their expressions in terms of at and bi. 

The equality sign is possible only if 

xa x + bi = xa 2 + b 2 = xa % + = * * * = x &n + b n = 0 , 

from which we find 

-^- = — = — x). 

#2 #3 Uji 

Second Proof . Given two numbers a and 6 , we have (a — 6) 2 ^ 0, 
or a 2 + b 2 ^ 2ab , and so 


Solutions (289) 
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Now let 




^4 — l/aj + ■ • * , 

B = 61 + * • ■ + bn , 


(i = 1,2, *•■,«); 


-2 , 1 =* _ fli H-h flu . 

fll + ■ * • +#u — » 


b\ + * * • + bl = 


+■■■+*; 


We can write the « inequalities 




1 -2 ,1 12 - z ^ JL^2 1 JL 


■ 61, * * *, anbn ^ n an "t" n bu 


If we add these together, we arrive at 

dibi H-h d n b n ^ “2 + "2" = * • 

Substitution of the appropriate quantities for and bi yields 


a\b\ + ■ * ■ -\-a n b n = AB , 

(*A + • ■ ■ + a n b n f < (a] + ■ * ■ + al)(b\ + • * * +bl) , 

which is what we wished to prove. 

Equality holds only if 

ci i — b 1 — a 2 — b 2 ~ * * ■ — 0 n b n 9 , 


which implies 


h = h = ... = h( = B\ m 

fli a 2 a n \ A) 


Third Proof. The inequality holds, trivially, for n = 1; that is, 

(a.*.) 2 g a\b\. 
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We shall show that if the inequality is assumed to hold for n pairs 
of numbers, that is, 

C 2 ^ AB, 

where 

A = a\ + a\+--+al, 

£ = 6; + « + ---+«, 

C = aj)\ -\- dzbz * * * ■+■ Qnbn t 
then it must hold also for n + 1 pairs of numbers: 

(C + a n +ib n+i) 2 ~ (A + fin + i)(i? + ^«fl) . 

In fact, we can write 

(A + al+i)(B + &n+i) — (C + An+l^nfl) 2 
= AB -h Abn+i "h Ba n +i -h fin+i^«+i C 2 2Ca n +ib n +i 

(fin+ lb n + 1) 2 

— (AB — C) + ( Abn+i + Bal+i — 2Ca n +ib n +i ) 

= (AB - C) + (V"Ab n+l - VB~a n ^r 
+ 2(VAB- VC*)a n+i b n+l ^ 0 

(since each of the three terms is equal to or greater than zero). 

Therefore, by the principle of mathematical induction, the inequality 
is valid for all natural numbers n. 

The equality sign holds only if 

fii a% dn 

b\ bz bn 

Fourth Proof . It can be proved by mathematical induction that 

(s «*Y Y=-fs s («*&« - ■ 

\k =i /\k =i / \t=i / M-H4 

The right member of this inequality is nonnegative and vanishes 
only in the event of equality of the ratios a k .b k . If this expression 
is not zero, we have 

(s «*)(i> a ) -(£ a > b f > 0 . 

which proves the theorem. 

290. By the Cauchy-Buniakowski inequality we have 


Solutions (290-293) 
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(a ‘ + «« +-"+««)(i i + a 2 +•■•+ aj 

= [(l/aTy + (VW> +■■■ + 
x [(VVatf + {Waif +■■■ +Cl/l7^) 2 ] 
s (i/aT Wa[ +l/«7 Wai + • • ■ +VaT V'W,) 2 = « 2 , 

which yields the result sought. The equality sign holds only if a, = 

dz — * * * fin- 

291. By the Cauchy-Buniakowski inequality we have 

(dr 1 + fl2-l +■*•+ fin*l) 2 

S (fil + fi2 H-- + fin) (1 + 1 + *-1" 1) > 

from which we obtain 

/ fii + fl 2 H-1~ fin V < fii + al H-h fin 

V n ) = n 

The equality holds only for fii = fi 2 — fin . 

292. In the solution of problem 288 it was shown that 

tan (f ) tan (f) + tan ( f) tan (f ) + tan (f ) tan (f ) = 1 • 

By the Cauchy-Buniakowski inequality, we can write 

[t»n’(f) + «■>•(-§) + tan*(f )][«n , (l) + «>'' , (|)+ ta "‘(lf)] 

* [ tan (f) ,an (f) + tan Of) tan (i) +,an (i) tan (fj] ’ 11 

from which the desired result follows. 

Equality can hold only for a = 0 = r = 60°. 

293. We can write the following expansion: 

(x, + y,) 2 + ••• + (*» + >n) 2 = (*. + 

+ • • • +(*„ + y n )x . + (*i + y.)yi + ■ • • +(*» + y*)y» • 

Let us make the following substitutions in the Cauchy-Buniakowski 
inequality: 

X l + yi = fii, * ■ • , Xn + yn = fin , 

Xi = * ' * > Xn — bn • 

The following inequality is then valid: 
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Inequalities 


(*1 + yC)Xl H-h (Xn + y n )Xn 

< [(* + y0 2 + * • ■ + (Xn + y n ) 2 ) l/2 [xl + • ■ * + xl}^ . 
Analogously, we have 

(xi + yOyi +- \-(x n + y n )y n 

^ [(* + yi) 2 +••• + (*.+ y«) 2 ] 1/2 [yi 2 + * • * +yl ] l/2 . 

If we combine these two inequalities, we obtain 

(*i + yi) 2 + * * * + (x n + y„) 2 

^[(xi +yi) 2 H- \- (x n + y„) 2 ] 1/2 

x [(xl + • • • + £)'** + (y? + • • ■ +yn) 1/2 ]. 

If both members of this last inequality are divided by 

[(*1 + ^l) 2 +■■•+(*.+ ^n) 2 ] 1/2 , 

we obtain 

l/( X\ + yi) 2 + • * * + (x n + y n ) 2 

^ +-..+X. 1 + Vyi+"- + yl , 

which is what we set out to prove. 

The equality can hold only if - = . 

yi y 2 yn 

294. The Cauchy-Buniakowski inequality yields 

4Q 2 = (a r a 2 + fl 2 fli + a L a 3 + fl 3 fli H-bfl»-ifln + a n a n - 1) 2 

^ (fli + a\ -b fl? -b • • • + flu) (fla + fl 2 + fl 2 + ■ ■ • + fln-0 

= (w - l)P-(w - 1)P, 

from which the result immediately follows. 

We have equality only if fli = fl 2 = ■ ■ -fl n . 

295. From the Cauchy-Buniakowski inequality, we can write 

(.VK- i/m +VTi-VT*x 2 + ■■• +VK- Vplxnf 
< (i/tf + V& +■ • • + VJ n )(Vfi x? 

+ l//>| *2 H-H l//)J x.) . 

The equality sign can be used only if *1 = x 2 = • ■ • = x n . 

296. We make the following substitutions in the inequality of 
problem 295: 


Solutions ( 294-299 ) 
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We then have 

1 1 1 V / 1 1 1 V 1 2 1 2 1 2 \ 

T Xl + T Xi + T x ') ~ \T + T + TA~ 2 Xi + J Xl + T x y- 

The equality can hold only for equality of the ratios 



297 . This inequality is merely a restatement, in another notation, 
of the Cauchy-Buniakowski inequality. In fact, if we substitute in 
the latter a\ — Xk and b\ = y* f and take the square root of both sides, 
we obtain the inequality of the problem. 

298 . By two applications of the Cauchy-Buniakowski inequality, 
first to the pairs aj) u a 2 b 2 , ,a n b n and Cid it c 2 d 2} ,c n d nt and then 
to the squares of the numbers a u a 2 , ■ • •, a n> b t , b 2f ■ • •, b n ; c u c 2f • • *, 
Cn\ d u d 2t • • ■, dn> we obtain 

(flAci^i + a 2 b 2 c 2 d 2 + • • • + Unb-nCndri)* 

< (a\b\ + a\b\ + • ■ • +albl)Kc\d\ Hb c^ 2 2 + • ■ • +cldl ) 2 

^ (fli ~b fl 2 + * * • "b fln) (bi + b 2 + * * * + bn) 

x (c? + c\ + * • • + Cn) ( d\ + d\ + • • ■ + d 4 n ) . 

Equality holds only if 

au b\\ C\. d\ — a 2 : b 2 \ c 2 \ d 2 = * ■ ■ = a n * b n \ c n • d n . 

299 . We shall rearrange the in nondecreasing order, assuming 
(renumbering if necessary) that 

fli ^ a 2 ^ fl 3 ^ ^ fl n . 


Now we may consider the bi to be in nonincreasing order; that is, 
we assume that 

b, ^ b 2 ^ b 2 £ * ■ * ^ b n . 

[Once we have rearranged the fli and written the given fraction 
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(a\ + c? + ■ ■ ■ +c») (b\ + b\ + * * ■ + bl) 

(d\b\ + a 2 b 2 + ■ * ■ -fcA) 2 f 

if bi < bj f for i < j, for any z, an interchange of these two b within 
the fraction can only increase its value, inasmuch as the value of the 
numerator will remain unaltered, but the denominator will become 
less (we will have supplied a greater Ui with a lesser hi factor; con¬ 
sider the difference 

Aft + ajbi) - (aibi + c;ft) = (a { - c,-)(ft - ft) < 0)] . 

Now, in the event that all c» are equal and all bi are equal, the 
fraction has a value of 1. Hence we may assume that either not 
all the c,- are equal or else not all the bi are the same (or both). 
Let us write the system: 

a\ - a { a\ + ftc i , 

% = <*& + &% (i* = 2,3, 

This system may be solved for a { and ft: 

2/2 2/2 
_ c n ft — ajb n 

ai ~ alb{ - d\bl ' 

a a]b\ - a\b\ 

Pi — 2 12 * 

<z*ft — cA 

The denominators of these fractions are positive, 

alb] - a\bl > 0 , 


2 Li 

&n . b n 

'l ^ » 2 > 

ft 


and for the numerators we have 


and also 


alb] - aibi ^ 0 , 


2 ,2 

C TO ^ bn 

‘2 = .2 J 

ft 


- a\b] ^ 0 . 


2 ,2 
ft 

Cl ft 




Solutions (299) 

Accordingly, a* ^ 0, and ft ^ 0 . Now, = 0 only if 
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and, analogously, 


ai Cft, 

bi = ft. , 

ft = l, 
ft = 0 


if c* = Ci, ft = ft, = 1. 

We introduce the terminology 


02 + ft + * ’ 4 + ft-1 + 1 — B . 


Then the numerator of the fraction of the problem can be rewritten 
in the form 

(Aal + Bal){Ab\ + Bbl) . 

As for the denominator of the given fraction, we shall use the 
Cauchy-Buniakowski inequality Aft + cA) 2 ^ (cf + a\) (b\ + b\) (see 
the discussion immediately following problem 288) to obtain 


= V{Vat a,) 2 + (i/ft an) 2 ■ VVa,- 6,) 2 + (i/fr 6„) 2 

^ ouaA + ftcA . 


If the inequalities of (i) are added, for i— 1, 2, 3, ■ • •, n — 1, n (here 
we assume ai = 1, ft = 0 and a n = 0, ft — 1), we obtain 

Cift + a 2 b z + • ■ • + a n b n ^ AcA + Ba n b n . 

Thus, the given fraction does not exceed 

(Ad] + Bal)(Ab\ + Bbl) 

(AaA + Bajbn) 2 

However, 

(Aa] + Bal)(Ab] + Bbl) _ 1 

(AcA + Ba n b n y (AcA + £cA ) 2 ’ 


In view of the theorem of arithmetic and geometric means, we have 
Ac A + BaJ>n ^ 2\f Aajbi'Bajb % . (2) 

Finally, we obtain 
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Inequalities 


{a\ + a\ -I-h al) {b\ + b\ -I-|- bn) 

+ a 2 b 2 + • • ■ -\-a n bn) 2 

< 1 -1_ 4 R (&nbi — aibn) 2 1 A r> (^»^1 ~ Ql^ n) 2 

- ^ (ilflifti + Ba n b n y = 1 + ^(WABaAaJn)* 

— ^ I ^ ^nbiiavb n i/ aib n ja n b\ ^ 

which is what we wished to show. 

Inequality (1) cannot become an equality for positive numbers, 
S * nCe ~a^~b' ^ ence Possibility exists only if all are zero or 
1 (in the latter case, ft = 0 ), that is, if 

ai = a 2 = • • • —a k < a k+l = a k+2 = • • - = a n , 
bi = b 2 = • • * = bk > b k+l = b k+l = • ■ ■ —b n . 

Then for ( 2) to become an equality it is necessary that 

Aa x b v = Ba n b n , 

that is, 

ka L bi = (« — k)a n b n , 
or, 


, b n n — k 
a n ‘ bi~ k 

This determines a condition for the equality 

(a\ + al+''-+al)(b\ + b\+-*-+bl) 

(aj>i + a 2 b 2 + • • • + a n b n ) 2 

= l + ^ V 7 — y / m l m 2 /M l M 2 y 

300. We can write 


n(aj)i + a 2 b 2 T * * • + a n b n ) 

— (a { + a 2 H-1- a n )(bi + b 2 H-b£ n ) 

= “2" [(^i «*) (61 ^2) + (#i — ^3)^1 — b 2 ) 

H-1- (a n ~ l — — £»)] ^ 0 , 

from which the required inequality immediately follows. 

301. The condition = 1 implies that p + q = pq, and so 


Solutions ( 300-302 ) 
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a - P+4 Pi + 

<? <?i * 

_ P + Q Pi+<h 

q ~ p ~ pi ’ 

where pi and qi may be any positive integers proportional to p and 

<7 (if p = and q = where a, ft 7 * and 5 are integers, then we 
\ p o 

may use, for example, />! = ad and = rft. 

Accordingly, the inequality we seek to prove may be rewritten in 
the form 

^ qx {p i + ?i , /?i -(- £y(Pi+?i>/Pi 

TVq • 

We now set 


Then, using the theorem of arithmetic and geometric means (pro¬ 
blem 268), we obtain 

xy = x* t/iPi+qi) y* i/iPi+qi) = (xar • * -yi) 1/(P|+ffl) 

qi times pi times 

^17*1* + A^iV l+Pl T /(J,1+ffl) 


: ^ii£L±Aiy i+Pl J' 


= P ^ /?i _f_-^-y <Pi+?i>/Pi = -l-j^p _|_ -1- yq 

q P + Q P Q 

We have equality only if x p = y q . 

302. We shall use the designations 

+ a 2 + * * * +tf« = a , 

+ b 2 + ■ • • + b n = b 

and divide the given inequality by a*b&. This yields the following 
inequality, which is equivalent to that of the problem: 

(f +■■■+&{$*'■ 


From the theorem of arithmetic and geometric means (problem 
268) it is possible to derive the result that, for every k = 1 , 2 ,**•,«, 
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Inequalities 


fak YYAY 1 < _ 

\ a J \ b J = \ a 


a ~a + | 


ak \ o bk 
a — + /? — 

a o 


(compare with the solution of problem 301). 

If these inequalities are added for & = 1, 2,•••,«, we have 

(£iY(AY + Y . ... , / r *»\ , Y_£»Y 

\ « / \ ft / \ a / \ ft / \ a / \ ft / 

afli flft. aa 2 j9ft 2 aa n @b n 

^-+ —7 r-H- 7“ H-r -+ — T" 

a ft ft a b 

— (fli + #2 + * * • + 0 ») + "T"(^i H~ b% + ■ * • + b n ) 
a ft 

= «« + j» +0 = 1 . 

a ft 


which is what we set out to prove. 

Equality holds only if at b v = a 2 \ ft 2 = • ■ • = ft*. 

Remark : This result can be derived from the inequality of Cauchy-Bunia- 
kowski, but the proof is more complicated. 


303. Two proofs will be given for this inequality, which has frequent 
application in analysis. 

First Proof . If we substitute into the inequality of problem 302 


1 



and, further, 

fli = xf, «2 = xl , • * •, a n = xi ; 
fti = yl b * = yl, * * ■ ft* = .y! , 

we obtain Holder's inequality. 

We arrive at equality only if x t : y x = jc 2 : _y 2 = ■ ■ ■ = x n : y n . 

Second Proof . We write 

(*? + *? + = 

(y!+y?+*-* + y2)^ = T, 

and divide both members of the inequality by XY. If we use the 
terminology, 


Solutions ( 303-304 ) 
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j* = t k (* = 1 , 2 , 

then the inequality we are considering becomes equivalent to 

z l t l + zj 2 + • • ■ + ^ 1 • (!) 

where the following conditions are to hold: 

z\ + zl+--- + zl = 1 , 

ti+ ti +•■• + *; = i. ( 2 ) 

By using the inequality of problem 301, we can write the n inequa- 
lities: 

Z\t\ ^ ~2i + ~t l , 

22^2 — ~p Z * 7 

.» 

Zntn = ~7 " 2n + 

P Q 

The sum of all these inequalities yields 
2i/i ”1“ ZtU ' ’ * “h Zntn 

< JL( 2 f + z\ + . ■. + zl) + — (tf + «+■•■+«). 

” /> Q 

Now, using condition (2), and the fact that ~ = ^ 7 we °^ ta ^ n 
inequality ( 1 ), which is equivalent to that of the problem. 

The equality holds only if 

*i- y\ — *2* y 2 = • * * —Xn- . 

304. The proof is analogous to that of problem 302. We write 
"H a z + ■ * * H- 0« — 0 i 

ftl + ft2 H-1- ftn = ft » 

.f 

/l + ^2 + * ■ * + in = / 

If the inequality of the problem is divided by a^b?- • */\ an equivalent 
inequality is found: 
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Inequalities 


©•(#)'-(ly—(?)■(!■)'•••(tr-' 

From the theorem of arithmetic and geometric means we obtain 
(compare with the solutions of problems 301 and 302) 


(fm ■■•(*)“« 


Qk _L Q bk I , > lk T^' 

a -h 0~r H- \-X — 

a _ b _ l 

a + |9+---+A 


&k . r\ bk i | i Ik 

' a — + £-r-H-• 

a b l 


The sum of these inequalitites for k = 1, 2, • • *, n yields 

= —(til + a% H-b <2n) + "T"(^i + b 2 + * • • + b n ) 

a b 


+ ■■■ +-f(/, + h + ■■■+/.)= — + ^ 

/ a b 


+ -" + f = i* 


which is what we wished to show. 
Equality results only if 

ai'.bi'. • • • : A = #2* ^ 2 * - ■ * * ' ^2 


■ = • * * : /*. 


Remark : If we write 


V ' ^ ~ q ' " >X ~ t * 


ai — — 'M* (i — 1 1 2, • ■ ■, ft ), 

we derive a new form of Holder’s inequality: If -^- + —- H-= 1. then 

p q u 

for arbitrary sets of positive numbers xi, ■ ■ •, x n ‘> yi, ■ ■ •, y n ; • * ■; u\, ■ • ■, Un\ we 
have 

Xiy x •••«! + x z y % ■ • • u z + x«y* ■ ■ • w w 

^ (xl + a;? H- +xl) llP (y\ A- y\ A - A-yl) llq 

X • * * X (tti + M 2 + • * ■ H-Wn) 1 ^ . 

305. Use, in the inequality of problem 304, the n (two-number) 
sequences 


Solutions (305-307) 
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1 , Qly 1 , Q> Z y * * * , 1 , 

and in that problem let a = 1 3 = * ■ • = —. We then have 

n 

(1 + fli) l/n (l + a 2 y '*• • -(1 + fln) 1/n ^ 1 + al /n fl 2 /n - ■ - a l J n y 

which proves the inequality of this problem. 

We have equality only for a Y = a z — ■ * -a n . 

306. The inequality here is a special case of problem 304, with 

j9 = a = ■ • • = ^ = — . 

n 

Equality holds only if 

d\\ bi‘. ■ * * \ li — • * • = <z«: b n \ • • • : /« . 

307. In the inequality of problem 304 set 

«=e=r=j. 

= Ci ~ 1 , 


a,- 7' 


-7- 


Cz - z . 


Then we have 


(a, + a l y/\b, + + c 2 ) ,/3 > a[ l3 b[ l3 c\ 13 + al'ty'd 1 *, 


/( 1 + i )( 1 + i )( 1 + ' 7)- 1 + vhz - 

By the theorem of arithmetic and geometric means (see problem 
263), we have 

****** = \. 


from which we obtain 
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Therefore, 

V(> + t)(i + 7)(i + t) £1 + 3 = 4 - 

If both sides of this inequality are cubed, the required inequality 
ensues. 

308. Designate by S the right member of the inequality. We then 
have 

S 2 — (fii + bi + ■ ■ ■ + /i) 2 + (a 2 4- b z + * • ■ + / 2 ) 2 

H I ~(a n + b n + ' * * + l n ) 2 = [afai + b v H— • + l { ) 

+ ^ 2(^2 + b z H-1 -I2) ~\ -1- a n {a n + b n H-(- /*)] 

+ [6i(fii + bi + • • ■ + li) + 6 2 (fi 2 + bz + • • • + h) 

H t- b n (a n + b n H-(- /»)] H-f- [/^ + ^ -f- ■ ■ • 4 - / ; ) 

+ lz(a 2 + bi H— • + k) H— * + ln(a* + b n H-(- /„)] . 

Application of Holder's inequality (problem 303) for p = q = 2 to 
each of the expressions in brackets produces the inequality 

fl 2 + fi 2 + * * * + -f l /bl + b\ + ■ • * + b\ S 

+ ■■■ + 1/7?+~7| + -** + / 2 S, - -- 

The required result follows immediately. 

We have equality only if a,: b ,: • ■ • : l v = a 2 : & 2 : • - - : / 2 = ... = fln - 

309. (a) We have «» + 1 -»*=fl 0 [(« + 1)* - n k \ + a, [(n + l) k ~ l - «*-»] + 

* * * + fifc-i l(« + 1) — n]. However, for arbitrary a and b the following 
identity holds: 

a k — b k — {a — b)(a k ~ l + a k ~ 2 b + • * ■ +ab k ~ 2 + 6*" 1 ) . 

If this identity is applied to the difference (n + 1 )* - n k , we have 

(n + l) k - n k = (n + l) fc ‘ l + (n + 1 ) k ~ 2 n 
H-f ~(n -f- 1 )n k ~ 2 + n k ~ l = k-n k ~ l H-, 

where the dots designate only terms of less than (k — 1 ) st degree in 
n. These terms can not increase the order of the sequence; it fol¬ 
lows that the order of the sequence u ( n l) = u n +i — u n is equal to k—l: 

Un ) = ciak'n k ~ l + * ■ • . 
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(b) Upon transition from the sequence uh s) to the sequence 
the order of the sequence is decreased by 1. Therefore uh k) is a 
sequence of zero order; that is, all the elements of the sequence u { n k) 
are the same number. This means that = 0 for all n, which is 
what we wished to show. 

Remark : It also follows from the solution of this problem that a sequence 
of order k has sequences of first-order, second-order, and so on, differences, 
up to the kth order, which do not include a sequence all of whose terms vanish 
[that is, + is the first difference sequence comprising all zeros]. In fact, 
a sequence of differences of s-order of the sequence, where 3 < k, is a sequence 
of order k — s whose terms cannot all reduce to 0 (a polynomial of degree k — s 
can have value 0 for not more than k — s values of its variable). See problem 
310 for the sequence of differences of order k. 

310. First Solution. In the solution of problem 309 (a) we saw 

that if u n = a 0 n k + a v n k ~ l H-h a k is a sequence of order k , then u »* 

is a sequence of order k — 1 of form uh l) = a Q kn k ~ l H-. It follows 

that the sequence wl 2) has the form 

u {2) = a Q k(k - l)n k ~ 2 + •••, 
the sequence wl 3) has the form 

u ( f =a 0 k(k- l)(*-2 )«*- 3 + — ; 
and so on. Finally, the sequence ul k ~ l) has the form 
a 0 k(k — 1) • * • 2 ■«+•••, 

where the final dots indicate only a constant. The assertion of the 
problem follows at once. 

Second Solution. By problem 309 (a), the sequence of differences of 
kth order of the sequence of degree k is of zero order, that is, all 
terms are the same, independent of n . Hence it suffices to determine 

uT. 

For u n we have the formula 

U n = Uq + C l n Uo l) + * • * + CnU^ 

(see problem 313). Equating this with the given polynomial, we have 

fio n k + fii??*" 1 + • * * + Ok — Uo + Chu { Q l) + * * * -\~CnUo k) . 

The two members of this equation represent the same polynomial 
in n; but it is necessary to expand the C’s on the right to enable 
comparison of the coefficients of like-degree terms. The term a 0 n k t 
however, can be obtained from the term C k u [ a k) alone: 
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r u m _ n(n - 1 )(« - 2 )---(n-k + 1 ) tk) 

vji^o Uq . 

The coefficient of n k is equal to Uo k) /k\. Equating the coefficients for 
nk on both sides, we obtain 


from which we obtain 


Uo k) = a 0 -kl 


311. (a) We shall write the sum-sequence in the triangular form 
explained in the introduction preceding problem 309; each u will be 
the sum of the two elements flanking it in the previous line: 


J 7 (l> „-;U> jrll) -U) 

Uq U\ Ui Ms 

r A2) — ( 2 ) -( 2 ) 

Uq U\ My l 


u {k) u[ k) uL ui k) - 


Note that uh k) depends only upon w„, u n + i, ■ * *, u n+k and not upon any 
other numbers of the initial sequence comprising the first row. We 
shall now show by mathematical induction that 

Un ] — C\u n + CkUn+l + CfcWn + 2 + * * ’ + CkU n +k . 

The formula is valid for k = 1, since here it assumes the form 

Un C\Un “h C\Un+l — Un “1“ Wn + 1 > 

which, by definition, is obvious. Now, assume the formula is valid 
for k — 1; we shall show that validity for k is implied: 

r Ak) __ —(* — 11 , — (fc —1) 

U n — U n i Wn + 1 

(Ck — \U n “1“ Ck — lWn+i "t - Cjc — iWn+2 “1“ * * * “h Ck — lWn+Jfe-1) 

“h (Ck — lWn+l “1“ Ck — lWn + 2 ""h Ck — lWn+3 “1“ * * * “1“ Ck — lMn+k) 

= Cfc-iWn + (Ck -1 + Ci-i)W„+i + (Ck-l + C*-i)W n +2 
+ * * * + (Ck-l + Ck-\)U n + k-l + Cfc-iWn + t . 

From the definition of the symbol C”, it follows that 

C O yr'iO 

k-\ — Cjfe , 

cU + Cl-, = cl , 

CL, + cl-1 = cl, 
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and so on. Therefore, 

U ik) — CkUn + Ciw,+ I + * ■ • + Ck l U n +k-i + CkUn + k , 

which is what we set out to prove. 

(b) The proof here is entirely analogous to that of problem 
(a) and is left for the reader. 

312. The proof will be given by mathematical induction. (Refer 
to the terminology of the Pascal Triangle in the introduction to this 
series of problems.). The proposition holds for k = 1 ; that is, C\ = 

in the first row of the triangular array. 

Assume validity for the (n — 1) st row; we must show that this 
holds for the wth row. From the definition of the Pascal triangle, 
we have 

a = cl= 1 + CL, . 

Therefore, for k > 1 , we have 

* _ (n - 1 )(n - 2 )■■•(* - k + 1 ) (n - 1 )(n - 2 )■■■(« - k) 
Cn " (k-\)\ k\ 

We can write this in the form 

k (n - 1 )(n - 2 )- --(n-k + 1) ( n - k \ 

Cn ~ (A-l)! V + k ) 

— n ( n ~~ 1 )(” ~~ 2 )- • '(n — k + 1 ) 
k\ 

which is the desired result. 

If k — 1, then we have 

Cl = Cn- t + Ci-i = 1 + (n - 1 ) = n . 

Remark : It follows from this formula that the numbers standing in the 
(k + 1) st row of Pascal's triangle, are of degree k in n. In fact, if we take 
k fixed and let n vary, then 

k _ n(n — 1) • • - (n - k + 1) 

Gn “ k\ 

is a polynomial in n of degree k . 


313. It suffices here to note that the number triangle 






and compute the first five difference sequences: 
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0 Ml «2 Ms Mi Ms 

1 16 81 256 625 • 

15 65 175 369 ■ 

50 110 194 •• • 

60 84 • • • 


We note that m!, 11 = (n + 1)‘ is a fourth-degree polynomial; therefore, 
Mio fc) = 0, if only k > 5 [see problem 309 (b)]: 

= l; Mi 41 = 60 ; 
mS” = 15; ui" = 24 ; 

Mi 31 = 50 . 

Therefore, in view of problem 313, we have 

n , , ir n(n - 1) , r- Q n(n 2) 

Mn = 0 + tl + 15-J 0 

. „„n(n-l)(n-2)(«-3) , 1 ,«^-n(M-2)(M-3)(»-4) 

+ 60-gi + 120 

This is the formula we seek. Simplification yields 




n(n + l)(2n + l)(3w 2 + 3n - 1). 
30 


Remark'. Analogous reasoning enables computation of the sum 

1* + 2* + 3* -I-1 - n k , 

where k is any positive integer. 


316. (a) The first row of differences of the sequence 
U n = 1* + 2* + 3* H- + n k , 

such that all members of the (ft + l)st row vanish, is the sequence 
of kth degree polynomials (n + 1)*. This means that m„ • 

tne initial sequence provides k + 1 sequences of differences e ore 
the zero row is reached, then it must have been of (k + l)st order, 
that is, of (k + l)st degree in «(see problem 314). 

(b) Set 

_ p _l_ 2* + 3* -I-+ n* = Aon k+l + Arf H -• 

Then m » +,) = A*{k + 1)!. (See problem 310.) But m ^ 1 ’ 


is the £th 





418 


Difference Sequences 


row of differences of the sequence of kth degree: «i l) = (w + l)* = 
n k H ; It follows from problem 310 that Un +l) = kl. Hence, we 

have kl = Ao(k + 1 )!; A 0 = _ - ■■■ is the coefficient of n k+l in the 

« + 1 

summation of 

u k = l k + 2 * + 3* + • • • + n k . 

Determining the coefficient of n k is more involved. We refer to 
the formula derived in problem 313: 

u n = a Q n k + a x n k ~ l H-b a k 

= u 0 + cWo" +--- + C k n -w 0 k ~ l) +cWo k> . 

Equating the coefficients of n k ~ l from both sides, we obtain 
a t = - -1+ g_±"l+ ^ ^ „(*> , _ l _ 

k\ M# + (6 — 1 )! U ° 

_ _ (6 — 1)6 , w _J_ ,*_D 
26! M ° + (/5>-1)! Mo 


2 ( 6 - 2 )!“° p 6 -l)! 0 

(compare with the second solution of problem 310). Now, applying 
this formula to (n -b 1)* = n k + Cln k H-b 1, we obtain 


r l — — ^ 1 „<*-n • 

- 2(6 - 2 )! (6 - 1 )! 0 


m '*- 11 = (6 - 1 )! + 


6 ( 6 - 1 )' 


(6 - D! 


6(6 + 1 ) (6 + 1 )! 


Going over to the series 

«„ = 1* + 2* + 3* H- +n k = A*u k+i + A x u k + • ■ *^n+i , 

of which the sequence of (n + D* is the first difference sequence, we 
obtain 

A — _ 1 ..ffc + l) . ^ .Ak) 

2(k - 1)! u ° + k\ ° 

1 At , J_ (* + D! = _JL. k + 1 J_ 

2(6 - 1 )! 6 ! 2 2 2 2 

[Here, Mo * +11 and mJ*’ designate the quantities described above by uo k) 
and u\ k - l \ respectively.] 

Therefore, the coefficient A t of n k is . 

Remark : In the solution of problems 134 (a, b), we now have, in agreement 
with the above problem, 
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n(n 4- l)(2n + 1) _ _L a , _L„ 2 _i_ J-*, 
12 + 2 2 H-+ n 2 =-g _ 3 + 2 + 6 


13 _|_ 23 + • • * + 




1* 4- 2* H-4- n 4 = 


n(ti 4- l)(2n + l)(3n 2 + 3 n 1) 

4 = 30 " 


= —n i + -7rn i + ^-n 3 


For k = 1, we obtain 


1 -b 2 H-+n 




In the same manner we obtain, for example, 


poo _|_ 2100 _|-hrt 10 


1 iooo 4 - 2100 ° H-b n 1000 = ”b -■ 

317. If a 0 = 1, the problem has a simple solution. It was shown 
in problem 310 that in this case the integers of the 6 th row of dif¬ 
ferences were equal to 6 !. If all the numbers of a given row are 
divisible by d, then the numbers of all successive rows are divisible 
by d. Therefore, 6 ! is divisible by d. 

Consider now the more general case, a 0 1= 1. We have, from pro¬ 
blem 313, 


M„ = Wo + tttto H-h 


n(n + !)•■•(« -6 + 1 ) 


Since the integers «» are all divisible by d, all the numbers Uo ', u<j , ■ ■ ■, 
«<*> are also divisible by d. If d is factored out and placed as a 
multiplier, we have 


u n = d\ Vo + nvl i" H-h 


rdn- !)•••(« — 6 + 1 ) 


where v 0 ,vi>'\ designate the quotients obtained upon dividing 

Mo, Ho 1 ’, • ’■,«?’ respectively, by d. These v's are integer. _ 

We have above, in the brackets, only Pascal numbers:- - , • • •, 


n(n — !)■••(« — 6 + 1 ) 


When we give these a common denominator 


and add, we arrive at the following form: 



420 


Difference Sequences 


u n = d(^ 


b Q n k 4- b x n k ~ x 4 • • • 4 b k 


The numbers b 0 ,b u are integers, and we have 


We divide d and k\ by their greatest common divisor and write 
d d 

“77 = — f where di and m have no common factor: 
k\ m 


It follows that the integers a 0f a u ♦ • *, 0 * are all divisible by di. Now, 
assume that the integers a Qy a u do not have a nontrivial com¬ 
mon divisor. This means that d v = 1, = — . or = m: that is, 

k\ m d 

k\ is divisible by d. This completes the proof. 

318. We construct the sum triangle for the sequence Cl, Cu, Ct, 

cl ci cl ■. - ci 

C l 2 /^3 /^n 

n + 1 C'n+I 1 * ■ • tfl + 1 

C 2 

»+2 + 2 * * ' Cn + 2 


C nl /^n 

2« — 1 C'Zn-l 

Czn 

We have at the apex C?», inasmuch as we are dealing with Pascal 
triangles as elements. 

On the other hand, using the general addition formula for these 
elements [see problem 311 (a)], we arrive at the following expression 
for the apex element: 

(Ci) 2 4 (Ci) 2 4 (I Clf 4 - • ■ 4 (Clf . 

Thus, we have 


{Clf 4 ( Clf 4 {Clf 4 ■ • * 4 {Clf = C 2 l . 
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0 , a 1 jP ... for which we con- 
319. Consider the sequence 1, ^ ^ » ’ 

struct the sum triangle 


a £ + £... 

+ b b + b 2 b z b z 

1 + 2 y + F b +2 b* + b* 


,a . „ a 2 . a 


Let «. designate the nth terms of the given sequence: «» = y- We 
then have 

OS' =(l + f)«■ • 

By induction, we can conclude that 

• fVlot . «(« — /i + —V . However, 

This means that u o — \ L ^ b ) 

= &u 0 + Clui + Clm + • • • + eiuk 

= 1 + *1T + 2 T 2+ + *! * 


Hence, we have 


( i+ f)* =i+ *» + 


b + 2 b* *'• 


,( both members of the above equality are multiplied by f, we ob- 
tain 

(0 + W 4 w. -tv O 1 


which proves the formula. 
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320. Consider the following triangle: 

JL, _L _L _l 

2 Cl 3 Cl 4Cl 

_L_ _ J_ l 

2C? 3 Cl 4 Cl ' ‘' 

_1_ _1_ 

3 C\ 4Ci ’ " 

1 

4cr " 

(T «f minus Slgn appears in the second, fourth, sixth, ■ • • rows ) 

Je shall prove that this is the difference triangle for the sequence 

1( 2 ‘' ■’ 7T’ " '■ 14 suffices to sh ow that for any k g n - 1 the fol¬ 
lowing equation holds: 

—1 1 I 

nCU (« + 1)C£ +1 ~ (» + 1)CJ • 

We have 

1 _ 1 

(« + 1)C^ 1 


: . . ...—- - - (£ "I" 1)| _ 

n(n - 1 )(« — 2 )---(m - k) (n + !)«(« - !)••■(« — kj 


n(n- 1)(«- 2)-••(«-*)V 1 m + iJ 

--*!_ « ~ /fe _ 1 

«(« — 1)(« — 2)- • •(« — k) n + \ ~ (n + 1)C£ ‘ 


Now, having^shown that the triangle is the difference triangle of the 
sequence 1, we may carry out on it all the operations 

indicated by the conditions of the problem. The result is a Pascal 
triangle. 


ANSWERS AND HINTS 


1. First show that the total of all handshakes made up to any 
time is an even number. 

2. Calculate the number of moves which the knight must make in 
order to arrive at every square exactly once (this number is odd.) 

3. (a) Use mathematical induction. 

Answer : k — 2 n — 1. 

(b) Designate by k(n) the number of moves needed to remove 
n rings from the loop, and express kin) in terms of k{n — 2). 

-i-(2 n+1 — 2), if n is even ; 

Answer : k(n) = ■ 

s ~-(2 n+l — 1), if n is odd . 

4. (a) For a first weighing, put 27 coins on each pan. 

(b) The number k t which we seek, can be determined from the 
inequality 3* _1 < n ^ 3*. 

5. First, place one block on each pan of the balance. Then put 
both of these blocks on one pan, and put pairs of remaining blocks, 
successively, on the other pan. 
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6. (a) For a first weighing, put four coins on each pan. 

(b) k = l. Prove that if the number n of coins does not exceed 
3 n — 3 

—-—, then it is always possible to detect the counterfeit by n 

weighings and simultaneously to determine whether it is light or 

3 n — 3 

heavy (of course, n > 2 is understood.) If n >—^—» ^ en n we ^ht 

trials may not suffice. Then proceed by mathematical induction, in 
several stages. Specifically, prove the following propositions: 

(A) Divide N coins into two sets, X ana Y: it is understood that 
the counterfeit coin is in one of these sets. If this coin is in set X, 
it is light; and if it is in set Y, it is heavy. Then if N ^ 3 n , the 
counterfeit can be detected by N weight trials; and if TV > 3", there 
is no procedure which can guarantee success in N trials. 

(B) Given N coins, among which there is one counterfeit which 
differs in weight from the others (although it is not known whether 
it is lighter or heavier than a genuine coin), then we know we have 

3 n — l 

at least one genuine coin. Now, if N ^ —-—, then by N weight 

trials we can detect the counterfeit and know whether it is light or 
3 n — 1 

heavy. But if N > —^—, then this number of weighings may not 
suffice. 

(C) See the suggestion given at the beginning of this hint. 

7. (a) One link, (b) Seven links. 

8. The second. 

9. Prove first that all the weights are even or odd. 

10. The evenness or oddness of the first four number of each 
row of the number triangle depends only upon the evenness or the 
oddness of the first four numbers of the preceding row. 

11. Change the order of the squares themselves in such a way 
that the problem becomes one of moving chips from one square to 
an adjoining one. 

12. 15,621. 

13. 2 roubles. 

14. (a) The rule for the alternation of the number of days in the 
year is as follows: Each year whose total number of days is divisi¬ 
ble by 4 is a leap year (has an extra day), with the exception of 
those years divisible by 100 but not by 400. It is easy to see that 
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400 years contain an integral number of weeks. Consequently, it 
remains to prove whether the new year begins most often with a 
Saturday or a Sunday for any 400-year period. 

Answer: With Sunday. 

(b) On Saturday. 

15. All numbers ending in 0, and also the two-digit numbers 11, 
22, 33, 44, 55, 66, 77, 88, 99, 12, 24, 36,48, 13, 26, 39,14, 28,15,16, 17, 18, 
19. 

16. (a) 6250 0, n = 0,1,2, 

n times 

(b) Try to solve the following: Find an integer beginning 
with a given digit and which is reduced to 55 its original value if 
the initial digit is deleted. 

17. (a) Prove the number can be reduced to l its value only 
on deleting the digit zero, which must stand in the second position. 

(b) 10,125, 2025 , 30,375, 405, 50,625, 6075, 70,875 (to each of 
these numbers may be attached, at the end, an arbitrary number of 
zeros). 

18. (a) Numbers in which all but the first two digits are zeros, 
(b) Investigate separately the cases in which the first digit of 

the number sought is: 1,2, 3, • ■ •, 9. There is a total of 104 numbers 
satisfying the conditions of the problem. To each may be attached 
(at the end) an arbitrary number of zeros. 

19. (a) The smallest possible number is 142,857. 

(b) The digits 1 or 2. The smallest number beginning with 
2 is 285,714. 

20. Recall that numbers which are divisible by 5 must end in 0 
or 5, numbers divisible by 6 or 8 in an even number. 

21. Try to solve the following problem: Find a number with a 
given initial digit which is doubled upon transferring the initial 
digit to the end. 

22. This solution is analogous to that of problem 21. 

23. The smallest number satisfying the conditions of the problem 
is 7, 241, 379, 310, 344, 827, 586, 206, 896, 551. 

24. (a) A number whose inversion exceeds it by a factor of 5, 6, 
7, or 8 must necessarily have 1 as its first digit; a number whose 
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inversion exceeds it by a factor of 2 or 3 can begin only with digits 
1,2, 3, 4, or, respectively, 1,2, or 3. 

(b) Some numbers which are i of their inversions are: 0, 2178; 
21,978; 2,199,978, (*). All other such numbers are of form 

P X P 2 

where P u P 2 , P n represent numbers given by the (*)-display. 

25. (a) 142,857. 

(b) Set up the equations to be satisfied by an eight-digit num¬ 
ber which is multiplied by 6 if we transfer the final four digits to 
the front (maintaining the same order for these). 

26. 142,857. 

27. Factor the given polynomials. See what remainders are pos¬ 
sible upon dividing n by 3 (and, respectively, by 4, 5, 7, and so on). 

28. (a) Use the fact that the difference a 2n — b 2n is divisible by 
a + b. 

(b) See the hint to problem 27. 

(c) 56,786,730 = 2*3*5-7* 11 ■ 13*31 *61. Further, use the proposi¬ 
tions of problem 27 (a-d) and also the results of Fermat's theorem 
(problem 240). 

29. Note that n 2 + 3n + 5 = (n -I- 7)(n — 4) + 33. 

30. Factor the given expression and compare the number of fac¬ 
tors with the number of factors of 33. 

31. Use the fact that every integer not divisible by 5 can be re¬ 
presented in the form 56 ± 1 or else 5k ± 2. 

Answer: 0 or 1. 

32. Use the result of the problem 31. 

33. 625 and 376. 

34. Find the last two digits of n 20 ; and the three final digits of 
n 200 . 

Answer : 7; 3. 

35. 1 + 2 + 3 H-b n = n ( n + 1) Grouping separate terms of 

the sum 1* + 2* + 3* H-b n k , show that this sum is divisible by 

and by (n -b 1), or by n and n + - ■ - . 
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36. The sum of alternate digits of the second, fourth, and so on, 
places minus the sum of the alternate digits of the first, third, fift , 
and so on, places must be a number divisible by 11. 

37. The number is divisible by 7. 

38 It is always possible to find an integer with first two digits 
1,0 and divisible by k. If the difference of this number and its in¬ 
version is again divisible by k, then it can be shown that 9 is divi¬ 
sible by k. 

39. 26,460 = 2 2 -3 3, 5'7 2 . Show that the given expression is divisible 
by 5-7 2 and also by 2 2 -3 3 . 

40. Use the identity 

1110 _ i — (11 — 1)(11 9 + 11 s + ll 7 H-1- 11 + 1) • 

41. Write the given number in the form 

(2222 s ” 5 + 4””) + (5555 2222 - 4 2222 ) - (4”” - 4 2222 ) . 

42. Use mathematical induction. 

43. Use the facts that 10 6 - 1 = 999,999 is divisible by 7, and that 
any power of 10 yields a remainder of 4 when divided by 6. 

Ansiver : 5. 

44. (a) 9; 2. (b) 88; 67. (c) Find the final two digits of 7'"“’ 

and 2 (1<1 \ 

Answer. 36. 

45. (a) 7; 07. (b) 3; 43. 

46. Investigate the numbers 

Z , = 9, Z 2 = 9*‘, Z 3 = 9*2, • • •, Z,o.i = 9* 1000 = N 

and determine the final digit of the number Z, the fi " al tw ° digits 
of Z„ the final three digits of Z 3 , the final four digits of Z 4 , the final 
five digits of Z 5 , and the final five digits of Z 6 , Z 7 , ■ • •, Z.ooi 
Answer : 45,289. 

47. The 1000 digits sought will be pPP -y P> where 

23 times 

P = 020408163265306122448979591836734693877551 

is the periodic part of the fraction 1/49, and p is the number compris¬ 
ing the final 34 digits of the periodic part of P. For the proof, use 

the fact that 
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Answers (48-59) 


50io°o _ i 5Q1000 _ i 

50 - 1 49 


48. 24. 

49. (a) Compare the powers of any prime p in the product a! and 
in the product (/ + 1)(/ + 2)* • •(/ + a). 

(b, c) Use the results of part (a). 

(d) First prove the existence of a number k such that kd , where 
d is the common difference of a progression, yields a remainder of 
1 upon division by n \. 

50. Not divisible. 

51. (a) (n — 1)! is not divisible by n if n is a prime number or if 
n = 4. 

(b) (n — 1)! is not divisible by n 2 if n is a prime or twice a 
prime, or if n = 8 or n = 9. 

52. Prove that all such numbers are less than 7 2 = 49. 

Answer: 24, 12, 8, 6, 4, and 2. 

53. (a) Show that the sum of the squares of five consecutive in¬ 
tegers is divisible by 5 but not by 25. 

(b) Determine the remainder obtained when the sum of the 
even powers of the three consecutive integers is divided by 3. 

(c) Find the remainder obtained when the sum of the same 
even power of nine consecutive integers is divided by 9. 

54. (a) Find the remainders upon division of each of the numbers 
A and B by 9. 

(b) 192, 384, 576; or 273, 546, 819; or 327, 654, 981; or 219, 
438, 657. 

55. The square must end with four zeros. 

56. Use the Pythagorean theorem. Prove, separately, that the 
area of the rectangle is divisible by 3 and 4. 

57. Investigate what remainders are possible if b 2 — 4 ac is divided 
by 8. 

58. Note that after the addition and reduction to lowest terms the 
denominator is divisible by 3 and by 2. 

59. To show that M and iV cannot be integers, it would suffice to 
show that after the indicated addition is made the denominator is 



A nswers (60-65) 

divisible by a higher power of 2 than is the numerator. For the 
fr-action K t use 3 instead of 2. 

60. (a) The denominator of the sum of the fractions is (/> - 1)1- 
T“he numerator is the sum of all possible products of the first 
integers taken (P - 2) at a time. Designate the sum of all possible 
PToducts of n numbers 1,2, •••,», taken k at a time, by n n . t is 
to be shown that //?:?, where p is a natural number, is divisible by 

*> 2 . 

Using the formula (relation between roots and coefficients) 

(x - 1)(* - 2)(* - 3)- ■ •(* - P + 1) 

= x p ~ l — n' T -iX p ~ i H-1- /ip-1. 


and 

[(* - 1)(* - 2)(x - 3)- • •(* -P + UK* - P ) 

= (x - 1)[(* - 2) (x - 3)- • •(. x-p + 1)(* - />)1 . 

prove that the two polynomials, whose coefficients depend upon 
/7p_i, nl-i, ■ • -, are equal. Equating coefficients of like powers 
of the two polynomials produces a set of relationships between the 
values ITp-i, from which the result asked for in the problem emerges, 
(b) When the fractions are added we have the denominator 
_ i)i ]2 and the numerator (/7plf) 2 — 2 (J> — 1)! nl-i. Refer to the hint 

for part (a). 

61. Use the fact that the fraction plq is reducible to lower terms 
if and only if qlp is. 

62. Prove that for any integer b the number of differences 
which are divisible by b is not less than the number of differences 
k — l which are divisible by b. Investigate first the case in which 
n is a multiple of b. 

63. Prove, first, the following equality: 

(1 + 10* + 10 8 H -+ 10“)-101 

= (1 + 10 2 + 10 * + • ■ • + 10 “) ( 10 “ + * + 1 ) . 

64. (a) a — b. (b) a — b. 

65. Show that (2 2 " + 1) — 2 is divisible by all the preceding num¬ 
bers of the given sequence. It then follows that 2 2 + 1 and those 
preceding numbers cannot have a common factor differing from 2. 
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Answers (66-79) 

66. Investigate what remainders are possible upon division of 2 n -l 
and 2 n + 1 by 3. 

67. (a) Investigate what remainders are possible if b 86—1 and 
8/> + 1 are divided by 3. 

(b) Consider the possible remainders if p t Sp 2 + 1, and 86 2 — 1 
are divided by 3. 

68. Show that p 2 — 1 is divisible by 12. 

69. Consider the possible remainders upon division by 6. 

70. (a) Prove that the common difference of the progression must 
be divisible by 2-3-5-7 = 210. 

Answer. 199, 409, 619, • • •, 2089. 

(b) Prove that if the first number of the progression is not 11, 
then the common difference must be divisible by 2-3-5-7-11 =2310’ 
"the first number is 11, then the common difference is divisible by 

For problems like problem 70 (a, b) it is convenient to refer to a 
table of prime numbers. 

71. (a) This will be an odd number not divisible by 3. 

(b) It suffices to find a number not having a common factor 
of 2, 3, 5, 7,11, or 13 with respect to the other fifteen numbers of the 
sequence. 

72. The product is equal to 22 ■ • ■ 2177 • ■ • 78. 

665 times 665 times 

73. The quotient is 777 000 777 000 • ■ • 777 000 77 (there are 166 re¬ 
petitions of 777 000); the remainder is 700. 

74. 222,222,674,025 = 471,405 s . 

75. Prove that if < 1 - (^)’°°, then a < 1 - (^Y°°. 

76. 523,152 and 523,656. 

77. 1946. 

78. (a) Consider the sum of the arithmetic progression whose com¬ 
mon difference is 1 and whose first term is 10* 1 and whose last 
term is 10™ — 1. 

(b) 1,769,580. 

79. Consider, first, all the integers from 0 to 99,999,999, putting 
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enough zeros before all those integers having fewer than eight digits 
to make them eight-digit “numbers”. 

80. 7. 

81. No. 

82. Use the fact that nine weights of magnitude n 2 t (n + l) 2 , *•■, 
(n + 8) 2 can be divided into three groups, the first two of which 
total the same weight and the third set is lighter by 18 units. 

83. 240. 

84. (a) 147, 258, 369. (b) 941, 852, 763. 

85-86. Use the formula for the sum of an arithmetic progression. 

87. Put the expression n(n + l)(w + 2)(w + 3) + 1 into the form of 
a quadratic polynomial. 

88. Show that among the considered numbers there cannot be 
more than four which are pairwise distinct. 

89. Prove, first, that no matter what numbers we begin with, 
after at most four steps we arrive at four even numbers. 

90. (b) Having made some arrangement of the numbers from 1 to 
101, choose the longest increasing sequence starting with the first 
term of this arrangement. If fewer than eleven numbers can be 
found to make up such an increasing sequence, then cross out these 
numbers from the arrangement, and start over, beginning with the 
first remaining number. If again there are fewer than eleven num¬ 
bers, then cross out also these numbers, and start over as before. 
Every sequence which has been deleted consists of fewer than eleven 
numbers, and, unless the problem is solved for this arrangement, we 
will obtain no less than eleven sequences. This circumstance will 
allow the construction of the desired sequence. 

91. Factor out of each of the selected numbers the greatest power 
of 2 contained as a factor. 

92. (a) Consider that number which when divided by 100 yields 
the remainder of least absolute value. 

(b) let a u a 2 , * ’ *, Giqq be the given numbers. Investigate the 
remainders, upon division by 100, of the numbers a l ,a l + a ly a x + a 2 -h 

& 3 , • ■ ■. 

93. Assume that the player, on some day, has played a x matches, 
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Answers (94-100) 


and at the end of the following day he has played, along with the 
previous day's games, a 2 matches, and for three consecutive days 
he has played a total of a 3 matches, and so on. Consider the 154 
numbers a lf a 2 , • ■ •, a 7U a i + 20, a z + 20, * • ■, a 77 + 20. 

94. Investigate the remainders, upon division by N, of the num¬ 
bers 1, 11, 111, 

95. The final digit of the difference of two successive numbers 
of the sequence yields the final digit of the number which precedes 
those two. Show that there exist natural numbers n and k such that 
the final four digits of the (n + &)th and (n + k + l)st terms of the 
Fibonacci sequence are the same, respectively, as the final four digits 
of the &th and (k + l)st terms. Then the last four digits of the 
(n + k — l)st term will be the same as those last four digits of the 
(k — l)st term of the sequence, and so on. In this way it may be 
shown that it is possible to find a term of the Fibonacci sequence 
whose last four digits coincide with the first term, that is, zero. 

96. Investigate the fractional parts of the numbers 0, a, 2a, ••*, 
1000 a. 

97. Prove that an interval (0, A) of the number axis (where A is 
an arbitrary natural number less than m + n) contains exactly A—l 
of these fractions. 

98. Designate by ki(i = 1, 2, 3, • • -) those of the numbers which 
are included between ^-^ and -r^r, and select those numbers (less 

i % + 1 

than 1000) which are multiples of at least one of the numbers a v a 2 , 

’ * t 

99. The length k of the period of—can be determined as the least 

q 

power k for which 10* — 1 is divisible by q. If k = 21, then it fol¬ 
lows that 10*+ 1 is divisible by q; that is, ^ is an integer. From 

Q _ 

this, it is possible to show that in the period a v a 2 - • *, a*, ai+ u a Mt - • • a k 

of the fraction— we have 
Q 

+ Gl+I — + Gl +2 = • • * = ai + a 2 i — 9 . 

100. Use the fact that the number of digits in the period of each 
of the fractions — and ' Q ~ - is equal to the smallest of the natural 

pn pn +1 

numbers k and l such that 10* — 1 is divisible by p n and, respectively, 


Answers (101-115) 

10* — 1 is divisible by /> B+l . 
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101. Every number x can be represented in the form [x] + a, where 
0 ^ a < 1. 

102. Investigate all points in the plane, with integer coordinates, 
located inside the rectangle 0 < x < q,0 < y < p, (where x , y are 
coordinates of points in the plane) and under the diagonal, excepting 
the point (0, 0). 

103. Use mathematical induction. (The problem can also be solved 
geometrically. To do this, investigate all points of the first quadrant 
with integer coordinates under the hyperbola xy = n.) 

104-106. In solving problem 104, we must use the fact that 
[(2 +1/"2>] = (2 + VTy + (2 - VTy - 1. 

Similar comment holds for problems 105 (a, b) and 106. 

107. In the set of p consecutive integers, n, n — 1, n — 2, • • •, 
n — p + 1, one (and only one) is divisible by p . If this integer is 
N, then = Then the difference Cl — J can be written 

n(n - !)■ ■ -(N + l)N(N - 1)- ■•(«-/> + !) N 

PI P ’ 

108. Prove, first, that if the number n of elements in the sequence 
[a], [2a], [3a],-• -does not exceed N, then na—N+l, where 1—a^/<l. 

109. Prove that IS equal to the number of integers, not exceed¬ 
ing N, which are divisible by 2*~ l but not by 2*. 

110. (a) 7744. (b) 29,38,47,56,65,74,83,92. 

111. If a is the number made up of the first two digits of the 
number sought, and if b is the number made up of the last two 
digits, then 99a = (a + b) 2 — (a + b) — (a + b)(a + b — 1). 

Answer : 9801, 3025, 2025. 

112. (a) 4624, 6084, 6400,8464. (b) There are no such numbers. 

113. (a) 145. (b) Only the number 1. 

114. (a) 1,81. (b) 1,8,17,18,26,27. 

115. (a) x cannot be greater than 4. 

Answer : x = 1, y = ± 1; x = 3, y = ± 3. 

(b) x = 1, y = ± 1, z is any even number; x = 3, y = ±3, z= 2; 
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Answers ( 116-120 ) 


x = 1, y = 1, z is any odd number; x is any positive integer, 
y = 1! + 2! + ■•• + x\,z = 1 . 

116. Find out by what powers of 2 it is possible to divide the 
four numbers sought. 

Answer: For odd n, the representation is not possible. For even 
n, there exists just one representation: 

2 ” = + [ 2 l * /2} ~ 1 ] 2 + [ 2 lB/2J _1 ] 2 
+ [2 «*/*>- l ] a . 

117. See the hint to problem 116. In part (b), the solution of 
which is analogous to that of part (a), there is only the answer 
x = y — z~ v = 0. 

118. (a) It is possible to show that if x,y, and 2 satisfy the given 

kxy 

equality, and if z > —then these numbers can be reduced in such 

" p vz kxz 

a way as to continue to satisfy the equality. If x ^ -r-, y ^ -r—, 

kxv " ^ 

2 ^ , and * ^ y ^ 2 , then it must follow that 2 < kx ^ 3. 

Answer : k — 1 and k = 3. 

(b) All such triples of integers can be obtained by using sub¬ 
stitutions of the form x L = x, — y, z v = &xy — 2 in one of the triples 
1, 1, 1 and 3, 3, 3. In all, there are (considering integers less than 
1000) 23 number triples satisfying the conditions of the problem. 

119. Let x and y be a pair of numbers satisfying the conditions 

of the problem. Then X -— ^ = u an( j - v . .. it . Jj - — v * where u and 

v x 

v are integers. Show that the number pairs (x, u) and (y, v) also 
satisfy the condition that the square of one number when increased 
by 125 is divisible by the other. It follows that if one pair of prime 
numbers is found to satisfy the condition, it is possible to construct 
an infinite chain of numbers in which adjacent numbers have this 
property. To find all such chains, prove that every chain contains 
a number not exceeding 1/ 125 < 12 . 

There are 31 number pairs which satisfy the conditions of the 
problem. 

120. Investigate the cases in which all four numbers are different, 
two numbers are the same but the other two are different, two pairs 
of equal numbers appear, and so on. 

Answers : 96, 96, 57, 40; 11, 11, 6, 6; k(3k ± 2), k(3k ± 2), k(3k ±2), 1, 
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[k is an arbitrary integer, but such that k(3k±2) is positive]; 1,1, 

1 , 1 . 

121. 2,2 and 0,0. 



123. (a) Reduce the problem to the following: To find two num¬ 
bers whose product is a multiple of their sum. 

(b) x = m(m + n)t t y = n(m + n)t t z — mnt , where m , n, and y 
are arbitrary whole numbers. 

124. (a) Let y > x; prove that then y is divisible by x. 

Answer : x = 2, y = 4. 

—J ,y = —j * where p is an arbitrary in¬ 

teger differing from 0 and —1. 

125. 7 or 14. 

126. By comparing the number of points won by the ninth graders 
with the number of games played by them, it is possible to conclude 
that all the ninth grade students won every match played by them. 
It follows from this that only one ninth-grade student could have 
participated in the tournament. 

127. Use Heron's formula for the area of a triangle. Let p—a — 
x, p — b = y, and p — c — 2 , where a , b , and c are the sides of the 
triangle and p is its semi-perimeter. Then the problem reduces to 

the solution in integers of xyz = 4(x + y + 2 ),or x = . Assum- 

yz — 4 

ing x ^ y, we can investigate the squared inequality in y (with coef¬ 
ficients in terms of 2 ); this enables us to found bounds for 2 and y. 

Answer: The sides of the triangle can be equal to 6, 25, 29; 7, 15, 
20; 9, 10, 17; 5, 12, 13; or 6, 8, 10 (all five solutions). 

128. (a) The problems lead to the solution of the equation x 2 +y 2 = 

2 2 . If x, y, and 2 are not relatively prime, then the equation can be 
divided through by the greatest common factor; hence we may con¬ 
sider the case for which x, y, and 2 are pairwise relatively prime. 
Then 2 is odd, and one of x or y is even and the other odd. Write 
the equation in the form = z ^ y and use the fact that 

—- and — are relatively prime. 

Answer : x = 2 tab, y = t{a 2 — b 2 ) f z = t{a 2 + b 2 ), where a and b are 


Answers ( 129-135) 


arbitrary relatively prime numbers (a > b), and t is any natural 
number. 

(b) The problem leads to the solution in integers of the equa¬ 
tion z 2 = x 2 + y 2 — xy, or [4 z + (x + y)] 2 = [2x + 2(x + y)] 2 + [3(x—_y)] 2 . 
Now use the result of problem (a). 


Answer : x = tb(2a 


a), z = — / ( a 2 + — «&) 


where a and b are relatively prime < & < 2a^, and at least one 

of the numbers t or a + b is divisible by 3; otherwise, / is arbitrary, 
(c) The solution is analogous to that of problem (b). 

Answer : x = ta(a — 2b), y — tb(2a — b),z = t(a 2 + b 2 — ab), where a 
and b are relatively prime (a > 2b), and at least one of the numbers 
t or a + b is divisible by 3. 


t> • -i.ui.uf i b sin nA c sin (« +1)^4, , 

129. Begin with the formulas — = — : ——, — =- :—(angle 

a sin A a sin A 

B = nA), where n = 2, 5, or 6. The right members of these equations 
can be expressed in terms of 2 cos A; use the fact that 2 cos A is 
rational. 

Answers: (a) <2 = 4, b = 6, c = 5. (b) a = 1024, b — 1220, c = 
231. (c) a = 46,656, b = 72,930, c = 30,421. 

130. Use the results of problem 128 (a) to show that if x*+y* = z 2 , 
where x, y, and z are natural numbers, then there must exist positive 
integers x lt y lf z lf where z x < 2 , such that xt + yt = z\. But this al¬ 
lows us to prove the impossible equation x 4 + y 4 = 1, where x and y 
are positive integers. 

131. Multiply both sides of the equation by n \(factorial n; see 
note to problem 28). 


132. (a) 1 - — . 

n 


_L_1 

2 L 2 n(n — 1)J 


3 L 6 n(n-l)(n-2)j 

133. Use mathematical induction. 

134. (a) *” . + + U ( b ) 

6 


n 2 (n + l) 2 
4 


n(n + 1)(2« + 1)(3 n 2 + 3 n - 1) 


(d) n\2n 2 


135. Transfer the 1 to the left side. 
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136. (a) (« + !)!-!. (b) C*+* +I - 1. 


137. Use the fact that 


log„6 . 


Q\dz * * * 


139. (a) 

140. 31. 


sin 2 n+l a 
2 ft+1 sina ’ 


2 4 6 

141. (a) Compare the given product with — ■— • — 

square the given inequalities. 

(b) Prove by mathematical induction that 


_l__3_j>___ 

2 4 6 2 n ^ t/ 3« + 1 ' 

142. Use the inequalities of problem 141 (a). 

143. 99" + 100* exceeds 101* if n ^ 48 and is less than 101* if 
n > 48. 

144. 300! 

145. Prove, first, that for any positive integer k ^ n 

1 + A a( ' 1 + iy. ! 1 + A + *i 


2 n — 1 


146-147. Use the results of problem 145. 

148. Use mathematical induction. 

149. Use the binomial theorem. 

150. Use mathematical induction. 

151. Use the inequalities 

(k + l)x k (x - 1) > + 1 - 1 > (k + l)(x - 1) , 

from which it is possible to derive the following result for all posi¬ 
tive integers p : 

(p + l) k+l - p k+l > (k + 1 )p k > p k+l - (/> - l) fc+1 . 

152. These inequalities may be obtained by using “majorizing 
series”—that is, by replacing terms by larger (or, respectively, smal¬ 
ler) terms, and possibly using convenient new groupings, and com¬ 
paring the sums of the new series with the bounding values. 
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Answers ( 153-162) 


153. Prove first that 

lVn + 1 — 2< 2V~n - 2 Vn - 1 . 

(a) 1998. (b) 1800. 

154. First show that 

J- [ VTnTW - VW] < YJ < Y [ - V(n - l) 2 1 . 

Answer: 14,996. 

155. (a) 0.105. 

(b) Use the fact that 

J_ 1 J_/JL 1L 999 \ 

10! + 11! + 12! + + 1000! < 9 V10! + 11! + 12! + ' ‘' + lOOOlJ 


Ansiver: 0.00000029. 

156. Use the result of problem 152 (a). 

157. First determine the sum of the undeleted terms between 

TF and To^ ■ 

158. (a) Solve in a manner analogous to that used for problem 156. 
(b) Use the result of problem 132 a). 

159. Prove that for all integers k and primes p ^ 2 


i /.111 

og v 1 + p + P 2+ P 3+ " 

Using this result, deduce that 

i /.111 

\°g(l+Y+ 3 + 4 + • 
. „ / 1 1 




1 1 

+ 1 + 
n — 1 n 


~ 2 ^g 3 2 + 3 + 5 + + pj’ 

where pi is the greatest prime between 1 and n. 

160. 9. 


161. If a + b + c = 0, then 0 = (a + b A c) 3 = a 3 + b 3 + c 3 — 3 abc. 


162. (a) a 3 + b 3 A c 3 — 3 abc = (a A b A c)(a 2 Ab 2 Ac 2 — ab—ac — be). 
(b) (a + b + c) 3 — a 3 — b 3 — c 3 = 3 (a + b)(a + c)(b + c). 
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163. Use the result of problem 162 (a). 

164. Use the result of problem 162 (b). 

165. Use the facts that a 10 A a b A 1 = and that a lb — 1 = 

a b — 1 

(<z 3 ) 5 - 1. 

Answer: a 10 A a b A 1 = (a 2 A a A 1 )(a s — a 7 A a b — a* A a? — a A 1). 

166. Prove that the difference (*"" + * 3888 + * ■ • + * mi + 1) - (* 9 + 

x 8 d-b x + 1) is divisible by x 9 A x 9 H-b x A 1. 


1.67. = -a - b, = i bp+ a ~ b / 3 -i.x , = £±JL-<LzhCA i , 

where * = b = ATZJT^W 

V 2 V 4 + 27 ’ y 2 V 4 27' 

168. Square to eliminate radicals and solve the resulting equation 
for x in terms of a . 

Answer: 


Xl - 2 ~ 2 ± / fl + J ' 
ATa,. = - — ±-J a - — ■ 


169. Use the fact that if x 2 A lax A — = y, then 

lo 


= - a + -yj cP 


+ y — ir: 


and investigate the graphs of the functions y = x 2 A lax A — and 

/-f 16 

yi = ~ a + y a 2 a x -T 7 * 


1-2 a ^ /n-2aV 1 


Answer: x x>2 = 


170. (a) Prove that, necessarily, 3x — x 2 
Answer: x x = 3, x 2 = 0. 

(b) Prove that, necessarily, —^— = x. 

1 A x 

Ansiver: x x = * + Y ^ > *2 = * ~ ^ ^ . 

Li Li 
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Answers ( 171-182 ) 


171. The roots of the equation are all the numbers between 5 and 
10 (5 ^ a; ^ 10). 

172. The roots are —2 and all numbers not less than 2 (x — — 2 
and x ^ 2). 

173. For a — ±1, the system has three solutions; if a — ztl/ 2 , 
the system has two solutions. 


174. (a) If a = — 1, the system has no solutions; if a — 1, the 
system has an infinite number of solutions. 

(b) If a — ±1, the system has an infinite number of solutions. 

(c) If a — 1, the system has infinitely many solutions; if a = 
—2, there are no solutions. 


175. For the system to have solutions it is necessary that three 
of the four numbers a lf a 2 , a 3 , a 4 be equal to each other. If a l —a 2 = 


a 3 = a, and a A = £, then x v = x 2 


— and x 4 = a(0 - —). 


176. The only real solution is x = 1, y = 1, z = 0. 


177. (a) The number of real roots of the equation is the number 

x 

of points of intersection of the straight line y = and the curve 
y = sin x. 

Answer: 63 roots. 

(b) The number of points at which y = sin x and y = logx 
will meet is 3. 


178. That Xy + x\ is a whole number can be shown by mathema¬ 
tical induction. Show, further, that if xi + x 2 is divisible by 5, then 
also xl -3 + x 2 ~* is divisible by 5. 


179. The square of the first polynomial cannot contain the same 
number of positive and negative terms which are products but 
the second polynomial can. 

180. Use mathematical induction; investigate separately the even 
and odd cases. 

181. If 99,999 + 111,111 i/T = (A + B i/T) 2 , then 

99,999 - 111,1111/T = (A - B\/T) 2 . 

182. Prove that if V 2 — p + qV r , then V 2 would have to be 
rational. 


Anstvers (183 193) 
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183. The second number is the larger. 

184. a, +a,+---+a. . 

n 

185. (a) a ly a 2} a 4t a it 

(b) Prove that if ai a and are any two of the given num¬ 
bers (a < 0) and a,i a _ v are numbers standing in the desired posi¬ 
tions before a, a and after a^ t then 

(^lot ^*0 m) 0 • 

Answer : a u a 2y a 4 , a 6 • • ■, a n -z, a n , a n -z,tin-u * 1 *» a * if n IS 
even; a u a 2j a 4 , a 6t • • •, a nj a n - 2 > a n -*, if « is odd. 


186. (a) Investigate in the plane the broken line A 0 AyA 2 • • * A n 
such that the projections of AoAy, A L A 2 , • • ■, A n -iA n on the x-axis 


are, respectively, equal to a u a 2 , and on the y-axis are, 

pectively, equal to by,b 2l The equality holds if = 


res- 

_ 

b 2 “ 


On 

b n * 

(b) 


Use the inequality of problem 186(a). 


187. For even «, the problem can be solved geometrically, in a 
manner analogous to that used for problem 186 (a). The case in 
which n is odd can be reduced to the case for even n. The equality 
holds, for even n, if a x — 1 — a 2 — a* — 1 — a 4 = * * • = (in -1 = 1 — tf». 

and for odd n y only if a l = a 2 = • • * — a n — —. 

188. Square both sides of the inequality. 


189. For all x , cos sin x exceeds sin cos*. 


190. (a) If \og 2 K = a and log 5 7r = b , then 7r (1/a) + tl/i,) = 10. 

(b) If log 2 7 1 — a and log*2 = b, then b = —. 

191. (a) Use the facts that for every angle x in the first quadrant 
six x < x , cos x < 1. 

(b) Use the fact that for every angle x in the first quadrant 
tan x > x. 


192. Employ the geometric construction of the tangent concept as 
the ratio of two line segments on the “trigonometric circle”; also, 
there is a construction in which the tangent is the doubled area of 
a certain triangle. 

193. arc sin [cos(arc sin x)] + arc cos [sin (arc cos x)] = 
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Answers ( 194-205) 


194. Substitute for *, in cos 32* + a>l cos 31* + • • - + «, cos * the 
angle * + *, and add the resulting expression to the original expres- 

Si 017. 


195. Calculate, successively, 


2 sin a,-45° , 

2 sin fa, + V 45 0 


2 sin fa, +^ + ^-^.450 




using the formula 


196. 1 . 




: l /2 — 2 cos a 


197. Use the fact that the given polynomials have the same coef¬ 
ficients for * 2 ° as does (1 + * 2 + r>)'°°o and (I-* 2 -* 3 )'™-, respectively. 


198. Employ the identity (a + b)(a - b) = a 2 - b\ 

199 (a) C so — 

199. (a) 

innn r'W ^52 51,050*1001! 

( j 100061001 -c ,° 0 , = - - 52!950! ■ 

200 . Designate the given expression by n k , 

rik = (n k - L - 2) z . 


A 42^-1 _ 4 *-i 

Answer :--— 

3 

201 . (a) 6 . (b) 6x. 


202 . + 3 . 

2 °3. Use the fact that the polynomial *' + * 3 + 2 * 2 + * + 1 divides 
the binomial x 12 — 1 . 

Answer : 1 . 

204. (a) x 4 - 10x 2 + 1=0. 

(b) * 9 - 6 *' - 6* 3 + 12* 2 - 36* + 1 = 0 . 

2°5. Transform the expression (« - r )(» - r)(« + 8)0 + 8), using 
the facts that a + 0 = ~p f = 1 ; 7 - + £ = r § _ 1 


Ansivers (206-216) 
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206. Q 2 + q 2 - pP(Q + q) + qP 2 + Qp 1 - 2 Qq. 

207. a = 1, a — — 2. 

208. a = 8 , a = 12 . 

209. 6 = l,c = 2, fi = 3;6 = — 1, c =— 2, fi = —3; 6 = 2, c = — la =1; 
b = 1, c = —2, a = — 1. 

210 . (a) Never. 

(b) Only if n = 2 , a z = fii + 2 and « = 4, fi 2 = a r — 1 , fi 3 = fii + 1, 

fi 4 — fii + 2. 

211. Use the fact that if 

(x — a.Yix — fi 2 ) 2 * ■ ■(* — + 1 = p(x)q(x) , 

then />(*) and #(*), as well as (x — a x ) 2 (x — a z ) 2 " >(x — a n ) z + 1 , will 
not vanish (become zero) for any x, and therefore cannot change 
sign. For the rest, the solution is similar to that of problem 210 (a). 

212. Use the fact that 14 — 7 = 7 cannot be factored in integers. 

213. If a polynomial is expressible as a product of two polynomial 
factors with integral coefficients, then for those values of x for which 
the polynomial takes on value ±1 the factors also have value ± 1 . 
Also use the fact that a third-degree polynomial cannot take on the 
same value for more than three values of x. 

214. If p and q are distinct integers, then P(p) — P(q) is divisible 
by p - q, 

215. Prove that if = 0, then k — pi = ±1 and k — qi — ±1. 

216. (a) Equate coefficients of like powers of x from both mem¬ 
bers of the equation 

(fio + a { x + a 2 x 2 H-h a n x n )(b 0 + b x x + b 2 x 2 -I-b b m x m ) 

= Co + CiX + c z x 2 H-h c n , m x n + m 

and use the resulting relations to show that if the polynomial is fact¬ 
ored into the product of two polynomial factors, then all the coeffi¬ 
cients of one of these factors must be even (but this is impossible 
because the leading coefficient—the coefficient of the greatest power 
of x —of the first polynomial is 1 ). 

(b) Make the substitutions x = y + 1 and then, as in part (a), show 
that if the new polynomial is factored into two polynomial factors, 
all the coefficients of one of these factors are divisible by the prime 
number 251. 
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Answers ( 217-229 ) 

217. Use the same formula as in problem 216 (a) (see the hint to 
that problem). 

218. Prove that p (—Y where — is in lowest terms, cannot be 

V Q J q 

an integer. 

219. Let P(N) = M\ prove that P(N kM) — P(N) is divisible by 
M for all k. 

220 . Represent the polynomial P(x), which takes on integral values 
for integral x, in the form of a sum P(x)=b*P Q {x)+b,P l {x)+ • ■ • +b n P n (x), 
where the coefficients b 0 , b u ***,£>„ are to be determined, and find 
these coefficients by successively substituting in the latter equation 
x = 0,1,2, •••,«. 

221. (a) See the hint to problem 220. 

(b) Make the substitution v = x — k. 

(c) Investigate the polynomial Q(x) = P(x z ). 

222 . Use De Moivre’s formula. 

223. Use the results of problem 222 (b). 

224. If x + — = 2 cos a , then x — cos a ± i sin a, 

x 

225. Use De Moivre’s formula. 

226. Use the result of problem 225. 

Ansiver : cos 2 a + cos 2 2 a H-(- cos 2 wa 

_ n — 1 sin (n + l)a cos na 
2 2 sin a 

sin 2 a + sin 2 2 a sin 2 wa 

__ n + 1 sin (n + l)a cos na 
2 2 sin a 

227. Use De Moivre’s formula and Newton's binomial theorem. 

Answer: The given expressions are, respectively, equal to 

2 *cos rt — cos—-— a, and 2 n cos*— sm —-— a. 

228. Use the identity sin A sin B = [cos {A — B) — cos (^4 + 5)] 
and the result of problem 225. 

229. Investigate the roots of the equation x 2n41 — 1 = 0. 


Ansivers ( 230-241 ) 
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230. Use the formulas of problem 222 (b). 

231. Use the result of problem 230 (b). 

Answer: (a) 1 ) . (b) 2 ^ + U , 

O D 

232. Use the result of problem 230 (a). 

Answer: (a) and ^ . 

2 n 2* _1 

(b) J_and^. 

2 n 2 n ~ l 

233. Use the fact that if a is an angle in the first quadrant, then 
sin a < a < tan a. 

234. (a, b) Use the formula of problem 225. 

(c) Use the result of problem (b). 

235. (a) Use the proposition of problem 234(a). 

(b) Use the formula of problem 225. 

236. (a) Use the proposition of problem 234 (a). 

(b) See the hint to problem 235 (b). 

(c) Use the result of problem 232 (a). 

237. Use De Moivre’s formula, representing sin 50 a in the form 
of a sum of cosines of angles (multiples of a) with suitable coeffi¬ 
cients. 

Answer-. 5000 C%R i0 = ^§r|^ i0 - 

238. Use the fact that 2cos^4 = — + \ -—.rational,and2cos nA 

be 

is, for any n , a polynomial of degree n in 2 cos A; also use the 
theorem of problem 218. 

239. (a) In the second formula of problem 222 (b) substitute 6 = 

—180°, cos 6 = —, sin 6 = l/ ~~ _L. 
n p p 

(b) If 6 ~ —180°, then (1 + i tan 6) n = (1 — i tan 0)\ 
n 

Putting here tan 0 = —, p q, leads to an impossible equality. 

q 

240. Use the fact that if a is not divisible by p , then the numbers 
a, 2a, 3a, *•*,(/>— l)a all yield different remainders when divided 
by p. 

241. Use the fact that if ki k 2 , • ■ ■, k r are integers less than N, 
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Answers ( 242-251) 


and are relatively prime to N, then the integers k v a , k%a y * • k T a yield 
different remainders when divided by N. 

242. Use mathematical induction. 

243. Use Euler’s theorem (problem 241). 

244. Prove by induction that, no matter what the integer N is, 
there exists a power of 2 whose last N digits are all ones or twos. 
To prove this, use Euler's theorem (problem 241) and the proposition 
of problem 242. 

245. See the hint to problem 240. 

246. Use Wilson's theorem (problem 245). The conditions of the 
problem are satisfied by the number x ~{ ^ 2 

247. (a) Show that the product ( a 2 + b 2 )(a\ + &?) can be represented 
as the sum of the squares of two polynomials. 

(b) Prove that if the product mp, where p is a prime number, 
and m is not 1 and is less than />, can be represented as a sum of 
squares of two integers, then m can be reduced by some factor. That 
is, a number n < m can be found such that np also can be repre¬ 
sented as a sum of squares of two integers. Also, use the proposition 
of problem 246. 

(c) Use the results of parts (a) and (b) and the proposition 
given in the hint to part (b). 

248. Prove that for every odd prime number p it is possible to 

find two numbers x and v, each less than—, such that x 2 and — y 2 — 1 

Q 

yield the same remainder upon division by p. 

249. (a) Show that the product 

(x‘i + xl + xl + x5)(yl + y\ + yl + y]) 

can be represented as a sum of squares of four polynomials. 

(b) The solution is similar to that of problem 247 (see the 
hint to that problem). Instead of using the proposition of problem 
246 in that solution, we must use that of problem 248. 

250. Investigate what remainders can be obtained when the sum 
of three squares is divided by 8. 

251. First, show that if a number is representable as the sum of 
four squares of integers, then six times its square can be represent¬ 


Answers ( 252-259) 
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ed as the sum of twelve fourth powers of integers. Further, use 
the fact that every integer yields a remainder of at most 5 when 
divided by 6 , and apply twice the theorem of problem 249 (b). 

252. The idea of the solution is as follows. It is necessary to 
find some solution in positive rational numbers for the equation 

x z T _y 3 + z 3 = a , 

where a is a given rational number. We have here one equation and 
three unknowns. If we assume that two of these unknowns are 
functionally related in some way, then the equation may be greatly 
simplified—for example, if we let y = - 2 , then we have simply x z = a . 
From the simplified equation it is sometimes possible to express one 
of the unknowns in terms of a ; in this instance, for example, we 
obtained x — fyli. Here x is irrational, which will generally be the 
case with such a procedure. We must try to find a functional de¬ 
pendence between two of the unknowns such that the third unknown 
comes out of the simplified equation with rational value (without the 
radical). If this can be done, it remains only to find suitable rational 
solutions for the two other unknowns, and these are related by the 
function which was set up between them. To do this, it is conveni¬ 
ent to change the unknowns x,y, and 2 to new unknowns. For the 
determination of the new variables, it is useful to begin with the 
identity of problem 162 (b). 

253. Let pi,p 2t * ■ ■, pn be n primes. Find an integer not divisible 
by any of these primes and larger than any of them. 

254. (a) Let p u p 2 , •*•,/>» be n primes of form 4k — 1 (or 6k — 1). 
Find an integer of form 4 n — 1 (or 6n — 1) which is not divisible by 
any of the primes p lt p it ■ **, pn and is larger than any of them. 

(b) The idea of the solution is somewhat similar to that of 
problem (a). The proof involves the result of problem 247 (c). 

(c) The proof is quite similar to that of problem (a). 

255. Apply the inequality 1 /ab fk ^ ■ (See Section 11.) 

| 2 ^ — 2 —. (See Section 11.) 

257. Use the inequality of the hint to problem 255. 

258. See the hints to problems 255 and 256. 

259. See the hint to problem 255. 


Use the inequality 
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Answers ( 260-276 ) 


260. See the hint to problem 255. 

Answer: x = fya/b . 

261. See the hint to problem 255. 

262. (a) Apply the expressions for the arithmetic, geometric, and 
harmonic means to the numbers. (See Section 11 .) 

(b) This follows from part (a). 

263. Use the result of problem 162 (a). 

264. Apply the inequality of problem 263. 

265. Apply the inequality of problem 263. 

Answer: x — y — z — -y. 

266. Use the inequality of problem 263. 

267. Apply the inequality of the hint to problem 255 (m times). 

268. First Proof . Prove that if the proposition holds for n + 1 

numbers, then it is valid also for n numbers; further, use the result 
of problem 267. 

Second Proof. Use mathematical induction, using the fact that if 
a n+ 1 is the greatest of the n T 1 numbers a lt ■ * •, a n+l , then 

+ a z H- Ya n 

Un +1 = • 

n 

Third Proof. Prove, by mathematical induction, that 
bi ~Y b'i + ■ * • ~Yb n nbibz* * ■ b n 

is equivalent to the theorem of the arithmetic and geometric means. 
(See Section 11 .) 

269. Use the theorem of the arithmetic and geometric means (pro¬ 
blem 268). 

270. See the hint to problem 269. 

271. Use the inequality of problem 268. 

272. Use problems 268 and 270. 

273-275. Use inequality of problem 268. 

276. Put the left side of the inequality into the form 
(l*2* n - l 4 z2n ~ l ■ * -2 n ) 1/2B , 
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Answers (277-289) 

277-278. Use the inequality of problem 268. 

Answer: To problem 278: If x — 0 . 

279. Use the proposition of problem 269 (a). 

280. See the hint to problem 279. 

Answer: 

281. (a) Proof is similar to that of the theorem of arithmetic and 

geometric means (problem 268). , . , . ^. 

g (b) For n = 2 the inequality is proven by induction. The 

proof is analogous to the solution of problem (a). 

282. Apply the theorem of arithmetic and geometric means (pro- 
blem 268). 

283. For rational the problem reduces to the theorem of ari¬ 
thmetic and geometric means (problem 268). If j is an irrational 
number then a limiting process is required. 

284 Use the theorem of the power means (problem 283). 
Answers: (a) 12, 24. (b) 1&V 6 ,3-/ 6 . 

285. Use mathematical induction. 

286. Use the result of the preceding problem. 

287. Apply the theorem of symmetric means (problem 286). 
Answer: 8,16. 

288. Use the theorem of symmetric means. 

Answer : (a) V 7 3 . (b)^-g 

289. First Proof. Use the inequality 

(*«, + W 2 + (xo* + M 2 + ■ • • + (**» + b « )Z = 0 ’ 

which holds for all real numbers x, and in particular if 


ojh ~h ‘ 

a\ + al + * ■ * T a n 


Second proof . Write 


di 

ai =A’ 


a = 1,2, ■”,«), 
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Answers (290-298) 


where 


A =Va\ + -.- + al, 
B = ~i/bl + • • ■ + b‘ n , 


and use the obvious inequality 


+ (1 = 1 , 2 , 


Prove, first, that 


a A H- 1 - a n b n 5 1 . 


Third Proof. Use mathematical induction. 

Fourth Proof , Prove, first, the equality 

(% fl*)(E bi) - (£ a k b k X = ± (ajf, - a,b k y . 

* / & k=l 1 


*=1 / \A‘ — 1 


290. Use the Cauchy-Buniakowski inequality on the two sets 

l/fll , l /« 2 , ■ ■', l /«7 


/i- /i’ "’ /£• 

291. Substitute into the Cauchy-Buniakowski inequality 


£>i = b 2 


=b n = 1 . 


292. Use the Cauchy-Buniakowski inequality. 

293. Substitute into the Cauchy-Buniakowski inequality 

Gl ~ Xl + - Vl > a z ~ x 2 = x 2 + y 2f - ■ . ( = Xn + y H ; 

bi ~ x u bz = x ly • ■ *, b n = x n , 

and, 

+ y,, fir 2 = x 2 + y it ■ ■., a n = x* + y„ ; 

= _y t , = y 2 , ■ ■ •, b n — y n . 

294-296. Use the Cauchy-Buniakowski inequality. 

297. Compare the given inequality with that of Cauchy-Buniakow- 
ski. 


298. Apply the Cauchy-Buniakowski inequality twice. 


Answers (299-316) 
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299. If the sequence of numbers ai is an increasing sequence, 
tfi ^ a z ^ ^ a n , then the relationship being examined is maximal 

when the sequence of bj is decreasing: b v ^ bi ^ ^ b n . Write 


di - Ctidi + Pid* 

bl = ctib\ + Pib\ 


(i — 2, 3, 1) 


and use inequalities (2), after problem 288, and (1) of Section 11. 

300. Consider the difference 

n(dibi -h ajbi + ■ ■ ■ + a n b TL ) — (di + az + * * • + a n )(b\ + bz + ■ ■ ■ + b n ) . 

301. Use the theorem of arithmetic and geometric means (problem 
268). 

302. See the hint to problem 301. 

303. First Solution . Use the inequality of problem 302. 

Second Solution. Use the inequality of problem 301. 

304. The solution is analogous to that of problem 302. 

305. Use the inequality of problem 304. 

306. Compare the given inequality with that of problem 304. 

307. Use the inequality of problem 304 and the theorem of arithme¬ 
tic and geometric means (problem 263). 

308. Use Holder's inequality (problem 303). 

309. (a) Use the formula 

a k — b k = (a — b)(a k ~ v + a k ~ 2 b + a k ~ z b 2 + • ■ ■ + ab k 2 + b k ~ l ) . 

(b) Apply the result of problem (a). 

310. First calculate the greatest coefficient of the series Un' — 
b { >i k ~ l + [see problem 309 (a)]. 

311. Use mathematical induction. 

312. See the hint to problem 311. 

313. Use the formula of problem 311 (a). 

314. Use the formula of problem 313. 


315. See the hint to problem 314. 


Answer : V + 2 4 + 3 4 + ■ * * + n 4 

316. (a) Investigate the series 


n(n + 1)(2 n + l)(3w z + 3 n — 1) 
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Answers ( 317-320 ) 


k* = 1* + 2* + 3* H- + n k , 

and use the results of problems 309 (b) and 314. 
k J b) A PP'y the result of problem 310 to the series u n = 1 * + 

2 . + 3 M ’ “ + and t0 the series ’ = (» + D*. Using the formula 
of problem 313, determine the numbers of the (k - l)st difference 
or the ktn degree sequence. 

Answer The coefficient of «*+■ is equal to -±—; the coefficient 

of «* is - 1 . k + 1 

2 

317. Use the formula of problem 313. 

318. Construct an addition triangle for the numbers C£,Cn Cl-- - C' 

Ansiver : CJ». 


319. Investigate the addition triangle for the numbers of the se¬ 


quence 1 , 


b ' b 2 ' 


320^ Prove that the difference triangle of the sequence 1 , 

• ■, —, * • • has the form 
n 


2 ’ 3 ’ 


J_ J_ J_ J_ 
C 0 ° 2C\ 3 Cl 4 C\ 

_ J_ 

2 C? 3CJ 4CJ 

1 1 

3C 2 ° 4CJ 

J_ 

4CS ' 
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cross, swastika, crucifix, seals, rings, stones, etc. 584pp. 5%x 8*4. 23573-4 Pa, $12.95 

RUSSIAN STORIES/PYCCKNE PACCKA3bl: A Dual-Language Book, edited by 
Gleb Struve. Twelve tales by such masters as Chekhov, Tolstoy, Dostoevsky, 
Pushkin, others. Excellent word-for-word English translations on facing pages, 
plus teaching and study aids, Russian/English vocabulary, biographical/critical 
introductions, more. 416pp. 5% x 8& 26244-8 Pa. $8.95 

PHILADELPHIA THEN AND NOW: 60 Sites Photographed in the Past and 
Present, Kenneth Finkel and Susan Oyama. Rare photographs of City Hall, Logan 
Square, Independence Hall, Betsy Ross House, other landmarks juxtaposed with 
contemporary views. Captures changing face of historic city. Introduction. 
Captions. 128pp. 8 l 4 x 11. 25790-8 Pa. $9.95 

AIA ARCHITECTURAL GUIDE TO NASSAU AND SUFFOLK COUNTIES, 
LONG ISLAND, The American Institute of Architects, Long Island Chapter, and 
the Society for the Preservation of Long Island Antiquities. Comprehensive, well- 
researched and generously illustrated volume brings to life over three centuries of 
Long Island’s great architectural heritage. More than 240 photographs with 
authoritative, extensively detailed captions. 176pp. 8 l 4 x 11. 26946-9 Pa. $14.95 

NORTH AMERICAN INDIAN LIFE: Customs and Traditions of 23 Tribes, Elsie 
Clews Parsons (ed.), 27 fictionalized essays by noted anthropologists examine 
religion, customs, government, additional facets of life among the Winnebago, 
Crow, Zuni, Eskimo, other tribes. 480pp. 6’4 x 9*4. 27377-6 Pa. $10.95 
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FRANK LLOYD WRIGHT’S HOLLYHOCK HOUSE, Donald Hoffmann. Lav¬ 
ishly illustrated, carefully documented study of one of Wright’s most controversial 
residential designs. Over 120 photographs, floor plans, elevations, etc. Detailed 

perceptive text by noted Wright scholar. Index. 128pp. 9M x 1(W. 

27133-1 Pa. $11.95 

THE MALE AND FEMALE FIGURE IN MOTION: 60 Classic Photographic 
Sequences, Eadweard Muybridge. 60 true-action photographs of men and women 
walking, running, climbing, bending, turning, etc., reproduced from rare 19th- 
century masterpiece, vi + 121pp. 9 x 12. 24745-7 Pa. J 

1001 QUESTIONS ANSWERED ABOUT THE SEASHORE, N. J. Berrill and 
Jacquelyn Berrill. Queries answered about dolphins, sea snails, sponges, starfish, 
fishes, shore birds, many others. Covers appearance, breeding, gjowth feeding 
much more. 305pp. 5(4 x 8'4. 23366-9 Pa. J7.95 

GUIDE TO OWL WATCHING IN NORTH AMERICA, Donald S. Heintzelman. 
Superb guide offers complete data and descriptions of 19 species: barn owl, screech 
owl snowy owl, many more. Expert coverage of owl-watching equipment, 
conservation, migrations and invasions, etc. Guide to observing sues. 84 ^lustra¬ 
tions. xiii + 193pp. 5X x 8K. 27344-X Pa. J7.95 

MEDICINAL AND OTHER USES OF NORTH AMERICAN PLANTS: A 
Historical Survey with Special Reference to the Eastern Indian Tribes, Charlotte 
Erichsen-Brown. Chronological historical ci tations document 500 years of usage of 
plants, trees, shrubs native to eastern Canada, northeastern U.S. Also complete 
identifying information. 343 illustrations. 544pp. ©4 x 914. 25951-X Pa. J12.95 

STORYBOOK MAZES, Dave Phillips. 23 stories and mazes on two-page spreads: 
Wizard of Oz, Treasure Island, Robin Hood, etc. Solutions. 64pp. 814 x 11. 

23628-5 Pa. $2.95 

NEGRO FOLK MUSIC, U.S.A., Harold Courlander. Noted folklorist’s scholarly 
yet readable analysis of rich and varied musical tradition. Includes authentic 
versions of over 40 folk songs. Valuable bibliography and discography, xi + 324pp. 
5*x 8 *4. 27350-4 Pa. $7.95 

MOVIE-STAR PORTRAITS OF THE FORTIES, John Kobal (ed.). 163 glamor, 
studio photos of 106 stars of the 1940s: Rita Hayworth, Ava Gardner, Marlon 
Brando, Clark Gable, many more. 176pp. 8^ x 11*4. 23546-7 Pa. $10.95 

BENCHLEY LOST AND FOUND, Robert Benchley. Finest humor from early 30s, 
about pet peeves, child psychologists, post office and others. Mostly unavailable 
elsewhere. 73 illustrations by Peter Arno and others. 183pp. 5H x 

22410-4 Pa. $5.95 

YEKL and THE IMPORTED BRIDEGROOM AND OTHER STORIES OF 
YIDDISH NEW YORK, Abraham Cahan. Film Hester Street based on Yekl (1896). 
Novel other stories among first about Jewish immigrants on N.Y. s East Side. 
240pp. 5* x 8*4. 22427-9 Pa. $5.95 

SELECTED POEMS, Wall Whitman. Generous sampling from Leaves of Grow. 
Twenty-four poems include “I Hear America Singing,” “Song of the Open Road,” 
“I Sing the Body Electric,” “When Lilacs Last in the Dooryard Bloom’d,” “O 
Captain! My Captain!”—all reprinted from an authoritative edition. Lists of titles 
and first lines. 128pp. 5Vi6 x 8’4. 26878-0 Pa. $1.00 
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THE BEST TALES OF HOFFMANN, E. T. A. Hoffmann. 10 of Hoffmann’s most 
important stories: “Nutcracker and the King of Mice,’’ “The Golden Flowerpot,” 
etc 458pp. 5X x m. 21793-0 Pa. $8.95 

FROM FETISH TO GOD IN ANCIENT EGYPT, E. A. Wallis Budge. Rich 
detailed survey of Egyptian conception of “God” and gods, magic, cult of animals, 
Osiris, more. Also, superb English translations of hymns and legends. 240 
illustrations. 545pp. 5* x m. 25803-3 Pa. $ 11.95 

FRENCH STORIES/CONTES FRANf AIS: A Dual-Language Book, Wallace 
Fowlie. Ten stories by French masters, Voltaire to Camus: “Micromegas” by 
Voltaire; “The Atheist's Mass” by Balzac; “Minuet” by de Maupassant; “The 
Guest” by Camus, six more. Excellent English translations on facing pages. Also 
French-English vocabulary list, exercises, more. 352pp. 5% x 8^. 26443-2 Pa. $8.95 

CHICAGO AT THE TURN OF THE CENTURY IN PHOTOGRAPHS: 122 
Historic Views from the Collections of the Chicago Historical Society, Larry A. 
Viskochil. Rare large-format prints offer detailed views of City Hall, State Street, 
the Loop, Hull House, LInion Station, many other landmarks, circa 1904-1913. 
Introduction. Captions. Maps. 144pp. 956 x 12 1 4. 24656-6 Pa. $12.95 

OLD BROOKLYN IN EARLY PHOTOGRAPHS, 1865-1929, William Lee 
Younger. Luna Park, Gravesend race track, construction of Grand Army Plaza, 
moving of Hotel Brighton, etc. 157 previously unpublished photographs. I65pp. 
8% x m. 23587-4 Pa. $12.95 

THE MYTHS OF THE NORTH AMERICAN INDIANS, Lewis Spence. Rich 
anthology of the myths and legends of the Algonquins, Iroquois, Pawnees and 
Sioux, prefaced by an extensive historical and ethnological commentary. 36 
illustrations. 480pp. b% x 8& 25967-6 Pa. $8.95 

AN ENCYCLOPEDIA OF BATTLES: Accounts of Over 1,560 Battles from 1479 
bc to the Present, David Eggenberger. Essential details of every major battle in 
recorded history from the first battle of Megiddo in 1479 bx to Grenada in 1984. List 
of Battle Maps. New Appendix covering the years 1967-1984. Index. 99 illustrations. 
544pp. 6Kx9X. 24913-1 Pa. $14.95 

SAILING ALONE AROUND THE WORLD, Captain Joshua Slocum. First man 
to sail around the world, alone, in small boat. One of great feats of seamanship told 
in delightful manner. 67 illustrations. 294pp. x 8& 20326-3 Pa. $5.95 

ANARCHISM AND OTHER ESSAYS, Emma Goldman. Powerful, penetrating, 
prophetic essays on direct action, role of minorities, prison reform, puritan 
hypocrisy, violence, etc. 271pp. b% x 854. 22484-8 Pa. $5.95 

MYTHS OF THE HINDUS AND BUDDHISTS, Ananda K. Coomaraswamy and 
Sister Nivedita. Great stories of the epics; deeds of Krishna, Shiva, taken from 
puranas, Vedas, folk tales; etc. 32 illustrations. 400pp. 556 x 8H. 21759-0 Pa. $9.95 

BEYOND PSYCHOLOGY, Otto Rank. Fear of death, desire of immortality, 
nature of sexuality, social organization, creativity, according to Rankian system. 
291pp. 556 x m. 20485-5 Pa. $7.95 

A THEOLOGICO-POLITICAL TREATISE, Benedict Spinoza. Also contains 
unfinished Political Treatise. Great classic on religious liberty, theory of govern¬ 
ment on common consent. R. Elwes translation. Total of 421pp. 556 x 856. 

20249-6 Pa. $7.95 
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ANATOMY: A Complete Guide for Artists, Joseph Sheppard. A master of figure 
drawing shows artists how to render human anatomy convincingly. Over 460 
illustrations. 224pp. 856 x 11 1 4. 27279-6 Pa. $9.95 

MEDIEVAL CALLIGRAPHY: Its History and Technique, Marc Drogin. Spirited 
history, comprehensive instruction manual covers 13 styles (ca. 4th century thru 
15th). Excellent photographs; directions for duplicating medieval techniques with 
modern tools. 224pp. 8% x I Vi. 26142-5 Pa, SI 1.95 

DRIED FLOWERS: How to Prepare Them, Sarah Whitlock and Martha Rankin. 
Complete instructions on how to use silica gel, meal and borax, perlite aggregate, 
sand and borax, glycerine and water to create attractive permanent flower 
arrangements. 12 illustrations. 32pp. 5% x 8i4. 21802-3 Pa. $1.00 

EASY-TO-MAKE BIRD FEEDERS FOR WOODWORKERS, Scott D. Campbell. 
Detailed, simple-to-use guide for designing, constructing, caring for and using 
feeders Text, illustrations for 12 classic and contemporary designs. 96pp. 556 x m. 

25847-5 Pa. $2.95 

OLD-TIME CRAFTS AND TRADES, Peter Stockham. An 1807 book created to 
teach children about crafts and trades open to them as future careers. It describes in 
detailed, nontechnical terms 24 different occupations, among them coachmaker, 
gardener, hairdresser, lacemaker, shoemaker, wheelwright, copper-plate printer, 
milliner trunkmaker, merchant and brewer. Finely detailed engravings illustrate 
each occupation. 192pp. 4% x 6. 27398-9 Pa. $4.95 

THE HISTORY OF UNDERCLOTHES, C. Willett Cunnington and Phyllis 
Cunnington. Fascinating, well-documented survey covering six centuries of 
English undergarments, enhanced with over 100 illustrations. 12th-century laced 
up bodice, footed long drawers (1795), 19th-century bustles, 19th-century corsets foi 
men, Victorian “bust improvers,” much more. 272pp. 5% x 8 l L 27124-2 Pa. $9.95 

ARTS AND CRAFTS FURNITURE: The Complete Brooks Catalog of 1912, 
Brooks Manufacturing Co. Photos and detailed descriptions of more than 150 now 
very collectible furniture designs from the Arts and Crafts movement depict 
davenports, settees, buffets, desks, tables, chairs, bedsteads, dressers and more, all 
built of solid, quarter-sawed oak. Invaluable for students and enthusiasts of 
antiques, Americana and the decorative arts. 80pp. 6!4 x 9h. 27471-3 Pa. $7.95 

HOW WE INVENTED THE AIRPLANE: An Illustrated History, Orville Wright. 
Fascinating firsthand account covers early experiments, construction of planes and 
motors, first flights, much more. Introduction and commentary by Fred C. Kelly. 76 
photographs. 96pp. 8U x 11. 25662-6 Pa. $7.95 

THE ARTS OFTHE SAILOR: Knotting, Splicing and Ropework, Hervey Garrett 
Smith. Indispensable shipboard reference covers tools, basic knots and useful 
hitches; handsewing and canvas work, more. Over 100 illustrations. Delightful 
reading for sea lovers. 256pp. 556 x 8& 26440-8 Pa. $7.95 

FRANK LLOYD WRIGHT’S FALLINGWATER: The House and Its History, 
Second, Revised Edition, Donald Hoffmann. A total revision—both in text and 
illustrations—of the standard document on Fallingwater, the boldest, most 
personal architectural statement of Wright’s mature years, updated with valuable 
new material from the recently opened Frank Lloyd Wright Archives. Fasci¬ 
nating ”—The New York Times. 116 illustrations. 128pp. 9*4 x 10H. 

B 27430-6 Pa. $10.95 
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PHOTOGRAPHIC SKETCHBOOK OF THE CIVIL WAR, Alexander Gardner. 
100 phoios taken on field during the Civil War. Famous shots of Manassas, 
Harper’s Ferry, Lincoln, Richmond, slave pens, etc. 244pp. 10% x 8'4. 

22731-6 Pa. S9.95 

FIVE ACRES AND INDEPENDENCE, Maurice G. Kains. Great back-to-the-land 
classic explains basics of self-sufficient farming. The one book to gel. 95 
illustrations, 397pp. 5% x 8%. 20974-1 Pa. $6.95 

SONGS OF EASTERN BIRDS, Dr. Donald J. Borror. Songs and calls of 60 species 
most common to eastern U.S.: warblers, woodpeckers, flycatchers, thrushes, larks, 
many more in high-quality recording. Cassette and manual 99912-2 $8.95 

A MODERN HERBAL, Margaret Grieve. Much the fullest, most exact, most useful 
compilation of herbal material. Gigantic alphabetical encyclopedia, from aconite 
to zedoary, gives botanical information, medical properties, folklore, economic 
uses, much else. Indispensable to serious reader. 161 illustrations. 888pp. 6!4 x 9*4, 
2-vol. set. (USO) Vol. I; 22798-7 Pa. $9.95 

Vol. II: 22799-5 Pa. $9.95 

HIDDEN TREASURE MAZE BOOK, Dave Phillips. Solve 34 challenging mazes 
accompanied by heroic tales of adventure. Evil dragons, people-eating plants, 
bloodthirsty giants, many more dangerous adversaries lurk at every twist and turn. 
34 mazes, stories, solutions. 48pp, 8'4 x 11. 24566-7 Pa. $2.95 

LETTERS OF W. A. MOZART, Wolfgang A. Mozart. Remarkable letters show 
bawdy wit, humor, imagination, musical insights, contemporary musical world; 
includes some letters from Leopold Mozart. 276pp. 5% x 8%. 22859-2 Pa, $6.95 

BASIC PRINCIPLES OF CLASSICAL BALLET, Agrippina Vaganova. Great 
Russian theoretician, teacher explains methods for teaching classical ballet. 118 
illustrations. 175pp. 5% x 8%. 22036-2 Pa. $4.95 

THE JUMPING FROG, Mark Twain. Revenge edition. The original story of The 
Celebrated Jumping Frog of Calaveras County, a hapless French translation, and 
Twain’s hilarious “retranslalion” from the French, 12 illustrations. 66pp, 5% x 8%. 

22686-7 Pa. $3.50 

BEST REMEMBERED POEMS, Martin Gardner (ed.). The 126 poems in this 
superb collection of 19lh- and 20th-century British and American verse range from 
Shelley’s “To a Skylark” to the impassioned “Renascence” of Edna St. Vincent 
Millay and to Edward Lear’s whimsical “The Owl and the Pussycat.” 224pp. 5%x 8S4. 

27165-X Pa. $4.95 

COMPLETE SONNETS, William Shakespeare. Over 150 exquisite poems deal 
with love, friendship, the tyranny of time, beauty’s evanescence, death and other 
themes in language of remarkable power, precision and beauty. Glossary of archaic 
terms. 80pp. 5Vi6 x 8%. 26686-9 Pa. $1.00 

BODIES IN A BOOKSHOP, R. T. Campbell. Challenging mystery of blackmail 
and murder with ingenious plot and superbly drawn characters. In the best 
tradition of British suspense fiction. 192pp. 5% x 8%. 24720-1 Pa. $5.95 
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THE WIT AND HUMOR OF OSCAR WILDE, Alvin Redman (ed.). More lhan 
1,000 ripostes, paradoxes, wisecracks: Work is the curse of the drinking classes; I can 
resist everything except temptation; etc. 258pp. 554 x 8K. 20602-5 Pa. $4.95 

SHAKESPEARE LEXICON AND QUOTATION DICTIONARY, Alexander 
Schmidt Full definitions, locations, shades of meaning in every word in plays and 
poems. More than 50,000 exact quotations. 1,485pp. 6K x 9J. 2-vol.^ ^ ^ 

Vol. 2: 22727-8 Pa. $15.95 

SELECTED POEMS, Emily Dickinson. Over 100 best-known, best-loved poems by 
one of America’s foremost poets, reprinted from authoritative early editions, o 
comparable edition at this price. Index of first lines. 64pp. 5Vi« *84.^ ^ j| oQ 

CELEBRATED CASES OF JUDGE DEE (DEE GOONG AN), translated by 
Robert van Gulik. Authentic 18th-century Chinese detective novel; Dee and 
associates solve three interlocked cases. Led to van Guide's own stories with same 
characters. Extensive introduction. 9 illustrations. 237pp. 5% * pa J5 95 

THE MALLEUS MALEFICARUM OF KRAMER AND SPRENGER translated 
by Montague Summers. Full text of mostimportant w.tcdthunter s^ble used by 
both Catholics and Protestants. 278pp. 6% x 10. 22802 9 - $ 

SPANISH STORIES/CUENTOS ESPAfiOLES: A Dual-Language Book Angel 
Flores (ed.). Unique format offers 13 great stories in Spanish by Cervantes, Borges, 
others. Faithful English translations on facing pages. 352pp. 554 ^ ^ Jfj 95 

THE CHICAGO WORLD'S FAIR OF 1893: A Photographic Record Stanley 
Appelbaum (ed.). 128 rare photos show 200 buildings, Beaux-Arts architecture, 
Midway, original Ferris Wheel, Edison’s kinetoscope, more, 
sis; full text. 116pp. 8M x 11, 

OLD QUEENS, N.Y., IN EARLY PHOTOGRAPHS, Vincent F. Sey fried and 
William Asadorian. Over 160 rare photographs of Maspeth, Jamaica Jackson 
Heights, and other areas. Vintage views of DeW.tt Clinton mansion1939' W, rid 
Fair and more. Captions. 192pp. 8% x 11. 

CAPTURED BY THE INDIANS: 15 Firsthand Accounts, 1750-1870, Frederick 
Drimmer. Astounding true historical accounts of grisly torture bloody conficts 
relentless pursuits, miraculous escapes and more, by people 
tale. 384pp. 5% x 8!4. 

THE WORLD’S GREAT SPEECHES, Lewis Copeland and Lawrence W. Lamm 
(eds.). Vast collection of 278 speeches of Greeks to 1970. Powerful a "J' 
models; unique look at history. 842pp. 5% x 8%. 20468-5 Pa. $13. 

THE BOOK OF THE SWORD, Sir Richard F. Burton. Great Victorian scholar/ad¬ 
venturer’s eloquent, erudite history of the “queen of weapons”-from prehistory to 
early Roman Empire. Evolution and developmemofcarlyswords. vanaUom( S abre 
broadsword, cutlass, scimitar, etc.), much more. 336pp. 6% x 9/$. 25434-8 Pa. $ . 
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^ L VV ! ? h MYTHS AN , D LEGENDS, T. W. Rolleston. Mas.erful retelling of Irish 
and Welsh stones and tales. Cuchulain, King Arthur, Deirdre, the Grafl manv 
more, irst paperback edition. 58 full-page illustrations. 512pp. 514 x 8 H. 

26507-2 Pa. $9.95 

THE PRINCIPLES OF PSYCHOLOGY, William James. Famous long course 
comp ete, unabridged. Stream of thought, time perception, memory, experimental 
met o s, great work decades ahead of its time. 94 figures. 1,391pp. 514x8)4.2-vol. set. 

Vol. I: 20381-6 Pa. $12.95 
Vol. II: 20382-4 Pa. $12.95 

Vol. 2: 21762-0 Pa. SI 1.95 

MAGICAND MYSTERY INTIBET, Madame Alexandra David-Neel Experiences 
32 ZSrSS (U r SO) erS ’ B ° nPa WiZardS - A lrue P 2 ^t:°S8 e 9 y 5 

transliteration, word-for-word translation, smooth translation. 533 pp. 614 x 914 . 

2I866-X Pa. $9.95 

MATHEMATICS FOR THE NONMATHEMATICIAN, Morris Kline Detailed 
college-level treatment of mathematics in cultural and historical context with 
6T.pp r °5"x e 814 erC1SeS - ReC ° mmended R - di "S Lists. Tables. Numerous figures 

24823-2 Pa. $11.95 

Abbot?^nH°A F 1^ ING S n ECT ,! 0 f NS: deluding a Summary of Airfoil Data, Ira H 
Oiaracter^ticsof NACA - Cond ? : COm P llaUon of ™bsonic aerodynamic 

693nn 5H X 8 K W1 " g SeCtl ° nS ' P descri P tion of theory. 350pp. of tables. 

P ' 60586-8 Pa. $13.95 

THE RIME OF THE ANCIENT MARINER, Gustave Dore, S. T. Coleridge. 

o s mest work, 34 plates capture moods, subtleties of poem. Flawless full-size 
reproductions printed on facing pages with authoritative text of poem “Beau i uT 
Simply beautiful. Publisher’s Weekly. 77pp. 9M x 12. 22305-1 Pa. $5 95 

?E° 0 R P™ 1™ w-P AN o NDI ^ DESIGNS F ° R ARTISTS AND CRAFTS- 
EOPLE Eva Wilson, Over 360 authentic copyright-free designs adapted from 

figures otmand Si ° UX buffal ° h ‘ deS ' more - Geometries symbolic 

gures, plant and animal motifs, etc. I28pp. 8 * x i p (EUK) 25341-4 Pa. $ 7.95 


f C V , URE: Pr,n ^P les and Practice, Louis Slobodkin. Step-by-step approach 
8!4 x n’ P aS,er ’ me,a s ’ s,one; rlassical and modern. 253 drawings, photos. 255pp. 

22960-2 Pa. $9.95 
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THE INFLUENCE OF SEA POWER UPON HISTORY, 1660-1783, A. T. 
Mahan. Influential classic of naval history and tactics still used as text in war 
colleges. First paperback edition. 4 maps. 24 battle plans. 640pp. 6% x 8 H. 

25509-3 Pa. SI2.95 

THE STORY OF THE TITANIC AS TOLD BY ITS SURVIVORS, Jack 
Winocour (ed.). What it was really like. Panic, despair, shocking inefficiency, and a 
little heroism. More thrilling than any fictional account. 26 illustrations. 320pp. 

20610-6 Pa. $7.95 

FAIRY AND FOLK TALES OF THE IRISH PEASANTRY, William Butler Yeats 
(ed.). Treasury of 64 tales from the twilight world of Celtic myth and legend: "The 
Soul Cages,” “The Kildare Pooka,” “King O’Toole and his Goose,” many more. 
Introduction and Notes by W. B. Yeats. 352pp. 5 % x 8'A. 26941-8 Pa. $7.95 

BUDDHIST MAHAYANA TEXTS, E, B. Cowell and Others (eds.). Superb, 
accurate translations of basic documents in Mahayana Buddhism, highly important 
in history of religions. The Buddha-karita of Asvaghosha, Larger Sukhavativyuha, 
more. 448pp. 5% x m ., 25552-2 Pa. $9.95 

ONE TWO THREE . . . INFINITY: Facts and Speculations of Science, George 
Gamow. Great physicist’s fascinating, readable overview of contemporary science: 
number theory, relativity, fourth dimension, entropy, genes, atomic structure, 
much more. 128 illustrations. Index. 352pp. x 8 'T 25664-2 Pa. $8.95 

ENGINEERING IN HISTORY, Richard Shelton Kirby, et al. Broad, nontechnical 
survey of history’s major technological advances: birth of Greek science, industrial 
revolution, electricity and applied science, 20 th-century automation, much more. 
181 illustrations. “. . . excellent . . .’’—Isis. Bibliography, vii + 530pp. 5% x 814. 

26412-2 Pa. $14.95 


Prices subject to change without notice. 

Available at your book dealer or write for free catalog to Dept. GI, Dover 
Publications, Inc., 31 East 2nd St., Mineola, N.Y. 11501. Dover publishes more than 
500 books each year on science, elementary and advanced mathematics, biology, 
music, art, literary history, social sciences and other areas. 
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Matrices and Linear Algebra, Hans Schneider and George Phillip 
Barker. (66014-1) $10.95 
Modern Algebra, Seth Warner. (66341-8) $17.95 
Advanced Calculus, David V. Widder. (66103-2) $11.95 
Linear Programming and Economic Analysis, Robert Dorfman, Paul A. 

Samuelson and Robert M. Solow. (65491-5) $14.95 
An Introduction to the Calculus of Variations, Charles Fox. 

(65499-0) $7.95 

Applied Analysis, Cornelius Lanczos, (65656-X) $13.95 
Topology, George McCarty. (65633-0) $8.95 

Lectures on Classical Differential Geometry (Second Edition), Dirk 
J. Struik. (65609-8) $8.95 

Challenging Mathematical Problems with Elementary Solutions, 

A.M. Yaglom and I.M. Yaglom. (65536-9, 65537-7) Two-volume 
set $14.90 

Asymptotic Expansions of Integrals, Norman Bleistein and Richard A. 
Handelsman. (65082-0) $12.95 

Some Theory of Sampling, W. Edwards Deming. (64684-X) $15.95 
Statistical Adjustment of Data, W. Edwards Deming. (64685-8) $8.95 
Introduction to Linear Algebra and Differential Equations, John W. 
Dettman. (65191-6) $10.95 

Calculus of Variations with Applications, George M. Ewing. 

(64856-7) $8.95 

Introduction to Difference Equations, Samuel Goldberg. 

(65084-7) $7.95 

Probability: An Introduction, Samuel Goldberg. (65252-1) $8.95 
Group Theory, W. R. Scott. (65377-3) $12.95 

An Introduction to Linear Algebra and Tensors, M.A. Akivis and V.V. 
Goldberg. (63545-7) $5,95 

Non-Euclidean Geometry, Roberto Bonola. (60027-0) $10.95 
Introduction to Nonlinear Differential and Integral Equations, H.T. 
Davis. (60971-5) $11.95 

Foundations of Modern Analysis, Avner Friedman. (64062-0) $7.95 
Differential Geometry, Heinrich W. Guggenheimer. (63433-7) $8.95 
Ordinary Differential Equations, E.L. Ince. (60349-0) $12.95 
Lie Algebras, Nathan Jacobson. (63832-4) $8.95 


Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free catalogues 
to Dept. 23, Dover Publications, Inc,, 31 East 2nd Street, Mineola, N.Y. 
11501. Please indicate field of interest. Each year Dover publishes over 
200 books on fine art, music, crafts and needlework, antiques, 
languages, literature, children’s books, chess, cookery, nature, 
anthropology, science, mathematics, and other areas. 

Manufactured in the U.S.A. 





